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Preface

These lecture notes are based on graduate-level courses I gave at Bonn
in summer term 2016, and in Ulm in winter 2020/21. I have based most of
these notes on Evans’ books [1,2]]. Students taking this course should have
some acquaintance with functional analysis, but are not required to have
taken a first course on partial differential equations. The course is intended
for 14 weeks at 180 minutes per week, at a relatively slow pace. In any
case, the second iteration in 2020/21 took place remotely, essentially as a
reading class, due to the COVID-19 crisis, so that lecture times were largely
fictitious.

Hyperbolic conservation laws form an important class that is often ne-
glected in courses on partial differential equations (PDEs). A focus on ellip-
tic and parabolic equations, however, often misleads students to think that
PDEs always behave nicely and regularly, with classically established well-
posedness theories. In the hyperbolic case, however, things are different:
The ongoing lack of an existence and uniqueness theory for hyperbolic sys-
tems constitutes, as Peter Lax once said, a ‘scientific scandal’. The lack of
regularity, already exhibited in the scalar situation, is not just a shortcoming
of current analysis, but is inherent in the models and physically visible, e.g.,
in the form of shock waves.

Conservation laws naturally appear in numerous fields of application,
such as fluid dynamics, mathematical biology, collective behaviour, or traffic
flow. This course, however, focuses on problems of mathematical analysis in
terms of existence and uniqueness of entropy solutions, and an analysis of
the Riemann problem. While the theory of scalar conservation laws can be
considered reasonably complete, the corresponding problems for systems
are wide open and constitute the subject of very active current research.
This course can thus be the starting point for a Master’s thesis.

I am deeply grateful to Raphael Wagner, who not only composed an
exquisite set of example sheets, but also offered to typeset my (often sketchy
and illegible) handwritten notes.
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CHAPTER 1

Introduction

A conservation law is a first-order PDE of the form
(1.1 Owu(z,t) + div F(u(z,t)) = 0.
Here,

e the unknown is u : R” x (0,00) — R™,
o [':R™ — R™*™ is the given flux function,
e div is the divergence operator in z, i.e.

n
[div F(u(z, t)]i ==Y _ O, [F(u(,1))];.
j=1
If m > 1, we say that (1.1)) is a system of conservation laws.
If m = 1, then (1.1) is a scalar conservation law.
Hyperbolicity: An assumption on F only relevant for systems, to be discussed
later.

Motivation:
Recall the Gaufs divergence theorem:
Let ® : R” — R" be C'! (continuously differentiable) and 2 ¢ R™ a bounded
domain with smooth boundary 92 and outer unit normal v, then

/ O(x) - v(r)dS(x) = / div ®(z) dz,

a0 Q

where dS means integration with respect to the surface measure on 0f2
and dx indicates integration with respect to the n-dimensional Lebesgue
measure.
Suppose now u : R"™ x (0,00) — R is the density of some quantity and
2 C R™ a smooth and bounded domain. A conservation law then states
that the rate of change of [, u(z,t) dz with time equals the flux across the
boundary — [, F(u(z,t)) - v(z)dS(x) :

d/ u(z,t)de = —/ F(u(z,t)) -v(x)dS(x) = —/ div F(u(zx,t)) dz.
dt Jo ) Q
As this is true for every domain (2, we obtain
u(x,t) + div F(u(z,t)) =0,
ie. (.I) (form = 1).

EXAMPLE 1.1. i) Burgers’ equation (m=n=1)

2

4
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ii) Consider the wave equation
Opw — Opzw = 0.
Write u; = J,w, us = Oyw, then we have
Oy — Opug = 0 and Orug — Oyu; =0
or, writing u = (uy, ug),
O+ 0. F(u) = 0 with F(u) = —(ug,u1).
iii) Similarly, for the nonlinear wave equation
Opw — (p(Ozw))y =0(p: R — R given),
we have the "p-system"
Opu + 0, F(u) = 0 with F(uy,ug) = (—ug, —p(uq)).
iv) The isentropic Euler equations of gas dynamics are
Op + div(pv) = 0 (conservation of mass)
O(pv) + div(pv ® v) + Vp(p) = 0 (conservation of momentum)

where p > 0 is the density, v : R™ x (0,00) — R" the velocity, p a
given pressure function (e.g. p(p) = p7,v > 1) and v ® v € R™*" with
(v®@ )iy = vivj.

As long as p > 0, we can write

(1.2) u = (p, pvi, ..., pvy) and Opu + div F(u) = 0,
where
{Flj(ula vy Un 1) = Ujpl c7=1,...,n
Fij(un, oy ung1) = 5 4 plug)dy; 20> 1,5 =1,..,n.

The vacuum state (p = 0) causes trouble.

Rough plan of the lecture:

e Scalar conservation laws:
Characteristics, shocks, weak solutions and non-uniqueness, en-
tropy conditions, uniqueness (Kruzkov), existence via compensated
compactness, Riemann problem

e Systems:
Weak solutions, entropy, Riemann problem, existence of systems of
two equations via compensated compactness, weak-strong unique-
ness

Literature:

e Evans [1]: Partial Differential Equations — Chapters 3.4 and II
e Evans [2]]: Weak Convergence Methods for Nonlinear Partial Differ-
ential Equations — Chapter 5

Exam: Oral exam at the end of the semester.



CHAPTER 2

Scalar Conservation Laws

2.1. The Method of Characteristics

2.1.1. Characteristic ODEs for general first order PDEs.
Let 2 C R™ be a smooth domain and

O:OQXxRXR" =R, (z,2,p) = ®(x,2,p)
be smooth. Consider the PDE
(2.1) ®(z,u(x), Du(zr)) =0 on Q

for the unknown « : R® — R.

Idea: Reduce (2.1) to a system of ODEs! To this end, let z(s) be a curve in
Q (s € R). If u is a (smooth) solution of (2.1)), set

z(s) = u(z(s)) and
p(s) = Du(x(s)) = (Or,u((5)), -+, O, u(2(5)))-
Differentiate this with respect to s:

Bi(8) =) O, O u(a(s))i5 (s)-
j=1
On the other hand, differentiate (2.1 with respect to z;:

n
O0n, ®(x, u, Du) + 0,P(z,u, Du)0y,u + Z Op,; ®(x, u, Du)0y,0y;u = 0.
j=1

Therefore, if
j(s) = Op; ®(x(s), 2(s), p(s)) = Op; ®(x(s), u(z(s)), Du(z(s))),
then
pi(s) = =00, ®(x(s), 2(5), p(s)) — 0-@(x(s), 2(s), p(s))pi(s)-
Also differentiate z(s) = u(x(s)):

(2.2) 2s) = Ouu(a(s)d;j(s) = > p;(s)9p,B(z(s), 2(s), p(s))-
=1 i=1

Hence we derived the characteristic ODEs

) @(s) = Dp®(x(s), 2(s),p(s))

i) 2(s) = Dp®(x(s), 2(s),p(s)) - p(s)
i) p(s) = —Da®(x(s),2(s),p(s)) — D ®(x(s), 2(s), p(s))p(s).
We have shown:
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THEOREM 2.1. If u is a smooth solution of and x(s) solves [i) with
z(s) = u(z(s)),p(s) = Dy(x(s)), then z and p solve [il) and [itl), respectively.

A solution of [i) is called a characteristic curve for the PDE (2.1)).

Hence the strategy to solve (2.1)) is:

e Solve the system of ODE:s [i)) - under appropriate initial data
(s=0) related to a boundary condition u = g on 9 for (2.1));

e This gives values of u along each characteristic curve via i)

e Hope that the characteristic curves cover all of ) and are disjoint.

Picture for Q@ = {z = (x1,...,xpn) : T, > 0}:

(1,00, T 1)

FIGURE 1. Characteristic curves

We will soon see that characteristics may intersect or not fill entire do-
mains.

2.1.2. Application to scalar conservation laws.
Consider a scalar conservation law

Ou+div F(u) =0(u:R" x (0,00) > R, F: R — R").
If  is a smooth solution, this is equivalent to
(2.3) Owu + F'(u) - Dyu = 0 or ®(y,u(y), Dyu(y)) = 0,
where y = (z,t), Dyu = (Dyu, 0yu) and
Oy, 2,q) = gni1 + F'(2) - (g1, an) -
T

Our domain is 2 = R" x (0,00) C R™"!. Note now that

Dy® =0,

D.®=F"(z)p,

D,® = (F'(2),1).
Let z(s) = u(y(s)), q(s) = Dyu(y(s)). Hence[l) becomes
o0 {gi@) — Fl(2(s):i=1,..,n

Yn+1(s) =1
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and [ii) is
(s) = F'(2(5)) - p(s) + any1(s) = 0
by virtue of the PDE (2.3). Do not need [iif)! Let us impose in addition to
the initial condition
u(xv 0) = g(z),

and choose y(0) = (z9,0) € 9. Then first y,41(s) = 1 and y,4+1(0) =
0 implies y,+1(s) = s. Also, 2(s) = 0 together with 2(0) = u(y(0)) =
u(zo,0) = g(xo) yields z(s) = g(zo) for all s > 0, so that (2.4) gives

9i(s) = Fi(g(x0))
and so
yi(s) = Fi(g(z0))s + (z0)i (i = 1,...,n).
We have proved

THEOREM 2.2. Suppose u is a smooth solution of
0w+ div F(u) = 0on R" x (0,00),
u(-,0) = g.
Then u is constant along the characteristics, which are given by s — (F'(g(z0))s+
x0, S).

u = const = g(xp)

>1 =0

Lo

FIGURE 2. Linear characteristic curves

2.1.3. Formation of Shocks.
Consider the Burgers’ equation

2
(2.5) O + s <1;> —0onR x (0,00)
with smooth initial data g : R — R such that
1 <0
g(z) =<0 cx>1

decreasing :0<z <1
By Theorem the characteristic curves are given by
s+ (F'(g(0))s + zo, 5) = (g(x0)s + 0, 5)
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characteristics cross!

To 1
FIGURE 3. Crossing of characteristics
If v is a smooth solution, it is constant along the characteristics, so at

the crossing point © = 0 and v = 1 — contradiction!
This shows:

There is smooth initial data such that (2.5) does not have a global-in-time
smooth solution!

The crossing of characteristics and breakdown of a smooth solution is called
a shock formation.

2.1.4. Rarefaction Waves.
Consider now (2.5]) with (discontinuous) data

0 :2<0

The notion of characteristic curves still makes sense and the solution is con-
stant along

s+ (g(xo)s + xo, S).

no characteristics!

7/

FIGURE 4. Non-determined area by characteristics

So the method of characterstics does not fully determine the solution.



2.2. WEAK SOLUTIONS 10

2.2. Weak Solutions

Recall the shock example from[2.1.3] It seems that the solution becomes
discontinuous after shock formation and "jumps" from 1 to 0. But then the
PDE does not make sense anymore.

2.2.1. Definition of Weak Solution.
Consider a scalar conservation law in one dimension

Ou+ 0, F(u) =01in R x (0, 00)
ul=0 =g
Assume for the moment that « is a smooth solution. Let ¢ € C2°(R x [0, 00))

(smooth with compact support), then multiply the PDE by ¢ and integrate
in space and time:

/ / Orugp dxdt + / / O F (u)p dxdt = 0.
0 —00 0 —00

Integrate by parts:

—/ / 8tg0uda:dt—/ u(z,0) o(x,0) dx— / / )Opp dadt = 0.
0 —00 -

(

But this makes sense even if only u, F(u) € L}, (Rx[0,00)) and g € L}, .(R)!
(Recall f € Lj,.(Q) if f is measurable and [, |f| < oo for every compact
K C ). Usually one is only interested in bounded solutions, hence we
define:

DEFINITION 2.3. Let F' : R — R be continuous and g € L*(R). A
function u € L*(R x (0,00)) is a weak solution (or distributional solution,
integral solution) of d;u + 9, F(u) = 0 with initial datum g if

/ / Orpu da:dt—l—/ / OpoF (u) dxdt —|—/ o(x,0)g(x)dx =0

for all ¢ € C°(R x [0, 00)
Without reference to an 1n1t1al condition, w is simply called a weak solu-

tion if
/ / Orpu dxdt + / / O0rpF (u) dxdt =0

for all p € C°(R x (0, 00)).

(Notice carefully the difference between CZ°(R X [0,00)) and C°(R X
(0,00)): Functions from the latter space need to vanish at ¢ = 0, while
functions from the former don’t.)

The following proposition is rather technical, but will be used several
times in the sequel. We first need to introduce the space C,, ([0, 00); L>°(R)):
This is the space of functions u : [0,00) x R — R such that u(-,t) € L*(R)
for every ¢ > 0, and such that the map [0,0) — R,

tb—>/ xt

is continuous for every ¢ € L'(R). In this case one says that u is weakly
continuous into L.
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PROPOSITION 2.4. Let u € Cy([0,00); L*°(R)) be a weak solution of d,u+
0 F(u) = 0. Let g € L>®(R). Then u(-,0) = g if and only if u is a weak
solution with initial datum g in the sense of Definition

PROOF. Suppose u is a weak solution such that u € Cy, ([0, c0); L= (R))
and u(-,0) = g. Let p € C(R x [0,00)) (i.e. ¢(t = 0) is not necessarily
zero!). Let further x. : R — R be a ‘cut-off’ function, i.e.,

0 :0<t<t
t) = R
x(t) {1 t>1

which is smooth and increasing in (3,1), and set x.(t) = x () . Note [x.| <
g. Then x(t)p(z,t) € C°(R x (0,00)) and hence, as u is a weak solution,

/ / Ot (xep)u + O (Xep)u drdt = 0.
o Jr

li{‘r%]//xg(t)axwu dxdt = //&Egou dzxdt

by the dominated convergence theorem, as x. — 1 a.e. and |0,pu| € L*(R x
[0,00)) is a dominating function.
On the other hand,

//at(xggp)udxdt: //Xsatgoud:cdt—l—//X;(t)‘Pdedt
://XaatQOdedt-l-/ X5(t) </ gpudm) dt.
0 R

The first integral approaches [[ ;pudzdt as (¢ — 0) by dominated conver-
gence. For the second integral, note that

t'—>/Rg0(:1:,t)u(a:,t) dx

is continuous on [0, c0) because u € C,,(]0,00); L*°(R)) (exercise). In par-
ticular, since u(-,0) = g,

Observe that

li do = da.
lim [ pu da /w(o)g x

But then, as x_ is a nonnegative function of unit integral supported on (0, ¢),

lim [ x.(t) (/ gpudx) dt = / 0(0)g(z) dz.
e\0 R R

Putting everything together, we obtain for (¢ “\, 0)
/ Orpu + Orppu drdt + /(p(l‘, 0)g(z)dx =0

hence u takes the initial datum in the sense of Definition
Conversely, suppose u is a weak solution with initial data ¢ in the sense
of Definition [2.3] Then the same arguments as above yield, since

li de = [ o(0)u(z,0)d
limy [ o dax /90( Ju(x,0) dz,
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the equality
/ Orpu + Oppu dxdt + /cp(x, 0)u(z,0)dx =0,
but by assumption also
/ Orpu + Oppu dxdt + / o(z,0)g(z) dz = 0.

