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Notation

N:={1,2,3,...} natural numbers
K* :={z e K: 2 # 0}, K a field
A% :={z € A: (Jy € R)xy = yx = 1}, unit group of a unital algebra

For subsets A, B C G of a group:

A t:={a"t:a€ A}

AB :={ab: a € A,be B}

The identity element of a group G is usually denoted 1. If G is abelian and the product
is written as addition, we write 0 for the identity element.

For A = (ai;)ije1...n € Ma(C): AT = (aj5), A = (a), A* =4 = (a@).
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Chapter 1

Concrete Matrix Groups

In this chapter we mainly study the general linear group GL, (K) of invertible n x n-
matrices with entries in K = R or C and introduce some of its subgroups. In particular,
we discuss some of the connections between matrix groups and also introduce certain
symmetry groups of geometric structures like bilinear or sesquilinear forms.

1.1 The General Linear Group

We start with some notation. We write GL, (K) for the group of invertible matrices
in M,,(K) and note that

GL,(K) ={g € M,,(K): (3h € M,,(K)) hg = gh = 1}.
Since the invertibility of a matrix can be tested with its determinant,
GL,(K) = {g € M,,(K): det g # 0}.

This group is called the general linear group.
On the vector space K™ we consider the euclidian norm

Izl == V]z1 P+ ...+ fzaf?, z €K,
and on M, (K) the corresponding operator norm
[All := sup{[|Az[|: € K", ||z]| < 1}

which turns M, (K) into a Banach space. On every subset S C M, (K) we shall always
consider the subspace topology inherited from M, (K) (otherwise we shall say so). In
this sense GL,,(K) and all its subgroups carry a natural topology.

Lemma 1.1.1. The group GL,(K) has the following properties:
(i) GL,(K) is open in M, (K).
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(ii) The multiplication map m: GL,(K) x GL,(K) — GL,(K) and the inversion map
n: GL,(K) = GL,(K) are smooth and in particular continuous.

Proof. (i) Since the determinant function

det: M,(K) = K, det(a;;) = Z sgn(0)a1,5(1) "+ * Gn,o(n)
o€eS,

is continuous and K* := K\ {0} is open in K, the set GL, (K) = det ' (K*) is open
in M, (K).

(ii) For g € GL,(K) we define b;;(g) := det(gmr)m=j k2i- According to Cramer’s
Rule, the inverse of g is given by

1 (=™
(97 )ij = Ttgbij(g)-
The smoothness of the inversion therefore follows from the smoothness of the deter-
minant (which is a polynomial) and the polynomial functions b;; defined on M, (K).
For the smoothness of the multiplication map, it suffices to observe that

(ab)ir = Z aijbjk
j=1

is the (ik)-entry in the product matrix. Since all these entries are quadratic polyno-
mials in the entries of a and b, the product is a smooth map. O

Definition 1.1.2. A topological group G is a Hausdorff space G, endowed with a group
structure, such that the multiplication map mg: G x G — G and the inversion map
tg: G — G are continuous, when G x G is endowed with the product topology.

Lemma ii) says in particular that GL,(K) is a topological group. It is clear
that the continuity of group multiplication and inversion is inherited by every subgroup
G C GL,(K), so that every subgroup G of GL, (K) also is a topological group.

We write a matrix A = (a;;); j=1,...n also as (a;;) and define

AT = (aj), A= (@;), and A" := A= (@ji)-

Note that A* = AT is equivalent to A = A, which means that all entries of A are real.
Now we can define the most important classes of matrix groups.

Definition 1.1.3. We introduce the following notation for some important subgroups
of GL,, (K):

(1) The special linear group : SL,(K) := {g € GL,,(K): detg = 1}.
(2) The orthogonal group : O, (K) := {g € GL,(K): g7 =g~ 1}.

(3) The special orthogonal group : SO, (K) := SL,,(K) N 0, (K).
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(4) The unitary group : U,(K) := {g € GL,(K): g* = g~'}. Note that U,(R) =
0, (R), but 0,(C) # U,(C).

(5) The special unitary group : SU,(K) := SL,,(K) N U, (K).

One easily verifies that these are indeed subgroups. One simply has to use that
(ab)" =bTa’, ab=ab and that

det: GL,(K) — (K*,-)
is a group homomorphism.

Lemma 1.1.4. The groups
U,(C), SU,(C), O,R) and SO,(R)
are compact.

Proof. Since all these groups are subsets of M,,(C) = (C"Q, by the Heine—Borel Theorem
we only have to show that they are closed and bounded.
Bounded: In view of

SO (R) € On(R) CUL(C) and  SUL(C) € Un(C),

it suffices to see that U, (C) is bounded. Let g1, ..., g, denote the rows of the matrix
g € M,,(C). Then g* = g~ is equivalent to gg* = 1, which means that g, ..., g, form
an orthonormal basis for C" with respect to the scalar product (z,w) = Z;;l 2 W;

which induces the norm ||z|| = y/(z,2). Therefore g € U, (C) implies |g;|| = 1 for
each j, so that U, (C) is bounded.
Closed: The functions

fih: M, (K) = M, (K), f(A):=AA*—1 and h(A):=AA"T -1
are continuous. Therefore the groups
U,(K):= f71(0) and O,(K):=h"1(0)

are closed. Likewise SL, (K) = det™ (1) is closed, and therefore the groups SU,,(C)
and SO, (R) are also closed because they are intersections of closed subsets. O

1.1.1 The Polar Decomposition

We write Herm, (K) = {4 € M,(K): A* = A} for the set of hermitian matrices.
For K = C this is not a vector subspace of M, (K), but it is always a real subspace.
A matrix A € Herm, (K) is called positive definite if for each 0 # z € K™ we have
(Az,z) > 0, where

n
(z,w) =Y 205
j=1

is the natural scalar product on K. We write Pd, (K) C Herm,,(K) for the subset of
positive definite matrices.
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Proposition 1.1.5. (Polar decomposition) The multiplication map
m: U,(K) x Pd,,(K) — GL,(K), (u,p)— up

is a homeomorphism. In particular, each invertible matriz g can be written in a unique
way as a product g = up of a unitary matriz u and a positive definite matriz p.

Proof. We know from linear algebra that for each hermitian matrix A there exists
an orthonormal basis v1,...,v, for K" consisting of eigenvectors of A, and that all
the corresponding eigenvalues Aq,...,\, are real. From that it is obvious that A is
positive definite if and only if A\; > 0 holds for each j. For a positive definite matrix
A, this has two important consequences:

(1) A is invertible, and A~! satisfies A™1v; = A;lvj.

