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Anderson model on a strip of width L
Random discrete Schrödinger operator on Zˆ t1, . . . ,Lu for L P N

Hamiltonian H “ ∆Z `∆L ` λV with weak coupling λ ą 0

Discrete Laplacian ∆L “ ´pS ` S˚q with S : CL Ñ CL cyclic shift

For centered i.i.d. random variables ωn,j P r´1,1s

V “
ÿ

nPZ
Vn , Vn “

L
ÿ

j“1

ωn,j |n, jyxn, j |

Study Hψ “ Eψ for E P R via random transfer matrices:

T E
n “

˜

E ´ p∆L ` λVnq ´1
1 0

¸

“

˜

1 ´λVn

0 1

¸˜

E ´∆L ´1
1 0

¸

Abel, Lacroix, Spies (1990): Anderson loc. (with Margulis, Goldsheid)

Perturbation theory for Lyapunov exponents (2004 with Römer)
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Perturbation theory for Lyapunov exponents
Set 2 cospklq “ E ´ 2 cosp2πl

L q for l “ 1, . . . ,L, then for p “ 1, . . . ,L:

γp “
λ2

4L

˜

1
Le

ÿ

l elliptic

1
| sinpklq|

¸2
ˆ

L´ p `
1
2

˙

` OLpλ
3q

Problem: bad control on separation of elliptic/hyperbolic channels
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From Anderson to toy model
Rewrite:

T E
n “ exp

«

λ

˜

0 ´Vn

0 0

¸ff˜

E ´∆L ´1
1 0

¸

P R2Lˆ2L symplectic

Fourier transform F : CL Ñ CL extended to F “ F ‘ F gives:

F T E
n F˚ “ eλPnR

with block-diag. R with 2ˆ 2 blocks (elliptic/hyperbolic open/closed):

Pn “

˜

0 ´FVnF˚

0 0

¸

, R “

˜

E ´ F∆LF˚ ´1
1 0

¸

Simplifications:
suppress: symplectic structure, energy dependence E and KerpPnq

choose: R ą 0 diagonal (phases absorbed)
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Simplified toy model
Tn “ eλPn R P GlpL,Cq

with diagonal partially hyperbolic

R “ diag
`

κL, . . . , κ1
˘

κ1 ě ¨ ¨ ¨ ě κL ą 0

and i.i.d. matrices Pn with further Hypothesis 1-5 (later)

Example: R “ Fp∆L ` sqF˚ ą 0 for some s P p2,8q so that

R “ s 1 ´ 2 diag
`

1, cosp2π
L q, cosp2π

L q, cosp2π2
L q, . . . , cospπpL´1q

L q
˘

and

Pn “ F
´

L
ÿ

j“1

ωn,j |jyxj |
¯

F˚ P CLˆL

random Toeplitz matrix. This will satisfy Hypothesis 1-5 !
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Markov process on unit vectors (random dynamics)
Using group action ˝ of GlpL,Cq on SL´1

C “
 

v P CL : }v} “ 1
(

T ˝ v “
T v
}T v}

one gets Markov chain on compact state space SL´1
C

vn “ Tn ˝ vn´1 “ peλPnRq ˝ vn´1 “ eλPn ˝ pR ˝ vn´1q

Furstenberg measure
Suppose strong irreducibility and contractibility
Then D unique invariant measure µλ on SL´1

C

E
ż

µλpdvq f pT ˝ vq “
ż

µλpdvq f pvq , f P CpSL´1
C q

Under suitable coupling assumptions: supppµλq “ SL´1
C

Aim: More information on µλ for λ small
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Unperturbed deterministic dynamics for λ “ 0
Assume R “ diagpκL, . . . , κ1q with strict inequalities κ1 ą κ2 ą ¨ ¨ ¨ ą κL

RN ˝ v0
N Ñ 8
ÝÑ

¨

˚

˚

˚

˚

˝

0
...
0
1

˛

‹

‹

‹

‹

‚

for a.e. v0, but: RN ˝

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

vp1q0
...

vpJ´1q
0
vpJq0

0
...
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

N Ñ 8
ÝÑ

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0
...
0
1
0
...
0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

stable fixed point:

¨

˚

˚

˚

˚

˚

˚

˚

˝

0
0
.
.
.
0
1

˛

‹

‹

‹

‹

‹

‹

‹

‚

unstable fixed points:

¨

˚

˚

˚

˚

˚

˚

˚

˝

1
0
.
.
.
0
0

˛

‹

‹

‹

‹

‹

‹

‹

‚

,

¨

˚

˚

˚

˚

˚

˚

˚

˝

0
1
.
.
.
0
0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, . . . ,

¨

˚

˚

˚

˚

˚

˚

˚

˝

0
0
.
.
.
1
0

˛

‹

‹

‹

‹

‹

‹

‹

‚

Random perturbation: escape from unstable fixed points

but for λ ě 1´
κ2

I`1
κ2

I
possibly arrive at all unstable fixed points

Partially hyperbolic random dynamics on Grassmannians 8 / 22



Towards a quantitative description

Local hyperbolicity of R “ diag
`

κL, . . . , κ1
˘

measured by relative gaps

ηpI, Jq “ 1´
κ2

J

κ2
I
P r0,1s , I ď J

For La,Lb,Lc P N with La ` Lb ` Lc “ L, subdivide

v “

¨

˚

˝

apvq
bpvq
cpvq

˛

‹

‚

P SL´1
C

in which apvq, bpvq and cpvq are of lengths La, Lb and Lc such that

Hypothesis 1: Macroscopic relative gap for R
ηηη “ ηpLc ,Lb ` Lcq satisfies ηηη ą 0

Aim: quantitative bound on }apvq} for λ " local relative gaps ηpI, I` 1q
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Hypothesis
Perturbation eλP “ 1` λP `Opλ2q leaves unstable fixed points

Hypothesis 2: Coupling assumption on P
Random matrices P centered and }P} ď 1 for P P supppPq

β “ inf
!

E }cpPvq}2 : v P SL´1
C , cpvq “ 0

)

satisfies β ą 0

Hypothesis 3: Small coupling constant

λ ď Cβ
8
3ηηη´

1
3 for some constant C

Hypothesis 4: Dominated microscopic gaps (λ intermediate)

@ I P tLc , . . . ,Lb ` Lcu : ηpI, I` 1q ă 24 λ
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Main result on dynamics of vectors
Dynamics restricted to equator apvq “ 0, up to errors (rare excursions)

Theorem
Under Hypotheses 1-4, all v0 P SL´1

C and n ě T0 “ Cβ´1λ´2 obey

E }apvnq}
2 ď 10ηηη´1 λ2

In terms of Furstenberg measure
ż

µλpdvq }apvq}2 ď 10ηηη´1 λ2

Allows to deduce bound on largest Lyapunov exponent (later)

Scaling of upper bound optimal, also equilibration time T0 optimal

Flexibility of choice of La,Lb,Lc (this has influence on ηηη)

Result applies directly to toy model with random Toeplitz matrices

Generalization to bound on dynamics on Grassmannian later
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Very rough idea of proof
Basic hyperbolicity estimates on action R˝:

}a pR ˝ vq }2 ď }apvq}2
”

1 ´ ηηη }cpvq}2
ı

}c pR ˝ vq }2 ě }cpvq}2
”

1 ` ηηη }apvq}2
ı

Here splitting bpvq “ pbÒpvq,bÓpvqq and setting upvq “ papvq,bÒpvqq,

}a pR ˝ vq }2 ď }apvq}2
”

1 ´
ηηη

2
p1 ´ }upvq}2q

ı

As P centered

E }a
´

eλPR ˝ v
¯

}2 ď E }apvq}2
”

1 ´
ηηη

2
p1´ }upvq}2q

ı

` Cλ2

ď E }apvq}2
”

1 ´
ηηη

2
p1´ δq

ı

` Cλ2 ` P
´

}upvqq}2 ą δ
¯

for some δ ă 1. Iteration possible provided

P
´

}upvqq}2 ą δ
¯

ď C λ2
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For bound on Pp}upvqq}2 ą δq, split bÓpvq in M parts with gaps ě 24λ

a

b

c

am

bm

cm

a

bÒ ηηη
2

bM

b3b2b1

24λ

c

Moving up requires passage by each bm (mountain ridge)
This M-dimensional ridge has a length M “ Opλ´1q (by Hypothesis 4)
Move from bm to bm`1 needs 24 P-kicks upwards (large deviations)
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¨

˚

˚

˚

˚

˚

˚

˚

˝

...
vm`1

vm
...

v1

˛

‹

‹

‹

‹

‹

‹

‹

‚

In compact phase space SL´1
C , large regions have strong hyperbolicity

Between unstable fixed points, λ dominates local hyperbolicity,

but it’s a long way (high dimension!)

At same time, there is diffusion into c-part by Hypothesis 2
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Dynamics on Grassmanian

Grassmanian manifold of q-dimensional subspaces with q ď Lc

GL,q “
!