Since this is true for all ¢, we obtain u(-,0) = g as desired. O

EXAMPLE 2.5. Consider Burgers’ equation with datum

(@) 1 :2<0

T) = .

I 0 :2z>0
We claim that

1 <t

u(zx,t) = :U*%

is a weak solution.
Proof: Let ¢ € C°(R x [0, 00)). Write

Q) = {(m,t):$< ;},92_ {(:r,t):x> ;}
Then

00 o) u2
/ / Oypu + Opp— dxdt
0 —00 2

1
= / Orp + Opp— dxdt + // (Orp + Onp)0 dzdt
Ql 2 QZ
1
:/ oy dS(x,t) —1—/ — v, dS(z,t)
o0 00, 2

= —/ pdS(z,t) —i—/ v dS(z,t) —i—/ lapum dS(z,t)
{z<0,t=0} {z=1%} {o=1} 2

oo

=— / o(z,0)g(z) dx + 0,

—0o0
since v, = —1v, on {z = L}.

2.2.2. Rankine-Hugoniot condition.
Let us generalize the previous example.

Suppose u : R x [0,00) — R is a weak solution of d;u + 0, F(u) = 0,
2 C R x (0,00) a bounded domain with smooth boundary and ~ a smooth
curve that splits 2 in two subdomains €2; and €2,.. Suppose u is smooth on
Q; and €., but possibly discontinuous along ~. Let v be the unit normal in
direction of ,, and

u(zx,t) = lim u(y, s
l( ) (y,S)—)(:E,t),(y,S)GQl (y )

and similarly
up(x,t) := lim u(y, s)

(y,8) = (2,t),(y,5) EQr
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> T

FIGURE 5

for (z,t) € 7. Let ¢ € C2°(€Y), then using Definition [2.3]

/ Orpru(y, s) dedt + // Oppr F(u(x,t)) dedt =0
Y] Q

o // o1 (O + D, F(u)) dwdt = 0.
9

Since this holds for every such ¢;, we have
oru + 8xF(u) =0in

and analogously
Ou+ 0, F(u) =01in Q,.
Now let ¢ € C2°(Q). Since u is a weak solution,

0= // Orpu + 0pF (u) dzdt
Q

= / Orpu + 0z F (u) dedt + / Orpu + 0z F (u) dzdt.
Q

Qr
But

/ Orpu + 0xF (u) dzdt
Qz

=— //Qz 0(Opu + 0, F(u)) dzdt + / o(wyy + F(up)vy) dS

-
= / o(wry + F(up)vg) dS
.
and likewise

// r(ﬁtsou + 0, F (u)) dedt = — L (s + Fluy)ve) dS,

hence
/ o(u; — up)vy + o(F(ug) — F(uy))vy dS = 0.

13
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As ¢ was arbitrary, we obtain
(up — up)vy + (F(uy) — Fup))v, =0
along . Suppose now + is parametrized as

v=A{l,t) 2= s},

then 1 -8
,—§
v= Vg, 4) = A
so we get
2.7) F(u) — F(uy) = $(up — up) = o(ug —uy)  (0:=38).

Equation (2.7) is called the Rankine-Hugoniot (jump) condition.

We have thus shown that any weak solution of the type considered satisfies
the Rankine-Hugoniot condition. The converse follows by reading the proof
‘in reverse direction’. Therefore:

THEOREM 2.6. If u is a smooth solution of dyu + 0, F(u) = 0 on §; and
Q. but possibly discontinuous along =, then it is a weak solution on § if and

only if
F(ul> - F(ur) - 5(“1 - ur) along -,
where v = {(z,t) : x = s(t) }.
REMARK 2.7. Our choice of parametrization excludes curves with tan-
gents parallel to the x-axis (Exercise).

EXAMPLE 2.8. Recall our solution to Burgers’ equation:

2
At + O, (“2) —0:

1 :z<i
u<w,t>:{ N
0 ZIL'>§
t
u =1
ur =0
v={z=4%}
> T

So 5(t) = 1. We have F(u;) — F(u,) = % and $(u; — u,) = 1. So the
) ) )

Rankine-Hugoniot condition is indeed satisfied.
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COROLLARY 2.9. (of Theorem If w is smooth on €, and €, and solves
Owu + 0, F(u) = 0 on Q, and Q,, and if u is continuous along -, then u is a
weak solution on 2.

ExAMPLE 2.10. Consider Burgers’ equation with initial data

g(:c):{o tx <0

1 :x2>0.

no characteristics!

7

FIGURE 6. Non-determined area by characteristics

By the method of characteristics, if u is a solution, then v = 0 for x < 0
and u = 1 for = > t. What happens in between? Set

wi (@, t) = {0 <

DO+ DO

1 :z>

Rankine-Hugoniot: F(u;) — F(u,) = —1,5(w — u,) = —%

Hence u; is a weak solution, and it is easily seen that it is in C, ([0, c0); L°(R)),
so that indeed it is a weak solution of the initial value problem by Proposi-
tion But consider also

1 x>t
up(w,t) =9 % :0<z<t
0 :x<0.

Note:

e uy is continuous in R x (0, c0);
e y = 0and u = 1 are solutions on €)1, and (3, respectively;
. . . 2
e u(x,t) = 7 is a solution on (s, since dyu + 0,5 = -5+ 5=0.

Hence by Corollary[2.9] us is also a weak solution of Burgers’ equation with
the same initial data (again cf. Proposition ! (ug is called a rarefaction
wave.)

Disturbing discovery: Weak solutions are not necessarily unique! (given the
same initial data).
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Q3

> T

FIGURE 7. Alternative solution

2.3. Entropy Solutions

2.3.1. Definitions. Suppose u is a smooth solution of
Oyu+ 0, F(u) =0
and let n : R — R be convex and smooth. Multiply the PDE by ' (u):
n'(u)Opu + F'(u)n'(u)dyu = 0.
Suppose ¢ : R — R is such that ¢/(z) = F'(2)n/(z) for all z € R. Then we get
0 =n'(w)0u + ¢ (u)0pu = n(u) + drq(u).
DEFINITION 2.11. Two functions 7, ¢ : R — R are called an entropy,/entropy-
flux pair for Oyu + 0, F(u) = 0 if
e 7) is convex
e ('(2) =F'(2)n/(z) for all z € R.

In the scalar case, every smooth and convex function 7 is an entropy,
because we can simply set

4(z) = /O " P (s (s) ds.

We have seen: For smooth solutions 9;n(u) + d,q(u) = 0 ("conservation of
entropy"). What about discontinuous solutions?

1 :2<0

. w2\ o -
EXAMPLE 2.12. Consider d,u+0, (7> =0,u(x,0) = g(x) = {O o0,

1 rx<
0 x>
is a weak solution. Set 7(z) = % and ¢(z) = Jo F'(s)n'(s)ds = [ s*ds =

23

?.

Is it true that 0yn(u) + 0zq(u) = 0?

Problem: u ¢ C! so we have to understand 9;n(u) + 9,q(u) in a weak (dis-
tributional) sense.

We have seen that u(z,t) = {
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DEFINITION 2.13. We say d;n(u) 4+ 9,¢'(u) > (<) 0 in the sense of distri-
butions if

/ /8ts077(u) + Oppq(u) drdt < (>)0
o JRr
for all ¢ € C°(R x (0,00)), ¢ > 0.

So now let ¢ € C°(R x (0,00)) with ¢ > 0 and ¢ > 0 on a subset of
x = L1 of positive measure. Then,
3 P

00 2 3 1 1
/ / 3#/?”* + avc(/??i dzdt = // —Orp + -0z dadt
0o Jr 2 3 {e<t} 2 3

1 1
= —pv + s, dS
{o=14} 2 3

1 1
= // — ¥V + 3PVa ds
{z=35}

1
= //{z:;} 13Va% s

> 0,
hence 9;n(u) + d,q(u) < 0 ("entropy dissipation along the shock").

EXAMPLE 2.14. Recall the weak solution

0 :z<i
u(z,t) = { v 2
1 x> 5
, . . 0 :2<0 . ..
for Burgers’ equation with g(z) = ) 0 A computation similar to
x> 0.

the previous example gives

2 3
8t% + 8x% > 0 (weakly).

This phenomen can be described as ‘entropy production along the shock’.
But we also had the rarefaction wave solution

0 :2<0
u(z,t) =47 :0<z<t
1 x>t

Since it is continuous and piecewise smooth, we have
on(u) + 0,q(u) = 0 (exercise).

Sometimes the mathematical entropy is minus the physical entropy. The
2nd law of thermodynamics hence motivates:

DEFINITION 2.15. Let g € L*°(R). A function u € L*°(R x (0,00)) is an
entropy solution of

Ou+ 0, F(u) =0
u(z,0) = g(x)
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if
u—g € C([0,00); L' (R)), u(-,t) — g in L'
and

/ / Oen(u) + Oppq(u) dzdt > 0
0o Jr

for all entropy / entropy-flux pairs n,¢ and all ¢ € C°(R x (0,00)),¢ > 0.

Here, for reasons that will become apparent in the proof of the next
theorem, we require u—g to be in the function space C([0, 00); L' (R)), which
is defined as the space of functions v : R x [0, 00) such that v(-,¢) € L*(R)
for every ¢t > 0, and such that

i [ Jo(t) = o(-.5)| do = 0
for all ¢ > 0. In other words, the map ¢ — v(-,t) is continuous from [0, co)
to L' (R) is continuous.

REMARK 2.16. Every entropy solution is a weak solution: Set n = id and
q=F. Since u € L®(R x [0,00)), g € L>®(R), and u — g € C([0,); L' (R))
imply u € Cy,([0,00); L™) (exercise), by Proposition every entropy solu-
tion is even a weak solution with initial data g in the sense of Definition

But not every weak solution is an entropy solution (cf. Example
with the ‘non-physical shock’).

2.3.2. Uniqueness of entropy solutions.

THEOREM 2.17. (Krugkov 1970 [4]])
There exists at most one entropy solution of

Opu+ 0, F(u) =0 (F € )
u(z,0) = g(x) (9 € L).

Some preliminaries before we start the proof:
Dominated Convergence Theorem: Let Q@ C R™ be a domain. If f, — f
pointwise a.e. on  and if there exists h € L'(2) such that |f,(z)| < h(x)
for every n € N and almost every x € (, then f € L!(Q) and

2.8) lim /an(x)dx—/gf(ac)dx

n—oo
PROPOSITION 2.18. If f € LY(R") then
. . _ . 1
lim /(o ) = f(z) in L
ie.

2.9) i [ 1f(a) = f(o = 9)ldo = 0

y—0
for every compact subset K C R".

PROOF. Exercise. O

Mollification: Let n € C°(R"™) with [, ndz = 1,17 > 0. Then 7 is called
a standard mollifier. Set n.(x) := 27 (£). We have:
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PROPOSITION 2.19. Let f € Li (R") (i.e. f € L*(K) for every compact

loc

subset K C R"™) be continuous at xo € R". Then

lim [ f(z + zo)n-(x) dz = f(zo)

e—0 Rn

PROOF. Let k > 0 and choose ¢ > 0 so small that |f(z +zo) — f(z0)| < K
on supp .. Then

[ 186+ a0) — falnete) do < x [ no)do = x

n

and the claim follows. O

PrROOF. (Kruzkov’s theorem)
Step 1: Consider the entropies given by 7, (z) = Br(z — «), where

e o € Ris fixed
e (i, : R — R is smooth and convex and

Br(z) — || uniformly
Bi(z) — sgn(z) a.e.
|| uniformly bounded.

Br ﬁ
B

> >

FIGURE 8

The entropy flux function is then given by

wl2) = [ BC—)F(Q) de
For fixed =z € R, we have
qk(2) = sgn(z — a)(F(z) — F(a)) (k — o0).
Indeed this follows from dominated convergence, since
BL(C — @) = sgu(z — a) ae. € € (a,2)

and
1B1(¢ — ) F'(¢)| < C|F'(¢)] € L'(a, 2).
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Therefore

lim g(2) = Jim [ B¢ - )F()d¢

k—o00

- / sen(C — ) F'(¢) d¢
*  sgn(i—a)
sgn(z—a

= sgn(z — a)(F(z) — F(a)).
Let ¢ € C(R x (0,00)),¢ > 0. If u is an entropy solution, then for every k,
// Nk (w)Opp + qr(u)Opp dxdt > 0.

Since g (u) — |n — «| uniformly,

//3tg0nk(u) dzdt — //8tcp|u — a dzdt.

On the other hand,
ar(u) = sgn(u — a)(F(u) — F(a))

for almost every x, ¢t and
u(zx,t) )
atulmt)| <€ [ P € LR x (0,%0)

asu € L®(Rx(0,00)), hence by dominated convergence (take C' fo‘JuHL“ |F'({)] d|0z |
as a dominating function)

(2.10) // gk (u)Opp dxdt — // sgn(u — a)(F(u) — F(a))0zp dxdt.

This shows

(2.11) /OO/ lu — a|Op + sgn(u — a)(F(u) — F(«))0zp dzdt > 0
o Jr

foralla € R, € CX(R x (0,00)),¢ > 0.
Step 2: Suppose  is another entropy solution. As above,

/OOO /R |G — |0, @ + sgn(@ — &) (F (i) — F(a))0,@ dyds > 0

foralla e R, € CX(R x (0,00)),¢ > 0.
R x X

Let now ¢ € C°( R x (0,00) x (0,00)),% > 0. Fix (y,s) € R x
M N S—— =

x Y t s
(0,00) and set in a = u(y,s),p(x,t) = ¥(x,y,t,s). Integrate this in
y, s to get
] 1etet) = it 100 + sentute. )~ . )
(F(u(z,t)) — F(u(y, s))) 0t dudydsdt > 0.
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Similarly, for fixed (z,¢) € R x (0,00), setting in (2.3.2) & = u(z,t) and
o(y,s) = ¥(z,y,t,s) yields

[ .0 = .0+ sty )~ )

(F(i(y, s)) — Flulx,1)))d,0 dedydsdt > 0.

Add the last two inequalities:

JI] et = atw. )@ + 0.0

(2.12)

+sgn(u(z,t) — uly, s))(F(u(z,t)) — F(a(y, s)))(0x¢ + Oy1) = 0.
Step 3: Choose v wisely. Let ) be a standard mollifier on R (n € C°(R),n >
0, [ n=1) and set

—_

(2.13) ne(a) ==

Set ¥ (z,y,t,5) = 1 (“52) ne (5°) v (22
0. Plug this into (2.12):

//// ['“("T’t) — a(y, s)| Oy (x;y t—i2-s>

T sgn(u(z, £) — iy, 5)) (F<u<z,t>> ~ Fliy. 5)>3z’7 ( 5 ) ]
(2.14)

t_
e (w ; y) e (2 S) dzdydtds > 0.