(2) There exists a unique positive definite matrix B with B? = A which will be
denoted vA: We define B with respect to the basis (vi,...,v,) by Bvj = \/rjvj.
Then B? = A is obvious and since all )\; are real and the v; are orthonormal, B is
positive definite because

<B(Zuivi),2uj0j> = Z,Ui,lTﬂBUi,Uﬂ = zn: |Mj|2\/)‘7j >0
i j i,j Jj=1

for > ;1505 # 0. It remains to verify the uniqueness. So assume that C' is positive
definite with C? = A. Pick an orthonormal basis wi,...,w, of C-eigenvectors, so
that Cw; = pjw; with positive numbers p; > 0. Then Aw; = C?w; = ,u?wj show
that, for \; := u?, the matrix C acts on the \j-eigenspace of A by multiplication with
\/)Tj = ;. This implies B = C.

From (1) we derive that the image of the map m is contained in GL,, (K).
m is surjective: Let g € GL,(K). For 0 # v € K" we then have

0 < (gv, gv) = (g"gv,v),

showing that ¢*g is positive definite. Let p := /¢*¢ and define v := gp~!'. Then
wut = gp~tpT gt = gp 79" = 9(9%9) 9" =997 (9") gt =1

implies that u € U, (K), and it is clear that m(u,p) = g.
m is injective: If m(u,p) = m(w, q) = g, then g = up = wq implies that

p® =p*p = (up)*up = g*g = (wq)*wq = ¢*,

so that p and ¢ are positive definite square roots of the same positive definite matrix
g*g, hence coincide by (2) above. Now p = ¢, and therefore u = gp~! = gg~! = w.

It remains to show that m is a homeomorphism. Its continuity is obvious, so that
it remains to prove the continuity of the inverse map m~'. Let gj = u;p; — g = up.
We have to show that u; — u and p; — p. Since U,(K) is compact, the sequence
(uj) has a subsequence (u;, ) converging to some w € U, (K). Then p;, = uj_klgjk —

w™lg =: ¢ € Herm,,(K) and g = wq. For each v € K™ we then have

0 < {(pj,v,v) = {(qu,v),
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showing that all eigenvalues of ¢ are > 0. Moreover, ¢ = w™lg is invertible, and
therefore ¢ is positive definite. Now m(u,p) = m(w,q) yields u = w and p = ¢. Since
each convergent subsequence of (u;) converges to u, the sequence itself converges to u
(Exercise , and therefore p; = uj_lgj —uTlg=p. O

We shall see later that the set Pd, (K) is homeomorphic to a vector space (Propo-
sition , so that, topologically, the group GL,,(K) is a product of the compact
group U, (K) and a vector space. Therefore the “interesting” part of the topology of
GL,,(K) is contained in the compact group U, (K).

Remark 1.1.6. [Normal forms of unitary and orthogonal matrices] We recall some
facts from linear algebra:

(a) For each u € U,(C), there exists an orthonormal basis vy, ..., v, consisting of
eigenvectors of g. This means that the unitary matrix s whose columns are the vectors
v1,...,U, satisfies

s us = diag(Mi, ..., An),

where uv; = A\ju and |A;| = 1.

The proof of this normal form is based on the existence of an eigenvector vy of
u which in turn follows from the existence of a zero of the characteristic polynomial.
Since u is unitary, it preserves the hyperplane v of dimension n — 1. Now one uses
induction to obtain an orthonormal basis vs, ..., v, consisting of eigenvectors.

(b) For elements of O, (R), the situation is more complicated because real matrices
do not always have real eigenvectors.

Let A € M, (R) and consider it as an element of M, (C). We assume that A does
not have a real eigenvector. Then there exists an eigenvector z € C" corresponding to
some eigenvalue A\ € C. We write z = z + iy and A = a 4+ ib. Then

Az = Az + 1Ay = Az = (ax — by) + i(ay + bx).
Comparing real and imaginary part yields
Ax =ax —by and Ay =ay+ bx.

Therefore the two-dimensional subspace generated by x and y in R™ is invariant un-
der A.

This can be applied to g € O,(R) as follows. The argument above implies that
there exists an invariant subspace Wi C R™ with dim W1 € {1,2}. Then

Wit = {v e R": (v,W;) = {0}}

is a subspace of dimension n — dim Wy which is also invariant (Exercise [[.1.14)), and
we apply induction to see that R™ is a direct sum of g-invariant subspaces Wy, ..., Wy
of dimension < 2. Therefore the matrix g is conjugate by an orthogonal matrix s to a
block matrix of the form

d= diag(dl, SN ,dk),

where d; is the matrix of the restriction of the linear map corresponding to g to Wj.
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To understand the structure of the d;, we have to take a closer look at the case
n < 2. For n = 1 the group O1(R) = {£1} consists of two elements, and for n = 2 an
element r € O2(R) can be written as
_[(a :Fb . _ 2 2\
r= (b :I:a) with  detr = +(a* + b°) = £1,

because the second column contains a unit vector orthogonal to the first one. With

a = cosa and b = sina we get
cosa  Fsina
r=|_. .
sina +cosa

o _fa b a b\
T_(b a)(b a>_1’

but this implies that r is an orthogonal reflection with the two eigenvalues +1 (Exer-
cise 7 hence has two orthogonal eigenvectors.

In view of the preceding discussion, we may therefore assume that the first m of
the matrices d; are of the rotation form

g — (Cosey  —sina;
J sina; cosaj; )’

that dy41,...,de are —1, and that dgy4,...,d, are 1:

For det r = —1, we obtain

cosay —sinog
sin o Cos (1

COS vy, — Sinayy,
sin oy, COS Qi

For n = 3 we obtain in particular the normal form

cosae —sina 0
d=|[sina cosa 0
0 0 +1

From this normal form we immediately read off that detd = 1 is equivalent to d
describing a rotation around an axis consisting of fixed points (the axis is Reg for the
normal form matrix).



1.1. THE GENERAL LINEAR GROUP 7

Proposition 1.1.7. (a) The group U, (C) is arcwise connected.
(b) The group O, (R) has the two arc components

SO,(R) and O,(R)_:={g€ O0,(R): detg=—1}.

Proof. (a) First we consider U, (C). To see that this group is arcwise connected, let
u € U,(C). Then there exists an orthonormal basis vy, ..., v, of eigenvectors of u
(Remark [I.1.6[a)). Let Ai,...,\, denote the corresponding eigenvalues. Then the
unitarity of u implies that |A;| = 1, and we therefore find 6; € R with \; = e%. Now
we define a continuous curve

7:[0,1] = Un(C), ~(t)v; := ey, j=1,...,n.

We then have v(0) = 1 and (1) = u. Moreover, each () is unitary because the basis
(v1,...,vy,) is orthonormal.