Q P CLˆL : Q “ Q2 “ Q˚ , TrpQq “ q
)

Action ¨ : GLpL,Cq ˆGL,q Ñ GL,q defined by:

T ¨Q “ T QT ˚pT QT ˚q´2T QT ˚

This is a group action:

@ T1, T2 P GLpL,Cq, Q P GL,q : T2 ¨ pT1 ¨Qq “ pT2T1q ¨Q

Random dynamical system on GL,q

Qn “ Tn ¨Qn´1 “ peλPnRq ¨Qn´1 , Q0 P GL,q

Remark: Decomposable vector dynamics in ΛqCL yields Opηηη´1q2λ2q
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Quantity of interest and modified Hypothesis 2
For same splitting L “ La ` Lb ` Lc set

P̂a “ diagp1La ,0,0q , P̂b “ diagp0,1Lb ,0q , P̂c “ diagp0,0,1Lc q

Then introduce d : GL,q ÝÑ r0,qs by

dpQq “ Tr
`

P̂aQP̂a
˘

Hilbert-Schmidt weight of Q in a-part. Not a metric!

For q “ 1 and Q “ vv˚, as above dpQq “ }apvq}2

Modified Hypothesis 2: Coupling assumption on P
Random matrices P centered and }P} ď 1 for P P supppPq

βq “ inf
!

E }cpWPvq}2 : v P SL´1
C , cpvq “ 0 , W P GL,L´q`1

)

satisfies βq ą 0
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Main result on Grassmanian
Fact: q ÞÑ βq is nonincreasing

Example: For random Toeplitz model, βq ą 0 for all q ď Lc

Hypothesis 3 and 4 unchanged (small λ " ηpI, I` 1q microgaps)

Hypothesis 5: Condition on the dimension q

q ď mintLc , Cλ´
1
5 u for some constant C

Theorem
Under Hypotheses 1-5, all Q0 P GL,q and n ě T0 “ Cβ´1q2λ´2 obey

EdpQnq ď 10ηηη´1qλ2

Again implies bound on Furstenberg measure

Scaling of bound optimal, but equilibration time by factor q2 too large

Reason: iterative proof over dimension w from 1 to q
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Two splittings: first in dimension w “ 1, . . . ,q, then same as q “ 1

a

b

c

aw

bw

cw

a

bÒ

bq

b3b2b1

c

x

y

z

xm

ym

zm

x

yM`1
yM

y3y2y1
y0

z

Add iteratively v P SL´1
C to W P GL,w with Wv “ 0:

T ¨ pW ` vv˚q “ T ¨W `
“

ppT ¨W qKT q ˝ v
‰ “

ppT ¨W qKT q ˝ v
‰˚
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Application to Lyapunov exponents
γ1, . . . , γL ě 0 associated to pTnqnPN for q P t1, . . . ,Lu

q
ÿ

w“1

γw “ lim
NÑ8

1
N

E log
›

›ΛqpTN ¨ ¨ ¨ T1q
›

›

ΛqCL

“
1
2

lim
NÑ8

1
N

N´1
ÿ

n“0

E log det
`

Φ˚nT ˚n`1Tn`1Φn
˘

where Qn “ ΦnΦ˚n expressed in terms of a normalized q-frame

pΦnq
˚Φn “ 1q , Φn P CL,q

Set of q-frames forms a Upqq-cover of GL,q

Lemma
For Q “ ΦΦ˚ P GL,q and centered P with }P} ď 1:

E log det
´

Φ˚peλPRq˚eλPRΦ
¯

ě 2 q logpκLb`Lc q

´ 2E dpQq log
κLb`Lc

κL
´ 3 qλ2
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Theorem
Under Hypotheses 1-5,

1
q

q
ÿ

w“1

γw ě logpκLb`Lc q ´

”

3
2 ` 10ηηη´1 log

κLb`Lc
κL

ı

λ2

As pT ¨QqK “ pT ´1q˚ ¨QK, Lyapunov of pT ´1q˚ are γ1w “ ´γL´w`1

Corollary

If Hypotheses 1-5 hold for R´1 and distribution of P˚,

1
q

L
ÿ

w“L´q`1

γw ď logpκLbq ´

”

3
2 ` 10ηηη´1 log κ1

κLc

ı

λ2
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Conclusion
Random dynamics on GL,q, induced by Tn “ eλPnR

R has local hyperbolicity dominated by λ

Coupling assumptions on Pn

Result: upper bound on expectation to be in upper a-part

E dpQq “ E TrpP̂aQP̂aq “ Opηηη´1qλ2q

or in terms fo Furstenberg measure
ż

µλpdQq dpQq “ Opηηη´1qλ2q

Control of the perturbation: Ladder construction

Application: Bounds on Lyapunov exponents
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