Change of variables:
r+y - t+s r—vy t—s

(LIRS
N—

8
[\)‘Jr ™

,B2) foray € C°(Rx(0,00)),7 >

2.1 T = = 1y = i

( 5) x 5 t 5 Yy 9 S 9
Write (2.14) as

(2.16) | 5. 9n-@n-(s) ags =
where

h(y,s) = // |lu(T+79,t+35)—a(T—7,t—3)|0(7, 1)
+sgn(u(+7y;t+3) —a(T —y,t —3))
(F(uw(Z+7,t+3)) — F(a(T — 5, —3)))0v(T, ) dadt.

Next, by Proposition [2.18]
w(T 47, t+3) = u(x,t)

1
in L,

(R x (0,00)) as g, 5 — 0 and

W —7,t —35) = u(z,t);
therefore this also holds for a Lipschitz function of w(Z + 7, ¢ +3) and u(Z —
Y, t— 3):
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Indeed if |®(u,a) — ®(v,0)| < L(Ju —v| + |& — 2|) and wu,, — ug, i, — g in
then

lac’
/|<I> Upy Up) — (uo,&0)|dxdt§L/ |un, — uo| + |y, — Go| dzdt — 0.
K

Pick ®(u, 1) = |u — u| to get
|U($—|—y,t—|—8) —U(l'—y,t—8)| — |u

in L}, asy,5 — 0. This shows

ﬁgh@,»—/|waw—Maw@w
+sen(u(@, D) — a(®, D) (F(u(E, 1)) — F(a(T,1)))0yy dedi

and in particular % is continuous at (0,0). Hence (2.16) and Proposition
[2.19|give (write now = = T, t = 1)

(2.17) //|u — a(z, t)| Oy

—:a(z,t)
+ sgn(u(x,t) — a(z, b)) (F(u(x,t)) — F(a(z,t))) Oyy dxdt > 0.
=:b(z,t)
Step 4: Make again suitable choice of vy(z,t) : Let 0 < ¢; < t2,7 > 0, and
y(z,t) = A(2)B(1),

where
e Ac (jgo(HQ,HRl
1 sz <7
0 :|z|>r+1
o |[Al(x)| <2

o A(x) =

D F P

FIGURE 9
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e Bc C®(R,R)

0 :0<t<ty ort2t2+6(5<t2—t1)
1 1 +0<t<ty

e B(t) monotone on (t1,t; + d) and (t2,t2 + 0).

ﬂ\

e B(t)=

} t f —
t1 ti+9 to ta+6

FIGURE 10

Then (2.17) becomes
t1+4 to+4
/ / o, ) A() B (1) daedt + / o, ) A(w) B (1) dddt
t1

to+0
- / / b(z,t)A'(z)B(t) dxdt.
t1 {r<|z|<r+1}

As (r — o), the integral on the right hand side tends to 0: Indeed, since F’
is smooth (and in particular Lipschitz), we have

sup /|bx t) |dm<sup/|F u(x,t)) — F(a(z,t)))| dx

E(t1,t2+9)
< Lowp [ fue.t) - g(a) = ((z, ) - gla))| do
< L(llu—glle,ry + 1o — glle,r)
< 00Q.

It follows

b(z,t)A'(2)B(t) dz — 0 (r — o)
r<l|z|<r+1

for every ¢ and

b(z,t)A'(2)B(t) dz

r<]a|<r+1
is bounded uniformly in ¢ so that the time integral approaches 0 by the
dominated convergence theorem.

Similarly, (r — oo) on the left hand side yields

t14+6 to+d
/ / (z,t)B dxdt+/ / (z,t)B'(t) dzdt > 0.
t1
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Now observe that B’(t) is a standard mollification kernel on (¢;,¢; + ) and
likewise a negative standard mollification kernel on (t2,t2 + 4), so that by

Proposition [2.18] as (6 — 0)

t1+0 ta+90
/ / a(z,t)B dxdt—i—/ / x,t)B'(t) dxdt
t1 to
%/a(m,tl)dm—/a(:v,tg) dx > 0.

hence we have shown the L! contraction property
/|umt2 —u:ctg\da:</|u:1;t1 u(z,t1)| dz

for 0 < t; < ty. Finally, if u(-,t) — g,a(-,t) — g in L' as (¢t \, 0), then it
follows that

/ lu(z,t) —a(z,t)|dx =0
for all ¢ > 0, hence v = @ a.e. O

2.3.3. Riemann’s Problem.

PROPOSITION 2.20. Suppose that «y is a smooth curve splitting R x (0, c0)
in two domains 1,Qs and u € L>®(R x (0,00)) is a smooth solution of

Ou + 0, F(u) = 0on Q and
respectively. If u € C(R x (0,00)), and if
u—g€C([0,00); L'(R))
for some g € L>®(R), then u is an entropy solution of
ou + 0, F(u) = 0,u(x,0) = g(z).

PROOF. Let 7, ¢ be an entropy / entropy-flux pair and let ¢ € C°(R x
(0,00)), > 0. Then

/ Apn(u) + Ozpq(u) dxdt
R % (0,00)

= (Mm( ) + Oxpq(u) dzdt + [ Opon(u) + Oppq(u) dedt

Qo
/ © (Om(u) + 8xq( )) dzdt — / © (Om(u) + 0zq(u)) dxdt
o Qs ~
/ en(ur)ve + pq(ur)vy dS — on(u2)ve + pq(ug)v, dS
891 692

7

since u; = ug on v by continuity (recall u(z,t) = limy sco, (y,5)—(2,) and
similar for us). Note that on Q1 and €5,

dm(u) + dzq(u) =0

since w is a smooth solution (cf. the computation in subsection [2.3.1)).
O
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Consider
Oru~+ 0, F(u) =0
u(z,0) = g(z)
with special initial data
R
This is called Riemann’s problem.

THEOREM 2.21. Let F' be smooth and strictly convex. The unique (entropy)
solution of Riemann’s problem is given by

a) u(z,t) = {

u 7 <o

Uy - % >0
if up > uo, where o : w
U1 : ? < F’(ul)
b) u(z,t) =< G (%) :F'(w) <% < F'(ug) where G = (F')~! (well-defined
Us 7> Fl(ug),
by convexity of F!).

PROOF. a) Let n, ¢ be an entropy / entropy-flux pair and ¢ € C°(R x
(0,00)), > 0. Then,

// Oron(u) + Oppq(u) dadt
R X (0,00)

// Oen(ur) + Oppq(ur) dedt + // Orpn(uz) + Oppq(ug) dxdt
{$<0o}

{$>0}
= //{ } o (Om(u1) + Opq(ur)) dadt — //{ }gp (Om(u2) + 0zq(u2)) dxdt
<o L>o
t -0 t =0

+ /{ }n(ul)ww + q(u1)pve — n(u2)pvy — q(uz) v, dS

=C (e }szo[—d(n(m) - 77(u2)) + q(ul) _ q(u2)] ds.

Since v, > 0, it suffices to show (assume o > 0)
—o(n(ur) —n(uz)) + (¢(u1) — q(uz)) = 0if ug > ug
& (F(ur) = F(uz))(n(u1) — n(uz)) < (q(ur) — q(uz))(u1 — u2)
& 1F'(z) dz/ 117’(,2) dz < / 1q’(z) dz(up — ug)

u 2 2
ul ul u1
& F'(2) dz/ n'(2)dz < (ug — UQ)/ F'(2)n/(2) dz
u2 u2 u2

and this is true (exercise). The case o < 0 is similar. Note also that u — g €
C([0,00); L*(R)), as can be seen by direct computation.
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b) We use Proposition [2.20; Clearly v — g € C;L}, and u is continuous
on R x (0, 00). Hence u is the entropy solution if it is a solution on { F’(u1) <
£ < F'(ug2)}. Check this: Recall G = (F”)~1.

06(5) -0 (6 3)) = (5) (-5)+ 7 (0(5)) (5}
-0 (5)[-5+7]

=0.

2.4. Compensated Compactness

2.4.1. Viscosity Approximation. Let again F' be smooth and g € L*°(R).
Goal: Show existence of an entropy solution of

Ou + 0, F(u) =0on R x (0,00)
u(x,0) = g(x).

Idea: Approximation by a better equation! Consider for ¢ > 0 the para-
bolic PDE

(2.18) Oy + 0, F (uz) = €0ppue
ua(x7 0) = g($)7

for which existence of smooth solutions can be shown more easily (cf. heat
equation ...) Let us assume for the moment that u. is smooth,

sug l|te | Loo (Rx (0,00)) < 00 @and ue — g — u — g in C’tL;
e>

for some v € L*°(R x (0,00)) (this is in practice very difficult to show).
We claim that then u is the entropy solution. To see this, let 7, ¢ be an
entropy/entropy-flux pair. Multiply (2.18) by 7'(u.) to obtain

0 = n'(ue)Opue + 1 (ue) F' (ug)Optie — €0pzucn’ (ue)
= Om(ue) + 02q(ue) — €0zem(ue) + 577//(%)(81“6)2
—_————
>0 (n convex)

so that 9in(us) + 0xq(ues) < €0z2n(ue). Let now ¢ € C°(R x (0,00)), ¢ > 0.
Then

// eom(ue) + ©0zq(ue) dedt < 5// Oz (ug ) dadt

SO
// Orpn(ue) + Orpq(ue) drdt > —& // Opwion(ue) ddt.
Since, on the support of ¢, u. — u in C; L}, we conclude

// Aepn(ue) + O0rpq(ue) drdt — // Apn(u) + Opipn(u) dudt

and

5//amg077(u5) dazdt‘ <e sup |n(z)] / |0zzp| dz — 0

|2[<[luellLoo
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hence
/ Oren(u) + Oppq(u) dzdt > 0

so u is the entropy solution. This gives another motivation for our definition
of entropy solution.

Problem: "Strong" convergence like u. — u in C;L} is very hard to prove! If
we only have an L*>-bound ||u. ||z~ < C, the best we can hope for is weak
convergence.

2.4.2. Weak convergence. Let (X, | - ||x) be a normed space and X’
its dual space, i.e. the space of bounded linear functionals on X. For 2’/ €
X', write (x,2') instead of 2/(x). The dual space is itself a normed (even
Banach!) space with norm given by

I’ || x+ = sup{[{z, 2)| : ||=]|x <1}.
DEFINITION 2.22. a) We say x,, — x weakly in X if

. no__ /
nh_}ng()(azn,x) = (z,2")

for all 2’ € X'.
b) We say z/, = 2’ weakly-* in X" if

. I\ /
lim (2, 2),) = (z,2')

for every z € X.
Weakly convergent sequences are always bounded.

HEOREM 2.23. (Banach-Alaoglu) Let X be a separable normed space and
& D D
(x],) € X' a bounded sequence, i.e.

sup  sup  |(z,23,)| < o0,
neN zeX [zl x <1

then there is a subsequence (ZL‘;%) keN that converges weakly-*.

EXAMPLE 2.24. eletl < p < oo, then LP(2) is a separable
normed space with norm
1
P
219) sty = [ @7 ae) "

and its dual is L9(Q) for § + = 1. The duality pairing is

(f,9) = /Qf(w)g(x) dx.

Hence f,, — f weakly means

/fngdx%/fgd:c

forall g € L(Q). On the other hand, (L(Q2))" = LP(Q2) so (L*(Q))" =
LP(2) (we say LP(?) is reflexive) and hence the weak and the
weak-* topology on LP({2) are the same.
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e L1(9) is also a separable normed space and its dual is L>(£2), but
LY(9) is not reflexive because (L>°(Q2)) 2 L'(Q). In L>=(f2) one
mostly uses the weak-* topology: f, — f in L>°(€) if

/fngdx%/fgdaj

for all g € LY(Q2).

e Let Q C R? be a domain and Cy(2) the space of continuous func-
tions 2 — R vanishing at the boundary. Then the dual of Cy(2)
can be identified, by the Riesz-Markov representation theorem,
with the space of finite signed measures, i.e., the setof = p™—pu~
where T and p~ are finite measures supported on two disjoint
measurable sets QT and Q~, respectively. The dual pairing is given

by
W= [ faw= [ gat = [ pa.

e The difference between weak and strong convergence is most ap-
parent in the presence of oscillations: Set Q@ = (0,1), fo(z) =
sin(nx). It is easy to see

fa =0
(ie. forallg € L'(0,1) : [ g(x)sin(nx) dz — 0, "Riemann-Lebesgue-

Lemma"), but f, does not converge strongly in L>°(0,1) (i.e. uni-
formly).

Weak convergence and nonlinearities
Recall we want to pass to the limit in the equation

Opue + 0, F (ue) = €0ppue,

and we know u. — in L. In order to pass to the limit, we need F'(u.) A
F(u). But this is not true!

Example: f,(z) = sin(nz) on (0,1) and f, — 0, but f2 = sin?(nz) > 3 #

02.

So weak convergence does not commute with nonlinear functions:
F(w*-limu.) # w*-1im F'(u.)!

Our goal is to exclude such oscillatory effects.

PROPOSITION 2.25. Let X be a normed space and X' its dual, and let
either x,, — x strongly in X and x|, — 2/ weakly in X', or x,, — x weakly in
X and z), — a’ strongly in X'. Then,

(@n, 23) = (2,27).
The proof is left as an exercise.

2.4.3. Sobolev Spaces. Let 2 C R™ be a domain. A function u €
(Q) is weakly differentiable if there exists v € L}, () such that

/chpdx:—/govdx
Q Q

Ll

loc
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for all ¢ € C°(12), and we write v = Du.
If ke Nand 1 < p < oo, then

WEP(Q) = {u: Q = R: dyu € LP(Q) for all multiindices o with |a| < k}.

Similarly for VVZIZCP(Q) The norm is given by

lullwno) = Y 18alze.

o<k

The space Wol’p (2) is the closure of C2°(Q2) under the WP-norm.
The space W~17(Q) is the dual of Wol’p,(Q)(l <p < 00, % + z% = 1), so the

norm is
/ fudzx.

HfHW*lvP(Q) sup
wi?' (@ o=!

7qCW

loc

Note W,

loc " whenever ¢ > r.

Rellich Compactness Theorem: If {2 is bounded and smooth then
o WIP(Q) € LI(Q) for 1 < q < px, where px = n”pp
e WLr(Q) e C(Q)ifp > n.

Here: X € Y means compact embedding, i.e. if (z,,)nen is bounded in X
then there exists a subsequence (x, ) s.t. ,,, — zinY ("(x,,) is precompact
inY").