(b) For g € O, (R) we have gg' = 1 and therefore 1 = det(gg') = (det g)2. This
shows that

0,(R) = SO, (R)U O, (R)_

and both sets are closed in O, (R) because det is continuous. Therefore O,,(R) is not
connected and hence not arcwise connected. Suppose we knew that SO,,(R) is arcwise
connected and x,y € O,(R)_. Then 1,27y € SO, (R) can be connected by an arc
~v:[0,1] = SO, (R), and then ¢ +— zv(t) defines an arc [0,1] — O, (R)_ connecting z
to y. So it remains to show that SO, (R) is arcwise connected.

Let g € SO, (R). In the normal form of g discussed in Remark the determi-
nant of each two-dimensional block is 1, so that the determinant is the product of all
—1-eigenvalues. Hence their number is even, and we can write each consecutive pair

as a block

-1 0\ (cosm —sinm

0 —-1) \sinm cosm /)~
This shows that with respect to some orthonormal basis for R™ the linear map defined
by ¢ has a matrix of the form

cosay —sinag
sin o CcoS vy

COS Yy, — SinQuy,
sin ayy, COS
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Now we obtain an arc 7: [0,1] = SO, (R) with v(0) = 1 and v(1) = g by

costay —sintag
sin taq costan

costa,, —sinto,,
sin tay, cos tayy,

O

Corollary 1.1.8. The group GL,(C) is arcwise connected and the group GL,(R) has
two arc-components given by

GL,(R)s :={g € GL,(R): £detg > 0}.

Proof. If X = A x B is a product space, then the arc-components of X are the sets of
the form C x D, where C' C A and D C B are arc-components (easy Exercise!). The
polar decomposition of GL,, (K) yields a homeomorphism

GL,(K) = Uy (K) x Pd,(K).

Since Pd,, (K) is an open convex set, it is arcwise connected (Exercise|1.1.6)). Therefore
the arc-components of GL,,(K) are in one-to-one correspondence with those of U, (K)
which have been determined in Proposition [1.1.7] O

1.1.2 Normal Subgroups of GL,(K)

We shall frequently need some basic concepts from group theory which we recall in
the following definition.

Definition 1.1.9. Let G be a group with identity element e.

(a) A subgroup N C G is called normal if gN = Ng holds for all g € G. We write
this as N < G. The normality implies that the quotient set G/N (the set of all cosets
of the subgroup N) inherits a natural group structure by

gN - hN := ghN

for which el is the identity element and the quotient map ¢: G — G/N is a surjective
group homomorphism with kernel N = ker q = g~ !(eN).

On the other hand, all kernels of group homomorphisms are normal subgroups, so
that the normal subgroups are precisely those which are kernels of group homomor-
phisms.

It is clear that G and {e} are normal subgroups. We call G simple if G # {e} and
these are the only normal subgroups.
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(b) The subgroup Z(G) := {g € G: (Vx € G)gz = zg} is called the center of G. It
obviously is a normal subgroup of G. For x € G the subgroup
Za(x) :={g € G: gr = zg}

is called its centralizer. Note that Z(G) = (,cq Za(x).
(¢) If G4, ..., Gy, are groups, then the product set G := G X ...Xx G, has a natural
group structure given by

(9155 90) (G155 9n) = (9191, -+, InIn)-

The group G is called the direct product of the groups G, j = 1,...,n. We identify G;
with a subgroup of G. Then all subgroups G; are normal subgroups and G = G1 - - - Gj,.

In the following we write R’ :=]0, col.
Proposition 1.1.10. (a) Z(GL,(K)) = K*1.
(b) The multiplication map
p: (RY, ) X SLn(R) = GLa(R)4, (A g) = Ag
18 a homeomorphism and a group isomorphism, i.e., an isomorphism of topological

groups.

Proof. (a) It is clear that K*1 is contained in the center of GL,(K). To see that
each matrix g € Z(GL,(K)) is a multiple of 1, we consider the elementary matrix
E;j := (0;;) with the only nonzero entry 1 in position (¢,7). For i # j we then have
Efj =0, so that (1 + E;;)(1 — E;;) = 1, which implies that T;; := 1 + E;; € GL,,(K).
From the relation ¢g7;; = T;;¢9 we immediately get gE;; = E;;¢g for 4 # j, so that for
k. 0e{l,...,n} we get

Gki0ie = (9Fij) ke = (Eijg)ke = 0ingje-

For k =i and £ = j we obtain g;; = g;; and for k = j = ¢, we get g;; = 0. Therefore
g = A1 for some \ € K.

(b) It is obvious that ¢ is a group homomorphism and that ¢ is continuous. More-
over, the map

1 GLy(R)y = RY x SLy(R), g (detg)7, (detg) g)
is continuous and satisfies pot = id and Yoy = id. Hence ¢ is a homeomorphism. [J
Remark 1.1.11. The subgroups
Z(GL,(K)) and SL,(K)

are normal subgroups of GL,(K). Moreover, for GL,(R) the subgroup GL,(R), is
a proper normal subgroup and the same holds for Ri1. One can show that these
examples exhaust all normal arcwise connected subgroups of GL,,(K).
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Exercises for Section [1.1]

Exercise 1.1.1. Let V be a K-vector space and A € End(V). We write Vy(A) :=
ker(A — A1) for the eigenspace of A corresponding to the eigenvalue A and V*(A) :=
Unen ker(A — A1)" for the generalized eigenspace of A corresponding to .

(a) If A, B € End(V) commute, then

BV*(A) CVXA) and BVy(A) C Va(A)

holds for each A € K.

(b) If A € End(V) is diagonalizable and W C V is an A-invariant subspace, then
Alw € End(W) is diagonalizable.

(¢) If A,B € End(V) commute and both are diagonalizable, then they are simul-
taneously diagonalizable, i.e., there exists a basis for V' which consists of eigenvectors
of A and B.

(d) If dimV < oo and A C End(V) is a commuting set of diagonalizable en-
domorphisms, then A can be simultaneously diagonalized, i.e., V is a direct sum of
simultaneous eigenspaces of A.

(e) For any function \: A — V, we write VA(A) = N,cu Va(a)(a) for the corre-
sponding simultaneous eigenspace. Show that the sum ), V) (\A) is direct.

(f) If A C End(V) is a finite commuting set of diagonalizable endomorphisms, then
A can be simultaneously diagonalized.

(g) Find a commuting set of diagonalizable endomorphisms of a vector space V
which cannot be diagonalized simultaneously.

Exercise 1.1.2. Let G be a topological group. Let Gg be the identity component,
i.e., the connected component of the identity in G. Show that Gy is a closed normal
subgroup of G.

Exercise 1.1.3. SO, (K) is a closed normal subgroup of O, (K) of index 2 and, for
every g € O, (K) with det(g) = —1,

0,(K) = S0, (K) U ¢SO, (K)
is a disjoint decomposition.
Exercise 1.1.4. For each subset M C M, (K) the centralizer
ZaL,x) (M) :={g € GLy(K) : (Ym € M)gm = mg}
is a closed subgroup of GL,, (K).

Exercise 1.1.5. We identify C" with R?" by the map z = z + iy — (x,y) and
write I(x,y) := (—y,z) for the real linear endomorphism of R?" corresponding to
multiplication with ¢. Then

GL,(C) = Zaw,, ) ({1})

yields a realization of GL,,(C) as a closed subgroup of GLa,(R).
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Exercise 1.1.6. A subset C of a real vector space V is called a convex cone if C' is
convex and AC C C for each A > 0.
Show that Pd,,(K) is an open convex cone in Herm,, (K).

Exercise 1.1.7. Show that

~v: (R, +) = GLy(R), tH(COSt Sint)

—sint cost

is a continuous group homomorphism with ~(7) = (_01 _01) and imy = SO2(R).

Exercise 1.1.8. Show that the group O,(C) is homeomorphic to the topological
product of the subgroup

0,(R)2U,(C)N0O,(C) and the set Pd,(C)NO,(C).

Exercise 1.1.9. Let (X,d) be a compact metric space and (z,)nen & sequence in
X. Show that lim,_,., x, = x is equivalent to the condition that each convergent
subsequence (2, )xen converges to .

Exercise 1.1.10. If A € Herm,,(K) satisfies (Av,v) = 0 for each v € K", then A = 0.

Exercise 1.1.11. Show that for a complex matrix A € M, (C) the following are
equivalent:

(1) A* = A.
(2) (Av,v) € R for each v € C".

Exercise 1.1.12. (a) Show that a matrix A € M, (K) is hermitian if and only if

there exists an orthonormal basis v1,...,v, for K™ and real numbers \q,...,\, with
A’Uj = /\j’Uj.

(b) Show that a complex matrix A € M, (C) is unitary if and only if there exists
an orthonormal basis v1,...,v, for K" and A\; € C with |\;| =1 and Av; = \jv;.

(c) Show that a complex matrix A € M,,(C) is normal, i.e., satisfies A*A = AA*,
if and only if there exists an orthonormal basis v1,...,v, for K" and A; € C with
A?]j = /\jUj.

Exercise 1.1.13. (a) Let V be a vector space and 1 # A € End(V) with A2 =1 (4
is called an involution). Show that

V =ker(A—1) @ ker(A+1).
(b) Let V be a vector space and A € End(V) with A% = A. Show that
V =ker(A—1)®ker(A+1) @ ker A.

(c) Let V be a vector space and A € End(V) an endomorphism for which there
exists a polynomial p of degree n with n different zeros A1,..., A, € K and p(A) = 0.
Show that A is diagonalizable with eigenvalues Ay, ..., \,.
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Exercise 1.1.14. Let 8: V x V — K be a bilinear map and g : V — V with
B(gv, gw) = B(v,w) be a [-isometry. For a subspace F C V we write

Et:={veV: (Vwe E) B(v,w) = 0}
for its orthogonal space. Show that g(E) = E implies that g(ET) = ET.

Exercise 1.1.15. [Iwasawa decomposition of GL,,(R)] Let
T (R) € GLn(R)

denote the subgroup of upper triangular matrices with positive diagonal entries. Show
that the multiplication map

p: On(R) x T.F(R) — GL,(R), (a,b) > ab
is a homeomorphism.

Exercise 1.1.16. Let K be a field and n € N. Show that

Z(M,(K)) :={z € M,(K): (Vx € M, (K)) zx = 2z} = K1.

1.2 Groups and Geometry

In Definition we have defined certain matrix groups by concrete conditions on the
matrices. Often it is better to think of matrices as linear maps described with respect
to a basis. To do that we have to adopt a more abstract point of view. Similarly,
one can study symmetry groups of bilinear forms on a vector space V without fixing a
certain basis a priori. Actually it is much more convenient to choose a basis for which
the structure of the bilinear form is as simple as possible.

1.2.1 Isometry Groups

Definition 1.2.1. [Groups and bilinear forms]

(a) (The abstract general linear group) Let V be a K-vector space. We write GL(V')
for the group of linear automorphisms of V. This is the group of invertible elements
in the ring End(V) of all linear endomorphisms of V.

If V is an n-dimensional K-vector space and vy, ..., v, is a basis for V, then the
map

®: M,(K) = End(V), ®(A)vg = ajpv;
j=1
is a linear isomorphism which describes the passage between linear maps and matrices.
In view of ®(1) = idy and ®(AB) = ®(A)®P(B), we obtain a group isomorphism

(b) Let V be an n-dimensional vector space with basis vy,...,v, and : VxV — K
a bilinear map. Then B = (bj) := (8(v;, Vk))jk=1,....n IS an (n X n)-matrix, but this
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matrix should NOT be interpreted as the matrix of a linear map. It is the matrix of
a bilinear map to K, which is something different. It describes § in the sense that

5(2%%72%%) = Z z;bjryr = ' By,
j e

dk=1

where 2T By with column vectors z,y € K" is viewed as a matrix product whose result
is a (1 x 1)-matrix, i.e., an element of K.
We write

Aut(V, B) :={g € GL(V): (Vo,w € V) B(gv, gw) = B(v,w)}
for the isometry group of the bilinear form (. Then it is easy to see that
®~!(Aut(V, 8)) = {g € GL.(K): g Bg = B}.

If B is symmetric, we also write O(V, 8) := Aut(V, ) and if 8 is skew-symmetric, we
write Sp(V, 8) := Aut(V, 3).

If vq,...,v, is an orthonormal basis for 3, i.e., B =1, then
oL (Aut(V, #)) = On(K)

is the orthogonal group defined in Section Note that orthonormal bases can only
exist for symmetric bilinear forms (Why?).
For V = K?" and the block (2 x 2)-matrix

0o 1,
p=(14, )

we see that BT = —B, and the group
Spon (K) := {g € GL2,(K): g" Bg = B}

is called the symplectic group. The corresponding skew-symmetric bilinear form on
K2 is given by

n
Bx,y) =2 "By = TiYnti — Tntili
i=1
(¢) A symmetric bilinear form S on V is called nondegenerate if (v, V) = {0}
implies v = 0. For K = C every nondegenerate symmetric bilinear form /3 possesses
an orthonormal basis (this builds on the existence of square roots of nonzero complex
numbers; see Exercise [1.2.1)), so that for every such form 8 we get

O(V,5) = 0 (C).