THEOREM 2.26. Let Q C R" be bounded and smooth and () be bounded
in M(Q). Then () is precompact in W—14(Q) for each 1 < g < -"-.

PROOF. By Banach-Alaoglu there is a subsequence (still called (uy))
such that Mn X in M(S2). Consider W, () with ¢+ 2 = L Since
1 <q< "5, ¢ >n,so that

We'(Q) € Cy(Q).

In particular B := {¢ € Wol’q () : llelly, 1 < 1} is compact in Cy(Q2) hence

for every § > 0 there are finitely many funct1ons {itiz1...n; C Co(Q) such
that

 oin flo = ifleo <

for all ¢ € B. Therefore for ¢ € B,

wdun—/sodﬂ’S/!w—wi\dun+’/s@idun—/saidu'Jr/\sOi—soldu
Q Q Q Q

< 25 sup |pal(Q ‘/wzdun— @du‘

for some 1 <7 < N;. Let now € > 0 and choose § > 0 such that

26 5up |jin] () < 3.
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Since p,, — p, for every 1 < i < Nj there exists N; such that

13
‘/%dun—/cpdu <3
Q Q

for all n > N;. Therefore, if n > max;<;<n, N,

‘/eodun—/sodu <e
Q Q

for all ¢ € B hence p,, — p in W=14(Q). O

THEOREM 2.27. Let 1 < p < o0,§) bounded smooth domain, and f €
WHP(Q) for some k > —1 (in particular f € W1P(Q) is allowed!). Then
there exists a unique solution in the sense of distributions of
(2.20) — Au = f,u e WF2P(Q) n W, P(Q).

Moreover, (f,) is precompact in W*P?(Q) if and only if (u,,) is precompact in
Wh+2p(Q)).
PrROOF. ‘Standard’ elliptic theory (see e.g. [3][Thm. 9.15]) O

LEMMA 2.28. (Interpolation of LP-spaces)

Let Q C R™ be measurable and let 1 < p < g < oo. For 6 € [0, 1] set % = 1;.%0 +

g (note such r are from [p,q]). Then if f € LP(2) N LY(Q), then f € L"(Q)
and

—0 0
£z < 11" L1

PROOF.

nﬂaz/mmwmw

—0 0
<A A,

—0)r I
= 1157071 1%
[

COROLLARY 2.29. Let Q2 C R"™ be a domain. Suppose (uy)nen iS precom-
pact in LP(2) and bounded in L4(2) for 1 < p < q < oo. Then (up)nen is
precompact in L"(§2) for any p <r < q.

PROOF. Let (uy)nen converge to w in LP(Q2) and let & € (0, 1) be such
that 1 = %f + g. Then by Lemma

lun,, = ullzr < Jun, = ull13° Jun, — ullfs — 0.

-~

—0 bdd.
|

COROLLARY 2.30. Let 2 C R™ bounded and smooth. Suppose (fy)nen is
bounded in W~P(Q) for a p > 2. Let f, = gn + hy, where

e g, is precompact in W~12((Q)
e h, is bounded in M(S2).
Then (f,,) is precompact in W~12((Q).
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PROOF. By Theorem , there exists a unique v,, € WO1 ’Q(Q) such that
—Av, = gp.

Moreover, by Theorem there is a unique w,, € WO1 1(Q) forany 1 < g <
— such that
_Awn = hna

and

e (v,) is precompact in W&’Q(Q),

e (wy) is precompact in W, 4(€).
Set u,, := v, + wy, then (since ¢ < 2) (u,) is precompact in Wol’q(Q), and
uy, is the unique solution in W,(£2) of

By Theorem and the assumption on ( f,,), the sequence (u,,) is bounded
in W, ?(€2). It follows from Corollary that (u,,) is precompact in W, ()
and hence (f,,)nen is precompact in W~12(0Q). O

2.4.4. Div-Curl-Lemma. Given a vector field v = (v1, ...,vg) € L?(Q;R?)
(2 ¢ R? bounded smooth domain), then divv € W~12(Q) is defined by du-
ality as

(p,divv) = /ch vdx

for ¢ € WOI’Q(Q). Also we define (curlv);; = 0jv; — d;v; in the sense of
distributions, i.e.

(p,curlv); / Oipv; — 0jpv; dx,

for o € W, ().
The Laplacian of v is interpreted row-wise, i.e.

Av = (Avy, ..., Avg).

LEMMA 2.31. (Div-Curl-Lemma — Murat 1978 [|5]])
Let Q2 bounded and smooth and let (v,)nen, (Wn)nen be two bounded sequences
in L?(Q;RY) such that

i) (divwy) is precompact in W—12(Q)
ii) (curlw,) is precompact in W=12(Q).

If v, — v and w,, — w weakly in L?, then v,, - w, — v - w weakly in L'.
PROOF. Consider u,, € WOI’Q(Q) N W?22(Q) solving
—Au, = w, in Q.

As w,, is bounded in L2, u,, is bounded in W?22(Q). Set z, = — div up, y, =
— Dz,. Then

e 2z, is bounded in W2 and
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7 7
® Yn :wn_aizn

= —Au; + Z &@uﬁl

J
=" 00, — 9jul,)
J

= —(div curl uy,);.

2

But by ii) (curlu,) is precompact in Wli’f, hence (y,) is precompact in Lj

(Exercise). Hence, after passing to subsequences if necessary,
o z, — zin WH2(Q)
ey, — yin L} (), and z = —divu,y = w — Dz, where u €

I/Vol’2 N W22 solves —Au = w.
Next let p € C2°(€2), then

/Un “wppdr = /Un(yn + Dzn)ﬁpdx'

As v, — v weakly in L? (up to a subsequence) and y,» — yy strongly in
L?, by Proposition

/vn-yngpdx%/v-ygodx.

Moreover,
/ v - Dz de
= — / div vy, Zn pdx — / Un, Dy Zn dzx
—— —~— ~— ~—~
strongly in W—1,2 weakly in W12 weakly in L2 strongly in L2 (Rellich)

—>—/divvz<pdx—/v-D<pzdx

:/U-Dzwd:p

hence
/vn-wngodm—>/v(y+D2)dx:/v~wcpdx.

Extension to ¢ € L follows by approximation, considering that (v,, - wy,) is
bounded in L. O

2.4.5. Young measures. Weak convergence u,, — u does not go well
with nonlinearities. Take a different viewpoint: Identify u,(z) with z —
Oup(2)> SO Oy, (2) 1S @ probability measure parametrized by the domain. Hope
that

in some sense.

THEOREM 2.32. (Fundamental Theorem of Young measures)
Let Q C R"™ be a domain and u,, € L*°(2;R") be bounded. Then there exists
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a subsequence (un, )ken and, for a.e. x € ), a probability measure v,, such
that

F(up,) A 2)dvg(z) =: (F,vy)

in L>(Q) for every F € C’(]Rm The family (vz)zeq is the Young measure
generated by (uy, ).

To prove this, we need

LEMMA 2.33. (Disintegration)
Let 11 be a finite nonnegative Radon measure on R™"*™. Let 0 = mrn () be the
projection of i into R", i.e.
o(E) = u(E x R™)

for E C R™ Borel measurable. Then for o-a.e. x € R™ there is a probability
measure v, on R™ such that

(2.21) x f(z,2) dvy(2)
Rm
is o-measurable and

/Rmm [, y) dp(z,y) = /n < - f(x,2) dux(z)> do ()

for every bounded continuous function f.

PROOF. (of Theorem [2.32)
First assume 2 is bounded. Define for each n € N a measure by

un(E):/Q]lE(J:,un(az))dx

forany E C QxR™ Borel measurable. Then sup,, i, (2xR™) = L™(2) < oo,
so by Banach-Alaoglu there is a subsequence (i, ) such that y,, S >0.
Let o be the projection of x onto 2, i.e. o(E) = u(E x R™). Then, on the
one hand, if V' C  is open,

o(V)=u(V xR™) < hmkinfﬂnk(v X R™) = L™(V)

by lower semicontinuity under weak convergence, so that o < L"|q.

On the other hand, let K C € be compact. Since (uy,, ) is bounded in L*°,
there exists R > 0 (specifically R > supy, ||un, || <) such that supp p, supp g, C
1 x B(0, R). Hence

o(K) = (K x R™) = u(K x B0, )
> limsup pp,, (K x B(0, R)) = L"(K)
k

hence o > L"| so in total we have shown o = L"|q.
Next, by Lemma [2.33] for a.e. = € Q) there is a probability measure v, such

that
4WJ@@W@@=L(Wﬂmmm@)M
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for f bounded and continuous. Let f(z,z) = ¢(x)F(2)(p € C.(Q),F €
C.(R™)). Hence

lim [ ¢(z)F(up, (z))de = lim f(z, z) dpp, (z, 2)

k—oo J k—o00 Jpnxm

— [t duta,2)

_ /Q o(2) ( / F(2) dl/x(z)) dz.

But by approximation this is also true for ¢ € L*(Q) so

Flun) = [ F(:)dua(z)

in L*° for F' € C.(R™). Finally, as (u,,) are bounded in L>*, F ¢ C(R™)
can be altered to have compact support so the convergence is even true for
F e CR™).

Now let €2 be a general domain (not necessarily bounded) and exhaust it by
bounded domains €}, so that

Q; CQrand J Q=0
jEN

For each j € N, let 1/} be the Young measure generated by a subsequence
(uny ; )ken. We assume (ng j)ken D (7 j+1)ken for all j € N. Then clearly
y% = VQZH for a.e. every x € 2; (test weak-* convergence with ¢ € C.(;)).
Hence for x € §2; we define v, = v and {Vz }zeq is generated by the diago-
nal sequence (uy, , )ken: Indeed for p € C.(2) and F' € C(R™) there exists
j € N such that

supp ¢ € ;.
Since (un,, )k>; is a subsequence of (up, ;)ken by our construction, we ob-
tain

/ (@) F (1t o () d = / (@) F i () e
9]

£
— o(z) F(z)dvi(z)dz
Q; R™

_/Qgp(x)/mp(z) dvy(2) dz.

The statement for ¢ € L'(Q) follows by approximation. O

2.4.6. Application to Scalar Conservation Laws. So consider d;u. +
0 F(ue) = €0,zue and assume |[ue || oo (rx (0,00)) 1S bounded in ¢ > 0 and u.
is smooth. From the L® bound we get (up to a subsequence)

uiu
€

in (R x (0,00)).

THEOREM 2.34. Let F' be strictly convex. Then u is an entropy solution of
Oyu + 0, F(u) = 0.
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REMARK 2.35. Ignore initial data.

ProoF. Up to a subsequence, (u.).~o generates a Young measure (v, ;)
by Theorem [2.32} so that

u(z,t) = / 2 dvg 4(2)
R
for a.e. z,t and
(2.22) F(u.) = / F(2)dvgi(2) =: (F,ve4)
R
in L°°. Let now 7, ¢ be an entropy / entropy-flux pair. Then

n(ue) = (1, ) = / n(2) dvga(2)

and
Q(Us) RN <Q>Vx,t>

in L. As u. are smooth, we can multiply the parabolic PDE by 7’(u.) to
obtain, as before,

Oin(ue) + Opq(ue) = eduan(ue) — en (ue ) (Dpue ).
We want to apply the div-curl-lemma to
ve = (F(ue), ue), we = (n(ue), —q(ue)).
Note that div and curl are taken in the variables (x,t)! Hence
divy ¢ ve = Oyue + 0, F (ue) = €0pue
and
curly ; we = O (ue) + 0pq(ue) = €0pan(ue) — En”(ue)(axug)Z

and we need to show that both are precompact in Wl;cm(R x (0,00)). For
this, multiply the parabolic PDE with u. and integrate in x:

0= /&tuguE dx + /ugaxF(ua) dr — ¢ / U O lle AT

=50 | v dx +5/(8xu5) dzx.
Note [ u.0,F (uc)dzx = 0 since u.0,F(u:) = 9,Q(u.), where Q is the en-

22

tropy flux corresponding to H(z) = %-.
Integration in the time thus yields

1 ! 1
/ug dm+5/ /(8zu5)2 dxds = / u2 dz (indep. of ¢).
2 Jr 0 Jr 2 Jr

This means /0, u. € L*(R x (0, 0)) is bounded and so /20, u. is bounded
in W=12(R x (0,00)) and hence €0,,u. — 0 in W12(R x (0,00)). Next
consider £0,,m(us) — en”(ue)(Ozue)?. We have that /20, u. is bounded in
L?(R x (0,00)) hence so is v/en' (us)Optie = /€0,n(u:). Therefore £0,m(u.)
is precompact in L? so £0,,n(u.) is precompact in W12, Also, £(9,u.)? is
in LY(R x (0,00)) so en” (ue)(0yuc)? is bounded in M(R x (0, c0)).
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Moreover, 9yn(u:) + 0:q(uc) is bounded in W—° and so Corollary
applies and yields

0o (ue) — e’ (ue) (Dwue)?
is precompact in Wl;cm(R x (0,00)). Therefore

F(Ua)n(ue) - UEQ(UE) - <F7 V) <777 V> - U<Q7 V>'
On the other hand,
F (e )n(ue) — ueq(ue) = / F2)n(z) — zq(z) dv(2)
hence
/ F(2)(2) — 2a(2) dv(z) = (F,v)(n,v) — ulg,v)
for a.e. x,t or equivalently
J G = Fohn) + (- 2)a(e) dv(e) =0

a.e. Now set (cf. Kruzkhov!) 7(z) = |z — u(z,t)|. Note as long as we keep
x,t fixed this is a valid choice of entropy! Correspondingly, we obtain

q(z) = sgn(z — u(z, 1)) (F(2) — F(u(z,1))).
Using this entropy / entropy-flux pair, we get

/(F(Z) — (Fv))lu =z = u = 2|(F(2) = F(u))dv =0

& (F(u) — (F,v)) / |z —u(x,t)| dvg s = 0.

Hence for a.e. x,t, F(u) = (F,v) Or vy = §,(,4). But since F is strictly
convex, F'(u) = (F,v) is equivalent to v, ; = 0, (by Jensen’s inequality)
hence (n,v) = n(u) and ¢(u.) — ¢(u) and from

In(ue) + Opq(ue) = €0pen(ue) — 577//(%5)(81“5)2
we have for any ¢ € C>°(R x (0,00)), > 0:

// o(O1(ue) + oquz)) dudt = — / Bripn(uz) + Oppa(us) dadt
— — / Open(u) + Oppq(u) dxdt,

6/¢8xxn(u€) dxdt = —6/83696907](115) dzdt — 0

— [ Ozaipn(u)<oco
and en” (u.)(0u:)? > 0 hence

/(%gm](u) + 0q(u) dxdt > 0

and v is an entropy solution. O



CHAPTER 3

Hyperbolic Systems of Conservation Laws

Consider systems in one space dimension:
Ou+ 0, F(u) =0in R x (0, 00),

where
u:R x (0,00) - R™and F' : R™ — R™

3.1. Basics

3.1.1. Rankine-Hugoniot condition. We say u € L>®(R x (0,00)) is
a weak solution with initial datum g € L*(R) if for all ¢ € C°(R x
[0, 00); R™),

/ / O - u+ Opp - F(u) dedt + / ©(z,0) - g(x)dz = 0.
o Jr R

Without reference to an initial condition, « is simply called a weak solution
if

/ / Orp - u~+ Oy - F(u) dxdt = 0.
0o JR
for all p € C°(R x (0,00); R™).

Let u be a weak solution on Q@ C R x (0,00) (i.e. we test only with ¢ €
C2°(92)) which is smooth on either side of a smooth curve:

FIGURE 1

37
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Let ¢ € C2°(Q1; R™), then
0= / o+ Duip - F(u) didt = — // o (Opu+ O, F(u)) dudt
Ql Q1

so that 9,u+0, F(u) = 0 on ; and similarly on 5. Now let ¢ € C2°(Q; R™).
Then

0:/ /atgo-u—i—arap-F(u)dxdt
0 Q

:/ 6t<p~u+3wg0-F(u)d:Edt—|—/ Orp - u+ Opp - Fu) dxdt

Ql QQ
=— // (Opu + 0z F (u)) - dadt — // (Opu + 0x F(u)) -p dxdt
QS Qp T
=0 =0

+ /(‘P cup)vg + (F(uy) - )vg dS

- /(90 ~ug)vy + (F(ug) - @)vg dS

hence we obtain
(F(u1) — F(u2))ve + (u1 —u2)vy =0

along ~.
Suppose v = {(x,t) : © = s(t)}, then for all ¢, v = (v, 1) = (1, —$) and we
obtain the Rankine-Hugoniot condition

F(u1) — F(ug) = $(t)(u1 — uz) along v

3.1.2. Hyperbolicity. For motivation, consider particular smooth solu-
tions of the conservation law:
Travelling waves: They have the form

u(x,t) = v(x — ot) (cf. shocks!)

where v : R — R™ is the profile and o is the speed. Plugging this into
Owu + DF (u)0,u = 0, we find

0= —0v'(x — ot) + DF (v(z — ot))' (z — ot),

i.e. o is an eigenvalue of DF(v) with eigenvector v'. Hence if we want to
find m linearly independent travelling waves, we need to assume

DEFINITION 3.1. If for every z € R™ the eigenvalues of DF'(z) € R"*™
are real and distinct, then the system of conservation laws is called strictly
hyperbolic.

We will now always assume strict hyperbolicity. For z € R™, write
)\1(2) < )\2(2) < ... < )\m(z)

for the eigenvalues of DF(z) and r1(z) € R™ the corresponding eigenvector
(k=1,...,m), so that

DF(z)rg(z) = Mg (2)r(2).
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for each z, {ry(z)}x=1,.m form a basis of R™. Next, since DF(z) and
DF (z)" have the same spectrum, there exists a basis {l;(z) }x=1,..m of eigen-
vectors of DF(z)t:

DF(2)'1;(2) = Me(2)11(2)
for k = 1,...,m. This is sometimes written as

l(2)DF (2) = A (2)lk(2),

so that [;(z) are called the left (row-)eigenvectors of DF'(z) and r(z) are the
right eigenvectors. Note that

Me(2)((2)r(2)) = U(2) (DF (2)ri(2))
= (L(2) DF(2))rx(2)
= Ni(2)(h(2)re(2)),

hence if [ # k (and therefore \;(z) # \i(2)) it follows that [;(z) L r(2).

THEOREM 3.2. (Smooth dependence of A, 7k, I, on z)
Assume F' is smooth and strictly hyperbolic. Then

i) A\ depend smoothly on z for k =1, ...,m.
ii) 7, and l, can be chosen smooth in z and such that |rp(z)| = |lg(2)| = 1
forall z, k.

PROOF. Fix k € {1,...,m} and zp € R™. Then
A1(z0) < ... < Apm(20)
and ry(zp) can be chosen such that
DF(20)ri(20) = Ak(20)7k(20),
|ri(z0)| = 1.
Without loss of generality assume
ri(z0) = em = (0,...,0,1).
We want to use the Implicit Function Theorem for ® : R x R x R™ — R™+1,
®(r,\, 2) = (DF(2)r — Ar, |r|? = 1).
Note that ®(r,(20), Ax(20), 20) = 0. Hence if we can show that
aq;((:,i’)Z) (1 (20), Ak (20),20) 70
k(20): Ak (20) 20
then the desired result follows in a neighbourhood of z,. Note

hence (recall ri(zp) = e;)

det

o0D(r,\, 2)
a(r, \)

(ri(20) Ak (20),20) 1
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We define
B :=det[DF(zy) — (M (20) + &)I].
As r(z0) = e, we have

B.e,, = —cen,.
Therefore
0 0 0
0 0 0
B. I, . _ B.
-1 (—e)t 0
0 2 0 0 0 1 0 2 2(—e)7 !
det=1
hence
0
0
det Be : | =2(—¢)"  det B.
—1
0 2 0

= 2(—&) M2 (Aj(20) — (Mk(20) +€))](—e)
= 2002k (Aj(20) — Ak(20) — €).
But the LHS converges (as ¢ — 0) to

0

0

det DF(ZO) - /\k(ZO)Im
-1

0 2 0

and the RHS converges to
211541, (Nj(20) — Aik(20)) # O (hyperbolicity!).
This shows the assertion in a neighbourhood of z; € R™. Finally, let
R =sup{r > 0: A\x(2),rr(z) are well-defined and smooth on B(zg,)}.

If R = oo we are done. If R < oo, cover 0B(zp, R) with finitely many open
balls, to which A\, r; can be smoothly extended by the same arguments as
above (choose centres z1, 29, ...).

This contradicts the choice of R. The left eigenvectors /; can be treated
similarly. O
ExAMPLE 3.3. i) Recall the "p-system" (nonlinear wave equation)

Ou + 0, F(u) =0,

where F'(uy,u2) = (—ug2, —p(u1)). Hence

Df(u1,uz) = (—p’?m) _01> '
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D
g
"

FIGURE 2

The eigenvalues are the solutions of

A 1 ;
det <p’(u1) )\> =0 \A=xp(u1).

Hence the p — system is strictly hyperbolic iff p’ > 0.
ii) Recall the barotropic Euler equations (here in one space dimension):

2
dym + 0, <n; +p(p)> =0

Hence F(m,p) = (%2 + p(p),m) and

DF(m,p) = (2 _%22 —(l)—p’(p)) :

We obtain the eigenvalues:

N———

T3

(22 -3) 0 + 2~ () = 0

p p
2
@)\2—2m)\+m—2 —p'(p) = 0.
PP
This has two distinct real solutions iff
m? m?
4? - 4? +7'(p) =1'(p) >0

hence we require p > 0,p/'(p) > 0.

3.2. Riemann’s Problem

Consider a system of conservation laws with initial data

g(ac):{ul rx <0

U x>0

for vectors u;, u, € R™.
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3.2.1. Simple waves. A simple wave solution is a solution of the form
u(z,t) = v(w(x,t)) where v : R — R™ and w : R x (0,00) — R (for
w(x,t) = x—ot we get the travelling waves). Plug this into the conservation
law to get

v'(w(z,t))0w + DF (v(w(z, )0 (w(z, t)) 0w = 0.
If v/(s) = ri(v(s)) then this becomes
v (w(z, 1)) 0w + M (v(w(z, )0 (w(z, t))dpw = 0,
so that v, w will solve the system if
Ow + A (v(w(z,t))) 0w =0
V' (8) = ri(v(s)).

Hence the strategy: First solve the ODE v'(s) = r4(v(s)) and then solve the
scalar conservation law

Ow + A (v(w(z,t)))0yw = 0.

In this case, the solution u(x,t) = v(w(x,t)) is called a k-simple wave.
Let’s turn to the ODE first.

DEFINITION 3.4. Let zy € R™. Denote by Ry(zo) the path of the solution

of
v'(s) = ri(v(s))
which passes through z, i.e.

Ry(20) = {v(s) : s € R,v'(s) = rp,(v(s)),v(0) = 20}
Then Ry (zp) is called the k-th rarefaction curve through 2.

Rm

FIGURE 3. k-th rarefaction curve

Next consider the scalar law 0w + A\ (v(w))d,w. This takes the form
Oyw + 0, Fi,(w) = 0 upon setting

Fi(s) = /o Ak(v(t)) dt.
In order to solve the scalar Riemann problem, we need Fj to be strictly
convex (or concave), see Theorem Check the 2nd derivative:
F(s) = Me(u(s)),
Fy/(s) = DA(v(s)) - v'(s) = DAg(v(s)) - rie(v(s))
hence F}, is



3.2. RIEMANN’S PROBLEM 43

e strictly convex if Vz € R™ : DA\g(2) - ri(z) > 0,
e strictly concave if Vz € R™ : DAg(z) - r1(2) <0
and affine if DAg(z) - ri(z) = 0 for all z € R™.
DEFINITION 3.5. The pair (A\;(2),rx(2)) is genuinely nonlinear if for all
z e R™
DXi(2) - re(2) # 0 (it follows DAy - . > (<) 0).
It is linearly degenerate if for all z € R™
DXi(z) -rip(2) = 0.
If (A, 7)) is genuinely nonlinear, we write
RZ_(Z()) = {Z S Rk(ZQ) : )\k(z) > )\k(Z())}
RI;(Z()) = {Z S Rk(ZQ) : )\k(z) < )\k(ZO)},
so that

Ry(z0) = R;(ZQ)L.J{Z()}URI;(Z()).

FIGURE 4

3.2.2. Rarefaction Waves.

THEOREM 3.6. Suppose for some k € {1,...,m} the pair (\g,ry) is gen-
uinely nonlinear and u, € R} (w;).
Then there is a k-simple wave which is a weak solution of the Riemann prob-
lem.

PROOF. Let v be the solution of
v'(s) = r(v(s)),v(0) = u; € R™.
By assumption u, € R} (u;) there exists w, € R (wlog: w, > 0) such that
v(wy) = Uy
Next, consider the scalar Riemann problem

Ow + 0 Fr(w) =0
0 tx <0
0 pr— pr—
w(,0) = g(a) {wr ey

By genuine nonlinearity, Fj, is strictly convex because A;(u,) > Ai(u;), so
that the solution is given by (Theorem [2.34])
0 ¥ < Fp(0)
w(z,t) = ¢ Gy (%) : FL(0) < % < F(wy)
wy 5> Fr(w,),
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where Gy, = (F})~'. Hence

u(z,t) = v(w(z,t))

is a weak solution of the systems. The case w, < 0 is similar. O
t
U =\Con¢ U f= const
> L
FIGURE 5

REMARK 3.7. This is also an entropy solution, as it is continuous (cf.
Proposition [2.20).

3.2.3. Shock waves. Recall the Rankine-Hugoniot condition
F(u1) — F(u2) = $(u; — ua),
i.e. in particular F'(u;) — F'(u2) has to be parallel to u; — ug if u;, us are the
two values on either side of a shock.
DEFINITION 3.8. Fix 29 € R™, then the shock set is defined as
S(z0) ={z € R™ : F(z) — F(20) = 0(z — 2p) for some scalar o = o(z, 20) }.

THEOREM 3.9. (Structure of the shock set)
Fix zp € R™. There is a neighbourhood of zy such that S(z) = Uj-; Sk(z0)
for smooth curves Sy(zo) with the following properties:
1) Sk(z0) passes through z, with tangent ry(zo),
i) lim,_,. -es,(z0) 9(2, 20) = Ak (20)
i) o(z,z20) = M + O(|z — 20]?) as (z — 20) with z € Sk(20).

Rk(Z())

Sk(20)

FIGURE 6. contact between Ry(zg) and S (zo)
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PROOF. Set B(z) := f DF(zo + t(z — 20)) dt, so that B(z)(z — z0) =
F(z) — F(20). We have z € S(zp) if and only if

(B(z) —olp)(z—20) =0

for some scalar o(z, 2).
Since B(zp) = DF'(zp), the characteristic polynomial

A — det(A,, — B(2p))
has m distinct real solutions (hyperbolicity) and so the same is true for
A = det(A,, — B(z))

for z in some neighbourhood of zy. Moreover, in this neighbourhood there
exist smooth functions A\(z) < ... < Ayn(z) and unit vectors 7 (z),lx(2)
(k=1,...,m) such that

and 5\19(20) = Me(20), 71 (20) = 71(20); Me(20) = Me(20)- Also {7 (2) }het....m
and {lx(%)}x=1,..m are bases of R" with

I(2) - () =0
whenever k # [. Indeed all this follows from Theorem [3.2] where the gradi-

ent property of DF was never used.
Recall z € S(zp) if and only if

(B(z) —olp)(z —20) =0

for some 0. This will be true if ¢ = Ay(z) for some k € {1,...,m} and if
z — zq is parallel to 7 (z), which is equivalent by orthogonality to

L(2) (z—2) =0
for all | # k. We want to use the Implicit Function Theorem to find a curve
¢k (t) such that ¢4 (0) = zp and

L(ek(t) - (en(t) — 20) =0
for all ¢ in a neighbourhood of 0.
Set @, : R™ — R™~ 1,

®p(2) = (11(2)-(2=20), ooy l1(2)- (2= 20), g1 (2)- (2= 20) vy I (2) - (2—20)).
Clearly ¢ (zp) = 0 and
11(20)

lk—1(20) (m—1)xm
Do =1 eR .
(z0) lk41(20)

In(20)
By hyperbolicity, D®(zo) has maximal rank, so that by the Implicit Function
Theorem there exists indeed a smooth curve ¢ : R — R™ such that ¢ (0) =
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zo and Py (pk(t)) = 0 for all ¢ near 0. The path of ¢, is then defined to be

Sk<20)
Next, without loss of generality, we may assume |p;| = 1. By construction
we have

(pr(t) —20) - Li=0
for all I # k, so that
er(t) = 20 + p(t)fr(ex(t))
for smooth p with (0) = 0. Differentiate the equality w.r.t. ¢, we find

Pu(t) = i)Fr(pr(0) + (1) o (1)

t
hence

¢r(0) = £(0)7%(20)
and, due to |¢x| = 1 = |74/,
¢r(0) = 71 (20)-
This shows i).
Neart =0
F(pi(t)) — F(20) = o(pk(t), 20)(¢r(t) — 20)
for some smooth o : R™ x R™ — R. Differentiate this with respect to ¢

DF (pr(t))¢x(t) = Lo (i(t). 20)(0r(t) — z0) + o (r(b). 20) 6 ().

dt
Sett =0
DF(z0) - ¢1(0) = o(20,20) ¥x(0)
—— ——
=rk(z0) =7k (20)

whence o (29, 20) = Ak(20), thus proving ii).