For K = R the situation is more complicated, since negative real numbers do
not have a square root in R. There might not be an orthonormal basis, but if § is
nondegenerate, there always exists an orthogonal basis vy,...,v, and p € {1,...,n}
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such that B(vj,v;) =1for j =1,...,p and S(v;,v;) = =1 for j =p+1,...,n. Let
g :==mn —p and I, ; denote the corresponding matrix

I, = (10P _Olq) € My, (R).
Then O(V, ) is isomorphic to the group
Op,g(R) :={g € GLa(R): g I.49 = Ipq},
where O, o(R) = O,(R).

(d) Let V be an n-dimensional complex vector space and 3: V xV — C a sesquilin-
ear form, i.e., 8 is linear in the first and antilinear in the second argument. Then we

also choose a basis v1,...,v, in V and define B = (bj) = (8(v), V%)) k=1,...n, but
now we obtain
(X wivs Yowwve) = 30 by =« By
j k k=1

We write
UV, B) :={g € GL(V): (Vv,w € V) B(gv, gw) = B(v,w)}

for the corresponding unitary group and find
o1 (U(V,8)) = {g € GL,(C): g' Bg = B}.
If v1,...,v, is an orthonormal basis for 3, i.e., B = 1, then
e~ (U(V,8)) = Un(C) = {g € GLy(C): g =g '}

is the unitary group over C. We call 8 hermitian if it is sesquilinear and satisfies
B(y,x) = B(x,y). In this case one has to face the same problems as for symmetric
forms on real vector spaces, but there always exists an orthogonal basis vy, ..., v, and
pe{l,...,n} with B(vj,v;) =1forj=1,...,pand B(v;,v;) = —1for j = p+1,...,n.
With ¢ :=n —p and

—_ (1 0
I, .= (0 _1q> € M,(C)
we then define the indefinite unitary groups by
Upg(C) :={g € GL,(C): g ' Ipgg = Lpq}-
Since I, 4 has real entries,

Upq(C)={9€GL,(C): ¢"L, g =1, 4},

where U, o(C) = U, (C).
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Exercises for Section [1.2]

Exercise 1.2.1. (a) Let 5 be a symmetric bilinear form on a finite-dimensional com-
plex vector space V. Show that there exists an orthogonal basis vy,...,v, with
B(vj,v;) =1for j =1,...,pand B(vj,v;) =0 for j > p.

(b) Show that each invertible symmetric matrix B € GL,(C) can be written as
B = AAT for some A € GL,,(C).

Exercise 1.2.2. Let 8 be a symmetric bilinear form on a finite-dimensional real vector
space V. Show that there exists an orthogonal basis vi,..., v, with B(vj,v;) =1
forj=1,...,p, B(v;,v;) =—1for j=p+1,...,p+¢, and B(v;,v;) =0 for j > p+gq.

Exercise 1.2.3. Let 8 be a skew-symmetric bilinear form on a finite-dimensional
vector space V' which is nondegenerate in the sense that S(v, V) = {0} implies v = 0.

Show that there exists a basis vy, ..., vy, w1, ..., w, of V with
6(1}i,w]’) = (Sij and B(vi,vj) = B(Mi,w]‘) =0.
Exercise 1.2.4. [Metric characterization of midpoints] Let (X,]| - ||) be a normed

space and x,y € X distinct points. Let

xr+y

Mo:={z€X:|z—al=]z—yl=3llz—yll} and m:==—

For a subset A C X we define its diameter
5(A) :=sup{|la — b|| : a,b € A}.
Show that:

(1) If X is a pre-Hilbert space (i.e., a vector space with a hermitian scalar product),
then My = {m} is a one-element set.

(2) [lz—m| < 36(Mo) < 3|z — yl| for z € M.
(3) For n € N we define inductively:
M, = {p e M,_q: (VZ S Mnfl) ||Z _pH < %6<Mn71)}
Then, for each n € N:

(a) M, is a convex set.

(b) M, is invariant under the point reflection s,,(a) := 2m — a in m.
(c) me M,.

(d) ( ) < 6( n— 1)

Exercise 1.2.5. [[sometries of normed spaces are affine maps| Let (X, - ||) be a
normed space endowed with the metric d(z,y) := ||z — y||. Show that each isometry
v: (X,d) = (X,d) is an affine map by using the following steps:
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(1) It suffices to assume that ¢(0) = 0 and to show that this implies that ¢ is a linear
map.

(%52) = 3(p(2) + ¢(y)) for z,y € X.

is continuous.

(Ax) = Ap(z) for X € 2% C R.

(x+y) =)+ oy) for z,y € X.

Exercise 1.2.6. Let §: V x V — V be a symmetric bilinear form on the vector space
V and
q¢: V=V, v B(v,0)

the corresponding quadratic form. Then for ¢ € End(V) the following are equivalent:
(1) (Vv eV)q(e(v) =q(v).
(2) (Vo,w e V) B(e(v), p(w)) = Bv,w).

Exercise 1.2.7. We consider R* = R? x R, where the elements of R* are considered
as space time events (q,t), ¢ € R®, t € R. On R* we have the linear (time) functional

A:R* 5 R, (z,t) = t
and we endow ker A = R? with the euclidian scalar product
B(x,y) == w1y1 + Tay2 + T3Y3.
Show that
H:={g € GL4(R): gker A C ker A, glrer o € O3(R)} = R?® x (O3(R) x R¥)

and
G:={geH: Aog= A} =R>x 03(R).

In this sense the linear part of the Galilei group (extended by the space reflection S)
is isomorphic to the symmetry group of the triple (R%, 3, A), where A represents a
universal time function and S is the scalar product on ker A. In the relativistic picture
the time function is combined with the scalar product in the Lorentz form.

Exercise 1.2.8. On the four-dimensional real vector space V := Hermy(C) we con-
sider the symmetric bilinear form 5 given by

B(A, B) :=tr(AB) — tr Atr B.
Show that:

(1) The corresponding quadratic form is given by ¢(A) := 5(4, A) = —2det A.
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(2) Show that (V,3) = R*! by finding a basis F,..., E4 of Hermy(C) with

@By + ...+ ayBy) = a2 + a3 + a2 — a?.

(3) For g € GLy(C) and A € Hermy(C) the matrix gAg* is hermitian and satisfies
q(gAg™) = | det(g)|*q(A).

(4) For g € SL2(C) we define a linear map p(g) € GL(Hermy(C)) by
p(9)(A) := gAg*. Then we obtain a homomorphism

p: SLy(C) = O(V, B) = 051 (R).