For iii), set o(t) := o (pr(t), 20), Me(t) := Me(@r (), i () := ri(@r(t)).
Differentiate F'(¢x(t)) — F(z0) = o(t)(pr(t) — z0) twice:

(D*F (1 (1) @n (1)@ (t) + DF (p1(1) @1(1)
= 6(t)(pr(t) — 20) + 26 ()P (t) + o (t)Pr(t)
and sett=0:
D*F(z0)r1(20))7x(20) + DF (20)x(0) = 26(0)rx(20) + Ak (20)551(0)
or
3.1 (26(0)] — D*F(20)ri(20))rk(20) = (DF(20) — Me(20)1) 5 (0).
Next, set 1 () to be the solution of
Ui (t) = re(r(t), Yr(0) = 20, [ = 1

(i.e. the unit speed parametrization of Ry(zp)). Then DF (¢ (t))ri(t) =
Ak (t)rg(t). Take the time derivative:

(D*F (i) (8))r5(t) + DF (3, (8))in () = Mo (8)re(t) + A (87 ()
and set t = 0:

(D?F(20)7(20))7(20) + DF(20)7%(0) = A (0)rk(20) + A (20)75(0)
or
(3.2) (DQF(Zo)Tk(ZQ) — /'\k(O)I)Tk(Zo) = —(DF(Z()) — /\k(ZO)I)f'k(O).
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Add and (3.2):

(26:(0) — Ae(0))re(20)1 = (DF(20) — Mi(20)1) (81 (0) — #4(0)).
Multiply ("from the left”) with I (z) :
1k (20)T5(20) (26/(0) — A(0)) = Ik (20) (DF (20) — Ai(20)1)(3k(0) — 74(0)) = 0.

But I (z0) - r(20) # 0 since [;(z0) L ri(z0) for all I # k and (I )k, (rx)x form
a basis of R”. Therefore

26(0) — Ar(0) = 0.
But by Taylor’s Theorem,
20(t) = 20(0) + 25(0)t + O(t?)
= 20(0) + A (0)¢
N—— N——
=2Xp(z0) =X ()—Ak(0)+0O(t2)
= \e(20) + Mi(t) + O(t?)

hence
o(pr(t), 20) = 0() = £ (s(z0) + MW (1)) + O(2).

The result now follows from

M (Wr(t) = Ao (t)] = O(t%),

which also follows from Taylor’s theorem as both functions agree up to order
one by i). O

Ry (20)

Sk(20)

FIGURE 7

If (g, r) is linearly degenerate, then Ry (zp) and Si(zo) actually agree:

THEOREM 3.10. Suppose for some k € {1,...,m} that (\g,ry) is linearly
degenerate, then for all zy € R™

Ry(z0) = Sk(z0)
and
o(z,20) = Me(2) = Ae(20)
forall z € Si(zo).

PROOF. Let again v be the solution of

0(s) = ri(v(s)),v(0) = zo,
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then by linear degeneracy s +— A (v(s)) is constant (DAy, - 74 = 0), so that
F(u(s)) = F(z0) / DE(®)i) dt
— /0 DF (v(t))r(v(t)) dt
- /0 Ak (v())re(v(t)) dt
) [ ite)d

= e(20)(v(s) — 2p).
U

Let’s use all this to solve Riemann’s Problem. Let (A, r;) be linearly
degenerate and suppose

up € Sg(wy).

rx < ot
’U,(:L',t>={UZ T g

Up x>0t

Then set

for o = o(ur, w;) = MNe(w) = Mi(ur) (cf. Theorem[3.10).

In light of the Rankine-Hugoniot condition, this is a weak solution.
Interpret this in terms of characteristics: This is a travelling wave solution
so, as we saw before, d,u is an eigenvector of DF'(u), so that

0 = dyu+ DF(u)0yu = Opu + A\ (u)Opu = %u(m(t), t)
for
2(t) = Ar(u(z(t),1)).
So the characteristics are given by

xo + )\k(ul)t txg <0
x(t) =
xo + Ag(up)t x>0

but since A\;(u;) = A\x(u,) = o, the characteristics are parallel to the discon-
tinuity! cf. in the scalar case the transport equation

A T = ot

x

FIGURE 8
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Owu + o0zu = 0.
Next, assume (Mg, r) is genuinely nonlinear and
up € Sk(uyp).
Again,

( t) u x <ot
u(x,t) =
U, x>0t

is a weak solution by the Rankine-Hugoniot condition if o = o (u,, u;).

Case 1: M\i(u,) < Ag(w). If u, is sufficiently close to w;, then by Theorem

[3.9we get

Me(uy) < o(up,up) < Mg (wy).

t

x =y + Ap(w)t x =z + Ap(ur)t

X

FIGURE 9. Shock formation (cf. Burgers’ equation) - entropy
solution

Case 2: \;(ur) > Ag(u;) so by Theorem [3.9]iii)
)\k(ul) < a(uT,ul) < /\k(ur)

t

X

FIGURE 10. "non-physical shock” (cf. Burgers’ equation) -
not an entropy solution

We haven’t yet defined entropy solutions for systems, but for the Rie-
mann problem this definition is reasonable:

DEFINITION 3.11. Assume (\g, ) is genuinely nonlinear. We say (u;, u,)
is admissible if
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® U, € Sk(ul) and
o \i(ur) < o(ur,u;) < Ag(u;) ("Lax entropy condition”).

If (u;,u,) is admissible, then the corresponding solution is called a k-shock
wave.

DEFINITION 3.12. Assume (\g, r%) is genuinely nonlinear. Set
S (z0) = {2 € Sk(20) : A(20) < 0(2,20) < Ag(2)}
and
Sy (20) = {2z € Sk(20) : Mi(2) < 0(2,20) < Ai(20)}-
Note that (since D)\, - 7, > (<)0) in a neighbourhood of 2z,
Sk(20) = S (20) U {20} U Sy (20)-

Observe: (u;, u,) is admissible if and only if u, € S, (w).

FIGURE 11

3.2.4. Local solution of Riemann’s Problem.
DEFINITION 3.13. i) If (A, ) is genuinely nonlinear, write
Ti(20) := R} (20) U {20} U Sy, (20).
ii) If (g, rx) is linearly degenerate, set
Ti(20) := Ri(z0) = Sk(20)-
By Theorem (3.9} T} (20) is of regularity C'. So u, € Tj(u;) means that

u; and u, can be joined by

e a k-rarefaction wave,
e a k-shockwave or
e a k-contact discontinuity.

THEOREM 3.14. (Local solution of Riemann’s Problem)
Assume for each k € {1,...,m} that (A, ) is either genuinely nonlinear or
linearly degenerate. Let u; € R™, then for each u, sufficiently close to w; there
is a weak solution of Riemann’s problem.

PROOF. For each k € {1,...,m} let 7, be a parameter measuring ar-
clength on the curve T}:
Ifz,z2 € Tk(ZO) then

7,(Z) — 7(2) = distance between Z and z along T} (zo).
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FIGURE 12

FIGURE 13

71 should increase in direction of R,j(zo). Set u; = zp. Want to connect
u; to u, along curves Tj. To this end choose ”intermediate states” in the
following way:
z1 € T1(20), 11(21) — T1(20) = t1,

29 € To(z1), T2(22) — T2(21) = ta,

Zm € Tm(zm—l)va(Zm) - Tm(zm—l) = lm.

This is well-defined for sufficiently small ¢t = (¢1,...,t,,). Set z = z,,, and
write ®(t) = 2. Since T}, are C*, also ® is C' in a neighbourhood of 0.
We want to apply the Inverse Function Theorem, hence need to show D®(0)
is nonsingular. Note that

(I)(O, vees Tl ,0) — (I)(O, ,0) = tkT’k(Z()) + O(tk) as (tk — 0)

since Ty (2o) is C'. Hence

7, (0) = rm{20)
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FIGURE 14

and therefore

D®(0) = (r1(20)!.--|r(20))-
Since {ri(zo)}x forms a basis, D®(0) is indeed nonsingular, and hence in a
neighbourhood of z, there is a unique ¢ = (¢y, .., ) s.t. ®(¢) = z.
In particular, if u; and u, are sufficiently close, then there exists a unique ¢
such that ®(t) = u,.
Recall: if 2, € R,’:(zk_l) then the corresponding rarefaction wave is

Zoo1 < Me(2h-1)
G (§) = Au(zo1) < § < Aan), = (F) ™!
2k P Ak(ze) < §

If 2, € S, (2x—1) then the shock is

-1 1§ <0o(zk 2r-1)
Zk : J(zk,zk,l) < %,

and similarly if (g, rx) is linearly degenerate. Note that A\;(zp) < A2(20) <
... < Am(20), and by Theorem [3.9]iii)

)\k(zk) < U(Zk,zk—l) < )\k(zk—l)

whenever z;, € S, (2;—1) and therefore the rarefaction, shocks and/or con-
tact discontinuities do not intersect.

A (Lax-)entropy solution is therefore given by ”glueing” the various part
together. O

ExAMPLE 3.15. i) Consider m = 2,2, € S7 (w),u, € S5 (21).
i) Consider m = 2,21 € R (u;),u, € Sy (21)

REMARK 3.16. The solution of Riemann’s problem can be used to prove
existence of entropy solutions if 7V (g) (total variation of initial data) is
small. Idea: Approximate g by piecewise constant data and solve Riemann’s
problem, then pass to the limit (“front-tracking”).

3.3. Riemann Invariants (m=2)

We specialise to a system of two conservation laws, m = 2.
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t
x=o(z1,w)t

al

U w
xr
FIGURE 15. Examplei)
t
= A (u)t x = Ai(z1)t

G (%)

21

Uu,
l .

FIGURE 16. Example ii)

x = o(uyp, 21)t)

x = o(up, 21)t
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DEFINITION 3.17. A function w® : R? — R is an i-th Riemann invariant

if it is constant along the rarefaction curve R;(zo) for all zg € R2.
Idea: Transform variables in phase space:
w(z) = (w'(21, 22), w? (21, 22)).
THEOREM 3.18. Suppose u = (u',u?) is a smooth solution of
O+ 0, F(u) = 0.
Set v(x,t) = w(u(z,t)). Then
ool + )\g(u)axvl =0
Ov? + Al(u)ﬁxUQ =0

in R x (0, 00).
PROOF. Leti # j,i,7 € {1,2}. Then
o' 4+ Nj(w)0v" = Dw'(u) - Opu + \j(w) Dw'(u) - 9y ()
= Duw'(u) - (=0: F (u) + X;(u) - 0:(u))

= Dw'(u) -(=DF(u) + \j(u)I)0zu
——

115 (w)
=0.

Indeed, w' constant along Ry means Dw'(u) - r;(u) = 0, hence Dw'(u) || I;.

O
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REMARK 3.19. The assumption D);(z)-7;(z) # 0 of genuine nonlinearity
can be rephrased in terms of Riemann invariants as (if Dw is non-singular)

O\
ow’

£0(i # ).

Indeed: If 2% = 0, then

owJ

2
0= D _ 5 OA Do
k=1

j 0z OwJ

But

2 .
ow' 0z ..
> L =6 =0(i #J),

it follows that DJ; || Dw' || I;, hence D), - r; = 0. Hence we have shown

oA

D); - r; = 0 if and only if ——% # 0.
owJ
EXAMPLE 3.20. (1-D isentropic Euler equations)
Consider
Op + Op(pv) =0
Ay(pv) + 9x(pv* + plp)) =0

where p = p(p) is smooth and p/(p) > 0 (this guarantees strict hyperbolic-
ity).
Set (u1,u2) = (p, pv) and recall that we get

O+ 0z F(u) =0

for F = (F1, F») = (22, g + p(z1)) whenever z; > 0. Hence

0 1
(Lo )
We compute the eigenvalues
Alzz*j—\/MJ@:%Jr\/m-
Setting v = 2 and o = +/p/(z1), this becomes
Al =vFo.

Consider the characteristic ODE

D) @1(t) = v(z1(t),t) + o(@1(t), 1) = Aa(21(2), 1)
i) &2(t) = v(22(1), 1) — o(x2(t), t) = M(z2(t),1),

where o(z,t) = \/p(p(x,t)),t > 0.

If w® are Riemann invariants then w'(u) is constant along the trajectory of
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i) and ii), respectively. Indeed,

S (ulan (6),0)
= Dw' (u(z1(t), 1)) - (Bpu(z1(1), 1) + Du(w1 (t), 1)1 (2))
= Dw'(u(z1(t),t)) - (—DF(u)0pu + A2 (u)0,u)
—0

as before. Similarly for ii).
Next, write Euler as

iii) Oyp + pOyv + Oppv =0,
iv) Orpv + pOwv + Oppv? + 2pv0v + Opp(p) = 0.
Multiplying iii) with o = p/(p) gives
v) 9ip(p) + 02p0yv + vO.p(p) = 0.
Multiplying iii) with v and subtracting from iv) yields
PO + pvdyv + dyp(p) = 0.
Multiply this by ¢ and and add/subtract v):
Op(p) + (v+ 0)0wp(p) + po (O + (v+ 0)0,v) =0
Ip(p) + (v — 0)0up(p) — po (O + (v — 0)0,v) = 0

Recalling our ODE, this can be written as

& oo p)an(0).1) + plaa (1), Do (a(t), 1) To(an (1), 1) = 0

dt
d d
4 (b0 o) aa(t).t) — plaalt). Do wa(t). 1) So(aa(t). 1) = 0.
Keeping in mind d(p - ) = 52 I we get
odp  dv _ _0
p dt dt

along the trajectories (z;(t),t). We have seen that w!(p,v) is constant along
(z1(t),1), i.e.

This is the case if

Similarly

Hence the Riemann invariants are

P p
wlz/ U(S)ds—i-v,wzz/ ﬁds—v.
1 S 1S
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THEOREM 3.21. Consider the IVP

u(z,0) = g(x)
(two equations) with g € C°(R). Suppose further
O\
owi —

for some constant ¢, i,j € {1,2},i # j ("strong genuine nonlinearity”).
If 0,0 or 0,v% < 0 somewhere on R x {t = 0}, then u blows up in finite time
(i.e. there is no smooth solution wu for all times t > 0.)

PROOF. Suppose u is a smooth solution. Set a = d,v',b = 9,02, where
v = w(u) solves
3tv1 + )\2( )
Ov® + A1(u)o 0

uxv:

3.3)

Note: v! is constant along the curve (z1(s), s), where
1(

i1(s) = Ao (u(z1(s), 8)), 21(0) = 2o

and v? is constant along the curve (z2(s), s),

Za(s) = A (u(z2(s), s)), 22(0) = zo.
Since v is smooth, the characteristics cover R? and in particular v is bounded.
Differentiate (3.3]) with respect to z:
—ab=0
ow 1 + 8’(1]2

and write the second equation of (3.3) as
ow? + AQaﬂﬂ = (A2 — \)b.

ora + \oOpa + ——

Combining these gives

(34)  Ba+ hodeat+ 22q2 4 ( S (00 + M@&)) a=0.

8w1 )\2 — /\1 871)2
Next, set
L P
0 =ow ([ 125 G200 + X0 19,9 ).
Set also

: 1 8>\2) 1,2\ 72
= — 22 ) (v, 0?) do?,
v(w) /0 <A2 D (vg,v7) dv

where v} := v!(z0,0). Then,

LA @ (s),5)

1 O\
)\2 - /\1 8w
1 ax
N )\2 - /\1 8w2<

(v(l], 2(1‘1(3), s)) - (040 + X20,0?)

)(Gtv + Ao O0pv )( 1(s),s),
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where we used that v! is constant along (z1(s), s). Hence

6(t) = exp ([ 20710590 ds)

= exp(y(v*(x1(t), 1)) — ¥(v*(20,0))).
Since v? is bounded, it follows
O<m<E<SM <0

for all times ¢ > 0. Next, set «(t) = a(z1(t),t) and compute

d 1 1 d
@(504) = —@a(fa)
1 1 0As

- (50[)2 <£Oé)\2 — )\1 awg(

~~ fOzQ 8w1

0?4 Agv?) + £(Dra + )\ana)>

so that t
(€a)~1(t) = (¢0)~1(0) + / ;@gljj(s) ds.

0
Note £(0) = 1, so

L G ) P !
_ 1 -1
alt) =& (t) (a(O) —|—/0 £(s) Bun (s) ds)

and )

L G ) -

_ -1
a(t) = a(0)(¢) (1 + a(0) | £(5) Dun (s) ds) .
Since —gf;i >c¢ > 0and ¢ > m > 0, this is well-defined for all ¢ if «(0) > 0.

But if a(0) < 0, there exists a finite time 7" such that

lim a(t) = oo,

t T
so that the solution blows up at time 7. But a(0) = 9,v!(zo,0) hence
dzv1 (x9,0) < 0 for some z is sufficient for blow-up. A similar argument
works for v2. O

3.4. More on entropy conditions
3.4.1. The Lax condition and viscosity. Recall Lax’s entropy condition
for shock waves:
/\k(ur) < U(uT,ul) < )\k(ul),
if (Mg, ) genuinely nonlinear. Find more general conditions.

Recall the viscosity limit: A reasonable solution should arise as the limit
e\, 0 of

(3.5) Opue + 0, F (ue) = €0ppUe.
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Consider solutions of the special form

ue(z, 1) :v<

and seek the profile v and speed o. Insert this into (3.5):
o <:c — Ut> 1 + DF@W <x - at) 1 lv" (x — mﬁ) ,
g g g g g g

—ov' + DF(v)v =",
Suppose u;, u, € R™ are given and

x — ot

> (consistent with scaling!)
€

i.e.

SEEHOOU(S) = U sliglov(s) - ur’sgrinoov =0,

then

. U x < ot
lim ue(z,t) = :
e\0 Ur T > ot.

so the viscosity limit is a shock wave connecting «; and wu,.. Try to solve
—ob+ DF(v)d = ¥,
Integrate to obtain
0F(v) — ov + ¢,
¢ € R™ constant. Taking the limits s — +o0c0 we see
F(u) —ou+c=0,
F(u,) — ou, + ¢ =0,
hence
F(u;) — F(uy) = o(u; — u,) (Rankine-Hugoniot).
Determining the constant via s — —o0, in particular, gives ¢ = ou; — F (),
hence our ODE reads

0=F()—F(u)—o(v—u).
From Rankine-Hugoniot we see moreover that, for given v;, and w, close by,
necessarily u, € Si(u;) for some k and o = o(u,, u;). Even more, we have:

THEOREM 3.22. If there is a travelling wave solution of connecting
w; to u, sufficiently close, then u, € S, (u;).

PROOF. We have already seen u, € Si(u;) for some k and o = o(u,, u;).
Set
G(z) = F(z) — F(w) —o(z — ),
so that our ODE becomes
0= G(v).
Moreover, by Rankine-Hugoniot we have
G(w) = G(u,) =0,
as well as
DG(z) = DF(z) — ol
and so
DG(u)) = DF () — o1
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Hence the eigenvalues of DG(u;) are {Ay(w;) — o}}*, with left and right

eigenvectors {l(u;)}, {re(u;)}.
But as u, € S(y) and |u, — | < 1, we have by Theorem [3.9jii)

o= )‘k(uT‘) "2|' )\k’(ul) + O(|’LL[ _ ur|2)
and thus
e (up) — Ap(uy
Ae(w) — o = at 1)2 k( )+0(\u,.—u112).

We argue that A\;(u;) — o has to be strictly positive. Indeed, u; is an equi-
librium point of v = G(v), as G(u;) = 0. If u, is close to ;. then u, — u; is
almost parallel to 74 (u;), since u, € Si(u;). But if a trajectory of v = G(v)
leaves the equilibrium at u; in the direction r, then by standard ODE theory
(linearised stability!) the eigenvalue \;(u;) — o of DG(u;) corresponding to
r,(u;) has to be positive.

But if u, is sufficiently close to u;, A\x(u;) — o > 0 implies Ag(u;) > Ap(ur),
hence u, € S, (u). O

REMARK 3.23. i) The converse statement holds (if (A, rx) is genuinely
nonlinear): If u, € S, (u;) for some £, there exists a travelling wave so-

lution of (3.5)).
ii) This justifies Lax’s entropy condition: A shock wave arises from a vis-
cosity limit if and only if Lax’s entropy condition is satisfied.

3.4.2. Liu’s Condition: An Example. If (), 7)) is not genuinely non-
linear, then u, € S, (u;) does not make sense.

DEFINITION 3.24. Let u, € Si(u;) for some k. Then (u,,u;) satisfies
(Tai-Ping) Liu’s entropy condition if
o(z,w) > o(ur, u)
for each z on the curve Si(u;) between v; and w,..

THEOREM 3.25. If (Mg, 1y) is genuinely nonlinear; u, € S, (v), and u,
close to wy, then Liu’s entropy condition is equivalent to Lax’ entropy condition.

PROOF. Liu = Lax: Let z = u;, then by Theorem i), o(uy,w) =
Ak (u;), and by Theorem iii), o(uy,u,) is strictly between \j(u;) and
)\k(u,«)
Liu’s condition implies A\, (u;) > o(u,, ;) and it follows
Ae(ug) > o(up,up) > Ag(uy),

i.e. Lax’ condition.

Lax = Liu: Let Ag(u,) < o(up,u) < M\ (w) and z € S, (u;) between u, and

w;. Then by genuine nonlinearity and Theorem [3.9]iii)

_ Ak(z) + k()
2

is strictly decreasing along Sy (u;)~, hence

o(z,up) +O(’Z_ul|2)

o(z,up) > o(ur,uy),

i.e. Liu’s condition. O
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THEOREM 3.26. (without proof)
If u, is sufficiently close to w;, then there exists a travelling wave solution to
3.5) if and only if the Liu entropy condition is satisfied.

EXAMPLE 3.27. (p-system) Recall
&gul — (%ﬂm =0
Opug — Ozp(u1) = 0,

which is strictly hyperbolic if and only if p’ > 0.
Two conceivable ways to add viscosity: (3.5]) would yield

Opu] — Opus = €0zu1

8tu§ - 8&0]’(“?) = 539690“2
"artifical viscosity” - no physical meaning. Or
Opu] — Opus =0

815“3 - 81»])(11&:) = €02

"physical viscosity”. Let’s go for (3.6)).

Assume u¢ = v (£=7!) is a smooth solution with

(3.6)

SEI_HOOU(S) = U sliglov(s) = Ur; SEI:?OO’U(S) =0

From we get
—ov1 —v2 =0
—aiy — p(v1) = 2
Integrating gives
ovy + vo = ouf +uf = oul +u? and
(3.7) 0? = o(uf —v?) + plu}) — p(v?)
= o(uf —v*) + p(uy) — p(v').
It follows that
ou} +ui = oul +u? and

ouf +p(up) = oui + p(uy).

Solve for o :
o?(uy —up) = o(uf —uy) = p(uy) — p(u;),
hence
o2 = P Zplu)
Up — U,

since p’ > 0. Take o > 0. Then Liu’s condition becomes

p(z1) —pw) _ pluy) = pluy)
21 — U ul — u)
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for every z € Si(u;) between v; and wu,.
Consider again (3.7)). Eliminate v?:

7.}1 o _@ _ p(vl) _p(ull) .
o(vl—u})

But g(u;) = 0 and also g(u!) = 0 by our formula for o.

Suppose now u} > u].

A
s g>0
uj 9=0
FIGURE 17

In order for v = g(v) to have a solution connecting u; and u?, we need
g(z') > 0 for 2! between u] and u?, i.e.

ul) — p(ul
plat) = pluf) > o2(:! —uf) = Bt oy

i.e. Liu’s condition.
But note that, for «; and w, sufficiently close, u, € Si(u;) implies that

ui>zl>ull

for every z € Si(u;) between v; and w, (since 7 (v;) is not parallel to (0,1)),
hence Liu’s condition is equivalent to the existence of the travelling wave.
If u,l, < ull then a similar argument works (taking o < 0).

3.4.3. Entropy / Entropy-flux pairs.

DEFINITION 3.28. Two smooth functions 7,q : R™ — R are called an
entropy / entropy-flux pair if 7 is convex and

DnDF = Dg.

This can be motivated as in the scalar case: If dyu + 0, F(u) = 0 for
smooth u, then multiplication with Dn(u) gives
On(u) + Dn(u)DF(u) Oyu =0
(u)
Dq(u

so On(u) + 0zq(u) = 0.



3.4. MORE ON ENTROPY CONDITIONS 62

DEFINITION 3.29. A function u € L*°(R x (0,00)) is an entropy solution
of

Oyu+ 0, F(u) =0

with initial data g € L™ if
om(u) + 0pq(u) <0

in the sense of distributions, i.e.

/OOO /_Z Oron(u) + Oppq(u) drdt + /oo o(z,0)g(x) dx > 0

—00

for all p € C°(R x [0,00)), ¢ > 0, and all entropy/entropy-flux pairs. With-
out reference to an initial condition, « is an entropy solution if

/ / Orpn(u) + Ozpq(u) dzdt > 0
0 —00o

forall ¢ € C°(R x (0,00)), ¢ > 0, and all entropy/entropy-flux pairs.
THEOREM 3.30. Suppose (u.) is a sequence of smooth solutions of
Opue + 0pF (uc) = €0pate,
bounded in L*>°, and such that
Ue — U
pointwise a.e. Then u is an entropy solution of
0w+ 0, F(u) = 0.
PROOF. We have
O (ue) + 02q(uc) = eDn(ue)Oratic
= £0,en(us) — e(D*n(ue) (Opue) Dyt ) .

>0

Let now ¢ € C°(R x (0,00)),¢ > 0. Then

//8t<pn(u5)+8zg0q(u5)dxdt: —5//8xx<pn(u5)dxdt+5//¢D2n(u5)8xu58xug dxdt.
But by dominated convergence, since
€0zzen(ue) — 0

a.e. and a dominating function is given by

llllc2Xsupp o sup |n(ue)|,
T,

we conclude
/ Oren(u) + Oppq(u) dzdt > 0.
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COROLLARY 3.31. A solution of the form

(2, 1) u x <ot
u(x,t) =
Up T >0t

that satisfies Lax’s or Liu’s entropy condition is also an entropy solution in this
sense.

REMARK 3.32. The converse is not true in general: Consider the linearly
degenerate ”system”

Oy +0zur =0
Orug + 20,u9 = 0

and g(z) = (g1(x), g2(w)) for

u x <0
ur x>0,

g1(z) = 0,92(x) = {

so (0,u,) € S2(0,u;). Then the solution (contact discontinuity) is given by

0 :z<2t
Ur x> 2

up(z,t) = 0,uz(z,t) = {

but o(z,v;) is constant in z, so that Liu’s condition is not satisfied. On
the other hand it is not difficult to see that d;n(u) + 0,q(u) = 0 for every
entropy/entropy-flux pair (exercise).

Warning: Unlike in the scalar case, it may be difficult to find any entropy
/ entropy-flux pair at all! In particular for the choice n = | - | there may
not be a corresponding entropy flux (so that the proof of uniqueness and
compensated compactness are not transferable to systems).

ExAMPLE 3.33. Consider again the p-system, for which

DF(z) = (—p’(ézq) _01> '

We claim that

is an entropy with corresponding flux

q(z) = —p(21)22.

Indeed, 7 is convex since p’ > 0 and

whereas

(—p/(21)227 —p(21))-

T
3
—
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—
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EXAMPLE 3.34. For the isentropic Euler equations, an entropy is given
by

1
n(p,v) = 5,01)2 + P(p),

P(P)Zp/lppg)dr

where

is the pressure potential. The corresponding flux ist

q(p,v) = (;pv? +p(p) + P(P)> v.

Physically, 7 is interpreted as the energy.
We will use the following entropies for systems of two equations:

LEMMA 3.35. (Lax)
Let m = 2 and w = (w1, w2) be a Riemann invariant for

Oru+ 0xF(u) = 0 (Dw # 0).

There exists, for each k € Z with |k| sufficiently large, entropy /entropy-flux
pairs (n*, ¢*) of the asymptotic forms

fere o (s i 0(1)

1 1
qk(w) = kw1 (Bo(w) + %Bl(w) + 0 <k2)) )
such that Ay > 0 and Ay, A1, By, By are smooth and independent of k.

3.5. Compensated Compactness for Systems of Two Equations
Consider the system
Opue + 0x F (ug) = €0yptte
and assume u, is smooth in R x (0, 00) and satisfies

sup ||ue || < 00
€

as well as sup, ||\/e0zus||12 < oo (satisfied e.g. for Euler).

THEOREM 3.36. Under the stated assumptions, and if (A1, r1) and (A2, r2)
are genuinely nonlinear; there is a subsequence (u., ) which converges pointwise
to an entropy solution

Ou + 0, F(u) = 0.