(5) Show that ker p = {£1}.

Exercise 1.2.9. Let 8: V x V — K be a bilinear form.

(1) Show that there exists a unique symmetric bilinear form 84 and a unique skew-
symmetric bilinear form g_ with g = 4 + f_.

(2) Aut(V, ) = O(V, B+) N Sp(V, B-).

Exercise 1.2.10. Let G be a group, N C G a normal subgroup and
qg: G— G/N, g~ gN

be the quotient homomorphism. Show that:

(1) If G = N x4 H for a subgroup H, then H = G/N.

(2) There exists a subgroup H C G with G =2 N x5 H if and only if there exists a
group homomorphism ¢: G/N — G with go o = idg/N-

Exercise 1.2.11. Show that Oy, 4(C) = Op4(C) for p,q € No, p+¢ > 0.

Exercise 1.2.12. Let (V,) be a euclidian vector space, i.e., a real vector space
endowed with a positive definite symmetric bilinear form 5. An element o € O(V, )
is called an orthogonal reflection if 02 = 1 and ker(o — 1) is a hyperplane. Show that
for any finite-dimensional euclidian vector space (V, 3), the orthogonal group O(V, 3)
is generated by reflections.

Exercise 1.2.13. (i) Show that, if n is odd, each g € SO,,(R) has the eigenvalue 1.
(ii) Show that each g € O,(R)_ has the eigenvalue —1.

Exercise 1.2.14. Let V be a K-vector space. An element ¢ € GL(V) is called a
transvection if dimg (im(<p — idv)) =1 and im(¢ — idy) C ker(¢ —idy). Show that:

(i) For each transvection ¢, there exist a v, € V and a «, € V* such that p(v) =
v — o, (v)v, and v, (v,) = 0.

(i) For each transvection ¢, there exist a v, € V and a a, € V* such that ¢(v) =
v — ay,(v)v, and a,(vy,) = 0.
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(ii) If dim V' < oo, then det(¢) = 1 for each transvection ¢.

(iii) If ¢ € GL(V) commutes with all transvections, then every element of V' is an
eigenvector of ¥, so that ¢ € K* idy .

(iv) Z(GL(V)) = K*1.
(v) If dimV < oo, then Z(SL(V)) =T'1, where I := {z € K*: 2" = 1}.

Exercise 1.2.15. Let V be a finite-dimensional K-vector space for K = R or C and
B be a skew symmetric bilinear form on V. Show that:

(i) A transvection p(v) = v — ay,(v)v, preserves f if and only if
Mo,w e V) a,(v)B(ve, w) = ay(w)B(vy, v).
If, in addition, § is nondegenerate, we call ¢ a symplectic transvection.

(ii) If B is nondegenerate and » € GL(V) commutes with all symplectic transvec-
tions, then every vector in v is an eigenvector of 1.

Exercise 1.2.16. Let V be a finite-dimensional K-vector space for K = R or C and
and [ be a non-degenerate symmetric bilinear form on V. An involution ¢ € O(V, )
is called an orthogonal reflection if dimg (im(¢ —idy)) = 1. Show that:

(i) For each orthogonal reflection ¢, there exists a non-isotropic v, € V such that

o) = v = 2505,

(ii) If v € GL(V) commutes with all orthogonal reflections, then every non-isotropic
vector for 8 is an eigenvector of 1, and this implies that ¢ € K* idy .

(iv) Z(O(V. B)) = {£1}.



Chapter 2

The Matrix Exponential
Function

In this chapter we study one of the central tools in Lie theory: the matrix exponential
function. This function has various applications in the structure theory of matrix
groups. First of all, it is naturally linked to the one-parameter subgroups, and it turns
out that the local group structure of GL,(K) in a neighborhood of the identity is
determined by its one-parameter subgroups.

In the first section of this chapter we provide some tools to show that matrix valued
functions defined by convergent power series are actually smooth. This is applied in
the subsequent sections to the exponential and the logarithm functions. Then we
discuss restrictions of the exponential function to certain subsets such as small 0-
neighborhoods, the set of nilpotent matrices and the set of hermitian matrices. Finally,
we derive the Baker-Campbell-Dynkin—Hausdorff formula expressing the product of
two exponentials near the identity in terms of the Hausdorff series which involves only
commutator brackets.

In the following chapter, we shall use the matrix exponential function to generalize
the polar decomposition given in Proposition to a larger class of groups. This
will lead to topological information on various concrete matrix groups.

2.1 Smooth Functions Defined by Power Series

First we put the structure that we have on the space M, (K) of (n x n)-matrices into
a slightly more general context.

Definition 2.1.1. (a) A vector space A together with a bilinear map
Ax A — A (z,y) — x -y (called multiplication) is called an (associative) algebra
if the multiplication is associative in the sense that

(x-y)-z=x-(y-z) for uz,y,z€A

We write zy := x - y for the product of z and y in A.

19
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The algebra A is called unital if it contains an element 1 satisfying 1la = al = «a
for each a € A.
(b) A norm || - || on an algebra A is called submultiplicative if

lab]| < [la]| - o] for all a,be A.

Then the pair (A4, ]| - ||) is called a normed algebra. If, in addition, A is a complete
normed space, then it is said to be a Banach algebra.

Remark 2.1.2. Any finite-dimensional normed space is complete, so that each finite-
dimensional normed algebra is a Banach algebra.

Example 2.1.3. Endowing M, (K) with the operator norm with respect to the eu-
clidian norm on K" defines on M, (K) the structure of a unital Banach algebra.

The following proposition shows in particular that inserting elements of a Banach
algebra into power series is compatible with composition.
In the following we write K][[z]] for the space of all formal power series

f(z):= Zanz", an € K

n=0

in the variable z. For r € [0, co[ we define
£l := D lanlr™ € 10, 0],

n=0

We write K][[z]],- for the subset of all power series with ||f]|, < oco. Note that this
implies that f converges uniformly to a function on the closed disc of radius r in K.

Proposition 2.1.4. Let A be a unital Banach algebra.

(1) Ifz € A and f € K[[z]], for some r > ||z||, then f(z) := Y oo a,z" converges
absolutely with
IF @< 11

For two power series f(z) =Y anz™ and g(z) =Y, bpz™ with || f|+, ||g||» < oo,
we also have the product formula

(f-9)@) = f@)gle),  where  (f-9)(z) =D (D arbu-i)s"  (21)
n=0 k=0
is the power series defined by the Cauchy product of f and g.

(2) Suppose that f(z) = >0~y anz" € K[[2]], and g(z) = Y.~ by2" € 2K][[2]] satis-
fies ||glls < r. We define the power series f o g by formal composition:

(f OQ)(Z) = chzna Cp = Zak Z biy - by
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Then || f o glls < || fllr, and for any x € A with ||z| < s the element g(z) exists
with ||g(x)|| < r, and we have the Composition Formula:

fg(x)) = (f o g)(x). (2:2)
Proof. (1) The convergence of f(z) follows immediately from

D lana™ <D lanlll ™ < lanlr™ = [1f]-
n n n

and the Domination Test for absolutely converging series in a Banach space. We also
obtain immediately the estimate || f(x)| < || f]|.-

If || fll- llgll» < oo, then follows from the Cauchy Product Formula (Exer-
cise [2.1.3)) because the series f(z) and g(x) converge absolutely.

(2) To see that || f o g||s < oo, we calculate

Sleals < SO a0 bl s

oo oo
<D lald Y0 [bulclbals™ = lallgll
k=0 k=0

n i1+--+ig=n

oo
<D laglr™ =If ]
k=0

For ||z|| < s we obtain from (1) the relation ||g(x)|| < ||g|s, so that

f9@) = anga)”
n=0

is defined. Applying the Product Formula to the powers of g, we further obtain
g(x)™ = (¢™)(z), so that the polynomials fy(2) := Zg:o anz™ satisfy

N
frlg(@) = ang(@)" = (fx 0 g)(@).
n=0

Next we observe that
Ifog—fnoglls=I(f—fn)oglls <|f = fwllr =0,
so that
In(g() = (fnog)(x) = (fog)(x).

Since we also have fn(g(z)) — f(g(x)) by definition, the Composition Formula is

proved. O
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Lemma 2.1.5. If A is a unital Banach algebra, then we endow the wvector space
TA := A® A with the norm ||(a,b)|| := |la]| + ||b|| and the multiplication

(a,b)(a’,b") := (ad’,ab’ + ba’).

Then T A is a unital Banach algebra with identity (1,0).
We put ¢ := (0,1). Then each element of T'A can be written in a unique fashion
as (a,b) = a + be and the multiplication satisfies

(a+be)(a' +b'e) =ad + (ab' + ba')e.
In particular, €2 = 0.

Proof. That T'A is a unital algebra is a trivial verification. That the norm is submul-
tiplicative follows from

I(a, b)(a’, )| = llaa|| + |ad’ + ba'|| < [lall - [la’l| + [lall - [|']] + [[B]] - [la’|
< (lall + eI Clla’l + 10°11) = Nl (@, D) - [I(a’, &)

This proves that (TA,| - ||) is a unital normed algebra, the unit being
1 =(1,0). The completeness of T'A follows easily from the completeness of .4 (Exer-
cise). O

Lemma 2.1.6. Let f = Y 7 c,2" € K[[2]], and A be a finite-dimensional unital
Banach algebra. Then

fiB(0):={zcAi|z] <r} > A x> cpa”

n=0

defines a smooth function. Its derivative is given by
o0
df(x) = Z cndpn(z),
n=0

where p,(x) = 2™ is the n'" power map whose derivative is given by

dpp(z)y = 2"ty + 2" 2yr + ..+ aya" 2 4y

For ||z|| < r and y € A with zy = yx we obtain in particular
o0
dp,(z)y =na" "ty and df(z)y = Z cpna™ Ly,
n=1

Proof. First we observe that the series defining f(z) converges for ||z|| < r by the
Comparison Test (for series in Banach spaces). We shall prove by induction over
k € N that all such functions f are C*-functions.

Step 1: First we show that f is a C'-function. We define o, : A — A by

an(h) == 2" *h4+ 2" 2he + ... + zha" % + ha"" L.
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Then «, is a continuous linear map with ||a, || < n||z|"~!. Furthermore

pu(x+h)=(x+h)" =2" + a,(h) +r,(h),

n— n n— n
Iral < (5 ) U112 + (5 UARd™= + ...+ I

Z( IR

llrn (Rl
[

where

In particular limy_,q
ay,. The series

= 0, and therefore p,, is differentiable in z with dp, (z) =

00 oo
ﬂ = Z CnQp = chdpn(x)
n=0 n=0

converges absolutely in End(A) by the Ratio Test since ||z] < r:

oo 00
D lealllanll <3 leal -n- fla]" 7 < oo
n=0 n=0

We thus obtain a linear map S(z) € End(.A) for each z with ||z|| < r.
Now let h satisty ||z|| + ||h|| < r, i.e., ||h|| <7 —]z||. Then

fla+h) = fz)+ Bla)(h) + =3 earall

where

oo

<2 felln(® <;2|%|Z< )llhn’“xn”k
< gﬁ (i cnl(Z) ) [l < o

follows from ||z|| + ||h|| < r because

n _

52 5 leal () el 100¥ = S bl + )" < e <
k n>k n n

Therefore the continuity of real-valued functions represented by a power series yields

e ol ||h|| :Z (nz| n|( >||:lf”’“)0’“1 =0.

k=2

This proves that f is a C'-function with the required derivative.
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Step 2: To complete our proof by induction, we now show that if all functions f as
above are C*, then they are also C**1. In view of Step 1, this implies that they are
smooth.

To set up the induction, we consider the Banach algebra T.A from
Lemma [2.1.5] and apply Step 1 to this algebra to obtain a smooth function

F:{z4+cheTA: |z||+|h|=|z+ech|]|<r}—>TA
F(zx+eh) = ch <(x +eh)",
n=0

We further note that (z + eh)” = ™ + dp,(x)h - €. This implies the formula
F(z+eh) = f(x) +edf(x)h,

i.e., that the extension F' of f to T'A describes the first order Taylor expansion of f in
each point = € A. Our induction hypothesis implies that F is a C*-function.

Let z9 € A with |zo] < r and pick a basis hi,...,hg for A with
kil < 7 — ||xo||. Then all functions = + df(x)h; are defined and C* on a neigh-
borhood of xg, and this implies that the function

B.(0) - Hom(A, A), z— df(z)

is C*. This in turn implies that f is C**+1. O

Exercises for Section 2.1

Exercise 2.1.1. Let Xi,...,X, be finite-dimensional normed spaces and
B: X1 x...x X, =Y an n-linear map.