PROOF. By Theorem 2.32] there exists a subsequence (u., ) generating a
Young measure (v, ), i.e.
Flus,) = / F(2) dvga(2) in I(R x (0, 00))
R

for every f € C(R?).
Let (11, 41), (2, ¢2) be two entropy / entropy-flux pairs, and set

Vg 1= (QZ(Usk),ﬁ2(Usk))7

w, := (M (uey,), —q1(ue, ).
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Setting f = n1g2 — 72¢1 in Theorem [2.32] we get
v [ e = 120) () dvea(2) = (s maz — o)
Next, apply the div-curl-lemma to vy, wy. To this end, note that
div vy = Oima(ue,) + 02q2(ue,,))
curlwy = — (01 (ue,,) + Ooq1(ue,))-
But multiply O:u., + 0. F (ue,) = €0z2us, by D (ue, ) to find
O (ue,) + 0uqi(ue,) = D1 (uey ) Oratie,
= €0z (Ue,) — €(D2n1(uak)8mugk) - Ople, .

We need to show that this precompact in Wl;clz To this end note that

en} (ue, )Orue, is precompact in L2, because it equals \/z /z0,u-, 1 (ue,)
—_— ——

bounded in L2 bounded in L>®
Since this quantity equals e D1 (u., ), it follows that €0,,m; (ue, ) is precom-

pactin W~12(R x (0,00)).
Moreovet, &|0,uc, [* |D?n1(ue,)| is bounded in L'(R x (0,00)), hence in
—_——— — ——
bounded in L! bounded in L>°
M(R x (0,00)), so Corollary applies and gives the derived precompact-
ness in V[/l;cm(R x (0,00)). We conclude

Vg - W X ow*-lim vy - W¥-lim wy,
= (Ww,m) v, q¢2) — (v,m2) (v, q1)
and hence
(vimaz —meq1) = (v, m)(v, q2) — (v, m2)(v, q1)

almost everywhere. We want to show v, is a Dirac measure a.e. First,
prove the following

LEMMA 3.37. If n, q is an entropy/entropy-flux pair;, viewed as a function
of w = (w1, ws), then

dq :)\2877,&] :)\1677.

owy
PROOF. By definition, Dn(z)DF(z) = Dq(z), i.e.
DF"(2)Dn(z) = Dq(z).
Consider the diffeomorphism z = z(w), then by the chain rule
Dyg(w) = Dz(w)"D.q(2)
and similarly
Dyn(w) = Dz(w)" Dan(z),
so that
Dyq=Dz'D.q=Dz'D.F'D.n= Dz'D,F'(Dz)" 1 Dn.
But Dz(w) = Dw(z(w))~!, hence
Dyq(w) = Dw™'(2)D,F'(2) Dw'(2) Dyn.
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But recall that Dw||l; and Dws||l;, hence

Dw 'DF'Dw' = Dw 'DF( )

le | D’wz
——
(12 (1l

= Dwit(/\ngl ]/\1Dw2)

= Dw tDw! <)\2 0 >

0 A
(A 0
Lo N

and the claim follows. O

Continue the proof of Theorem [3.36
Recall

) = (Ao £ g )+ 0 (33) ) o >0

o= sers Lo (1)

from Lemma Insert this into the just derived lemma and match coeffi-

cients of k! and k° which yields
0A 10A 1
kw, ( Y40, Y41 —_
c <8w1+k8w1+o<kz2>>

mt 1 1
Biwl_ke AO"‘%Al‘i‘O ﬁ +
0B 10B 1
kw1 0 - 1
e <0w1+k‘8w1+0<k‘2>>

87]’“ _ kun OAO 16A1 1
s ¢ \aw Trow, 19\

dqk % 1 1
L — ket (By+ B =
dw, C <0+k 1+O(k2>

8qk _ kun aBo 1831 1
87’(1]2_6 8w2+k8w2+0 k‘2

hence Lemma [3.37| gives

By = XAy,
OBy _, 94y
811}2 - 1811)27
0B 0Ag
B — =X A — .
1+8w1 2<1+8w1>
Hence we have
0Ag 0By 0 O\a 0o
By — XA = — = Ag— By) — —=Ag = ——=Ap.
! )\2 ! )\2 8w1 81111 8w1 ()\2 0 O) 8w1 0 6w1 0

Next, fix z,t and define R := {w € R? : w;, < w; < wf (1 = 1,2)} as the

smallest rectangle in R? containing supp v, ;. We want to show that R is a

point.

For contradiction, suppose w; < w; (w, < wy is similar). Since Ay > 0,

for large |k[, n* = e (49 + O (1)) > 0, so that the measure defined by
() = e [ o) dvs ()

(Vw,ta T]k>
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is a probability measure supported in R. Hence, up to subsequences,

(k>0 — 1t (k<o — = (Jk| — 00)

for probability measures p*, = with support in R.
Claim:

supppt C RN (wy = wy)

supppu” C RN (wp = wy )

Proof of the claim: Consider only +. Let ¢ € C(R) such that ¢ = 0 near

R
suppp~ 10 supp pu
wy wf -0 wf_

FIGURE 18

(w = w"). Hence, there exists § > 0 such that ¢(wy, ws) = 0 if wy > w —§
and let Rs; = [wy,w] — 6] x [wy , w5 .]. Then

[ etw dw(w)\ = | Jim [ otwyt ) dvat)

k—o0

1

Va1, %) ‘

o ST s 4)
k—o0 fR n* (w) dvg 1 (w)

lim sup ng ekt Ao (w) vy (w) ‘
koo g €FW Ag(w) dvg s (w)
SR, ekt du, 4 (w)
R eFdu, ¢ (w)

k(wi —6)
< [|¢llooC Tim sup ——— Ly (Rs)
koo FT02)y, (R Ryjo)

< llelloo

= llelloo

< |l¢]|looC lim sup (0<m< Ay < M)
— 00

=0.

This proves the claim. The argument for ;~ is similar.
Let us define

A :/ Ao dpt, Ay :/ Ao dpi
Rn{wi=w] R{wi=w; }

Let now (7, q) be any entropy/entropy-flux pair and use (71,q1) = (7, qx)
and (12, q2) = (7, q) above:

(3.8) (Vo M@ — MGk) = Vet M) WVt @) — Vet 1) Vit Qi) -
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Recalling the definition of pj, we obtain
1 1 1
(vt ar) { = ) /eklwAQAO(w) dvg i(w) + O (k)

Vx,tvnk> <Vx,t777k
1
_ /)\g(w) du + O <k> .

1 1 1
(Vo MkG — NGk = / et Agq — neMt Aghg dv + O |
(Vats k) Vayts M) k

1
:/q_/\277dﬂk+o<k>~

Hence dividing (3.8)) by (v, 7;) and letting k¥ — 400 we obtain
[ g dandit = a) - s,
Rﬁ{wlfwl }

Next, insert (n*, ¢*) and (7%, ¢7%) in (3.8) to get
(Vs oG-k — k) = V) Vs k) — (W, 1-1)(V, Q)

and similarly

and so
Wy gk —n-rar) _ Wig-r) (v, ak)
(v, i) (v, n—k) vinx)  (vyme)
Let k — =oo: The RHS converges to A\, — AJ as above. For the LHS,
the numerator is of order ,}: (because: npq_r — N_kqr ~ AgBg — AgBy +
+(A1By — AgBy — AgB1 + A1By) + O (7)) whereas the denominator is of

+
order e*(¥1 1) — oo, Hence in the limit |k| — oo we get
-\t —

By (3.5), this also implies

(3.9) / q—nodu = / q—nXodu~
Rn{wi=w} RN{wi=w; }

for any entropy/entropy-flux pair (7, ¢). Set

(1, q) = (k> ar)
and expand 1! up to order %:

ekwf/ Bi — dady +0 <1> dut
Rl"l{wlzwr} k k2

- )\ A 1
= ekwl / 2 1 <2>
RN{wi=w; }

Since w; # wy, it follows that

/ By — XA dp* =0.
Rﬁ{wlzwli}

But we recall that we had derived
A = Oy

—A
8w1 0
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so that

/ %AO dp® = 0.
Rﬂ{w1:wi‘:} Owy

But Ay > 0 and g—{\ﬁ does not change sign by genuine nonlinearity, therefore

we get a contradiction to wy > wj .

A similar argument yields w; = w, hence the support of v, is u(z,t) for
a.e. z,t, and pointwise convergence to an entropy solution then follows
easily. O

REMARK 3.38. The following argument justifies the assumption

T
8/ / 0,ul? dedt < oo :
o Jr

If (n, q) is an entropy / entropy-flux pair, then
O (u) + 0pq(u) = €0pen(u) — £(Opu, D*n(u)dyu)

hence integration in x and ¢ gives

T [es)
n(u(T)) + /0 /_ (O, D2(w)Oyut) davdt < 1(u(0)

(if u is smooth, sufficiently decaying).
Hence if 1) is strongly convex in the sense that

(& D*ng) > ml¢f?
for some m > 0 and all £ € R? then we obtain a uniform L2 ;-bound for
Ve u, as desired.

REMARK 3.39. Different subsequences might converge to different en-
tropy solutions.

3.6. Weak-strong uniqueness

For general systems of conservation laws, there is no known uniqueness
result for entropy solutions ("scientific scandal”, P. Lax).
The second best type of result is weak-strong uniqueness:

THEOREM 3.40. (C. Dafermos)
Suppose the hyperbolic system of m equations

O+ 0z F(u) =0

has a strongly convex entropy, D*n > cId,, for some ¢ > 0.
Suppose there is a solution u € CY(R x [0,T)) N L* with u(z,0) = g(z). Then
every entropy solution u with initial data g coincides with u, i.e.

u=muonR x[0,T).

PROOF. Define the functions

Y(z,t) = q(u) — q(@) — Dn(w) - (F(u) - F(w))

h(z,t) = n(u) — n(@) — Dn(w) - (u — u) "relative entropy”
t) =q(u) —q
Z(x,t) = D*n(w)(F(u) = F(7) — DF(@) - (u —1)).
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Since u,uw € L* and 7, ¢, F' are smooth, by Taylor’s theorem there is a con-
stant C' > 0 such that

lq(u) — q(@) — Dg(@) - (u—w)| < Clu —ul?,
|F(u) — F(@) — DF(@)(u — )| < Clu— .

Hence,

< lq(u) — q(u) — Dq(a) -
+ Dq(@) - (u — )

< Clu—al® + [Dg(w)(u — w) — Dn(a)(F(u) - F(a)
— DF(w)(u —u)) — Dn(w) DF () - (u - u)|
< Clu— 1%,

where we let the value of the constant C increase from time to time. On the
other hand, strong convexity of n implies

[h(z, t)| = [n(u) = n(@) — Dn(@) - (u — @)
= %|(D277(U) (u—1)) - (u—1)| + O(Ju —a|?) for |u — T| small
> c|u —u)?
(for |u — u| small this follows from O(|u — u|3) < |u — u|?, for |u — | large

it follows from u,w € L*° and u # u implies h # 0).
It follows that

Y (z,t)] < Clh(x,t)|.
Similarly,
|Z (. t)| < |D*n(@)||F(u) — F(@) — DF(@)(u —@)| < Clu —af’

and therefore
1Z(2,1)] < Clh(z, 1)
Since u is a C''-smooth solution, the usual computation gives

Om(u) + Ozq(w) = 0,
and by assumption
Oyn(u) + Opq(u) <0

in the sense of distributions.
Soif p € CX(R x [0,T)), then

T
/ / Orph + 0,Y dxdt

3.10) / D) — (@) — Di(a) - (u — )
o(q(u) — q(@) — Dn(u) - (F(u) — F(u))) dzdt
// —0npD(@) - (u — 1) — DypD(@) - (F(u) — F(a))
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(boundary terms at ¢ = 0 cancel since u(0) = u(0) = g).
Moreover, use @Dn(u) € C! as a test function for
Ou+ 0, F(u) =0
to obtain
/ (pDn(u)) - (@ — u) + O (pDn(w)) - (F(u) — F(u)) = 0.
Moreover observe that
O (Dn(w)) - (@ —u) + 9, Dn(u) - (F(u) — F(u))
= D*y(a) - (@ — ) - O + D*n(a) - (F(u) — F(u)) - 8,1
= —D*n(u) - 0, F(w) - (u —u) + D*n(a) - (F(u) — F(u)) - 0u

= —Z(z,t) - O,u.
Recall (3.10) to conclude
(3.11) // Orph + 0, Y dxdt > // wZ(x,t) - Opudxdt.

Next choose a particular test function
p(x,t) = w(t)X(z,1),
where, for some 7 < T, R > 0, ¢ small,
1 :0<t<T—¢
w(t) =
0 :t>71

and w is linearly decreasing on [1 — ¢, 7].

FIGURE 19

The function X is given by
1 de| <R+ C(r —1t)

X(x,t)=¢1-1(z| -R-C(r—1t)) :0<|z|—(R+C(r—t)<e

0 : otherwise,

where C satisfies |Y| < C|h|.

Observe that
e 0<p<1
e p=0ift>7or|z|>e+R+C(r—1t)
e dp=—-Lon(—R,R) x (1 —¢,7)

71
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At

FIGURE 20
° ‘6zg0’ S —%&(p.
Therefore,
1 C
/ / h(zx,t) dxdt
€ Jr—e J|z|<R+C(r—t)
C
_ _/ / de  h+ D, Y ddt
7—e J [z|<R4-C(T—-1) ~ ~
=—1/eon (1—e,7) =0on |z|<R+c(r—t)

< —/ / Orph + 0,Y dxdt
0 Jl|z|<e+R+C(r—t)

<gIm —/ / ©Z(x,t) - Opu(x,t) dxdt
0 J|z|<e+R+C(1—t)

g
< / / \Z||0,7a] dardt.
0 J|z|<e+R+C(r—t)

But since 9,u € L*> and |Z| < C'h, we get

1 T T
- / / h(z,t)dzdt < C' / / h(z,t) dzdt,
€ Jr—e J|z|<R+C(1—t) 0 Jl|z|<e+R+C(r—t)

for every 7 < T'and R > 0. In particular we may replace R by R + C(s — t)
toget (r<s<T)

1 T T
/ / h(z,t) dzdt < C"/ / h(z,t) dzdt.
€ Jr—e J|z|<R+C(s—t) 0 J|z|<e+R+C(s—t)

By the Lebesgue differentiation Theorem, the limit ¢ \, 0, gives for a.e.

TS
t
/ h(z,7)dx < C"/ / h(z,t) dx dt
|| < R+C(r—t) 0 Jjz|<R+C(s—t)

=:g(7) =g(t)

so that
g(r) < /0 glt) dt

a.e. 7 < T. It follows from Gronwall’s lemma that ¢ = 0, a.e., hence by
h > 0 and the arbitrary choices of R and 7, h =0 a.e.
It follows that v = w for almost every x, t. O
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REMARK 3.41. i) The theorem (with similar proof) is valid also for
z € RY.

ii) In the absence of smooth solutions, solutions need not be unique:
For isentropic Euler and m > 2, there exist pg, vg € L such that there
are infinitely many entropy solutions with this data (De Lellis - Széke-
lyhidi 2010).
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