(a) Show that there exists a constant C' > 0 with

1B8(z1,. ...zl < Cllzall - lznl|  for z; € X,

(b) Show that /3 is continuous.
(¢) Show that § is differentiable with

n

dﬁ(l’l, e ,(En)(hl, .. ,hn) = Zﬁ(ml, “e ,.’Ejfl, hj,.’EjJrl, e ,l'n).

j=1
Exercise 2.1.2. Let Y be a Banach space and ay m, 7, m € N, elements in Y with
Z |@n,m|| := sup Z [an,mll < oo.
n,m NeNn,mSN
(a) Show that

AZ:ZZan,m: Zzan,m

n=1m=1 m=1n=1

and that both iterated sums exist.
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(b) Show that for each sequence (S, )nen of finite subsets S, C N x N, n € N, with
Sn C Spt1 and {J,, S = N x N we have

A = lim E aj k-
neN

(4,k)ESn

Exercise 2.1.3. [Cauchy Product Formula] Let X,Y,Z be Banach spaces and
B: X xY — Z a continuous bilinear map. Suppose that z := > >~ x, is absolutely
convergent in X and that y := Y.~ y, is absolutely convergent in Y. Then

n

T, y) = iZﬁ(fﬂk,yn—k)-

n=0 k=0

2.2 Elementary Properties of the Exponential Func-
tion

After the preparations of the preceding section, it is now easy to see that the matrix
exponential function defines a smooth map on M, (K). In this section we describe some
elementary properties of this function. As a group theoretic consequence for GL,, (K),
we show that it has no small subgroups, i.e. has a neighborhood of 1 containing only
the trivial subgroup. Moreover, we show that all one-parameter groups are smooth
and given by the exponential function.

For z € M, (K), we define

(2.3)

.«T\H

o0
k=0
The absolute convergence of the series on the right follows directly from the estimate

o0 o0

1, & 1
D gilletl= > gl = el

k=0 k=0

and the Comparison Test for absolute convergence of a series in a Banach space. We
define the ezponential function of M, (K) by

exp: M, (K) = M,(K), exp(z):=e".

Proposition 2.2.1. The exponential function exp: M, (K) — M, (K) is smooth. For
xy = yx it satisfies
dexp(z)y = exp(z)y = yexp(x) (2.4)
and in particular
dexp(0) = idy, (k) -

Proof. To verify the formula for the differential, we note that for xy = yx, Lemma/|2.1.6
implies that

o0

= L, 1
dexp(z)y = Y ke Ex y = exp(z)y.
k=1 k=0
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For z = 0, the relation exp(0) = 1 now implies in particular that
dexp(0)y = y. O
Lemma 2.2.2. Let z,y € M, (K).
(i) If zy = yx, then exp(z + y) = expzxexpy.
(i) exp(M,(K)) € GL,(K), exp(0) = 1, and (expz)~! = exp(—z).
(iii) For g € GL,(K) the relation gexp(z)g~! = exp(grg—') holds.

Proof. (i) Using the general form of the Cauchy Product Formula (Exercise[2.1.3)), we
obtain

k=0 k=0 £=0
B oo k LL'Z yk’e B 00 2P y
2> ana - (X (Xa)
k=0 (=0 p=0

(ii) From (i) we derive in particular exp x exp(—z) = exp 0 = 1, which implies (ii).

111) 1s a consequence of gr''g~ = = (grg— and the continuity o e conjugation

f ga"g~! = (gzg~")" and th inuity of the conjugati
map ¢, (z) := grg~! on M, (K). O

Remark 2.2.3. (a) For n = 1, the exponential function
exp: Mi(R) 2R —» R* 2 GLy(R), z+—¢€”

is injective, but this is not the case for n > 1. In fact,
0 27
oxp (27r 0 > =1

. 0 —t\ (cost —sint teR
Pl 0 ) 7 \sint cost ) :

This example is nothing but the real picture of the relation e?™ = 1.

follows from

Proposition 2.2.4. For each sufficiently small open neighborhood U of 0 in M, (K),
the map
exp|y: U — GL,(K)

is a diffeomorphism onto an open neighborhood of 1 in GL,(K).

Proof. We have already seen that exp is a smooth map, and that dexp(0) = idaz, k).
Therefore the assertion follows from the Inverse Function Theorem. O

If U is as in Proposition and V = exp(U), we define
logy: = (exp|y)™: V = U C My(K).

We shall see below why this function deserves to be called a logarithm function.
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Theorem 2.2.5. (No Small Subgroup Theorem) There exists an open neighborhood
V of 1 in GL,(K) such that {1} is the only subgroup of GL,(K) contained in V.

Proof. Let U be as in Proposition 2:2.4] and assume further that U is convex and
bounded. We set U; := %U. Let G C V := expU; be a subgroup of GL,(K) and
g € G. Then we write g = expx with = € U; and assume that « # 0. Let £ € N be
maximal with kz € U; (the existence of k follows from the boundedness of U). Then

M =exp((k+1)z)eGCV

implies the existence of y € Uy with exp(k + 1)x = expy. Since (k+ 1)x € 2U; = U
follows from %x € [0,k]z C Uy, and exp |y is injective, we obtain (k+ 1)z =y € Uy,

contradicting the maximality of k. Therefore g = 1. O

A one-parameter (sub)group of a group G is a group homomorphism 7v: (R, +) — G.
The following result describes the differentiable one-parameter subgroups of GL,, (K).

Theorem 2.2.6. [One-parameter Group Theorem] For each x € M, (K), the map
~v: (R,4+) = GL,(K), ¢~ exp(tx)
s a smooth group homomorphism solving the initial value problem
v0)=1 and ~(t)=~t)z forteR.
Conversely, every continuous one-parameter group v: R — GL,,(K) is of this form.

Proof. In view of Lemma i) and the differentiability of exp, we have

o1 o1 N _
Jim - (3(8+ h) = 5(1)) = lim = (v()v(h) = ~(#)) = 7(1) lim (e — 1) = y(1)z.
Hence 7 is differentiable with 7/(¢) = zy(t) = v(¢)x. From that it immediately follows
that + is smooth with (") (t) = 2™~(t) for each n € N.

Although we will not need it for the completeness of the proof, we first show that
each one-parameter group v: R — GL,, (K) which is differentiable in 0 has the required
form. For z :=+/(0), the calculation

.oyt s) =t . v(s) — (0
/() = tim 2ED O iy 5y 20O s y5100) = 50

s—0 S s—0 S

implies that ~ is differentiable and solves the initial value problem

Therefore the Uniqueness Theorem for Linear Differential Equations implies that
~(t) = exptx for all t € R.

It remains to show that each continuous one-parameter group 7 of GL, (K) is
differentiable in 0. As in the proof of Theorem let U be a convex symmetric
(i.e., U = =U) 0-neighborhood in M, (K) for which exp |y is a diffeomorphism onto
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an open subset (Proposition and U; = %U. Since «y is continuous in 0, there
exists an ¢ > 0 such that v([—¢,¢]) C exp(Uy). Then «(t) := (exp|r) L (y(t)) defines
a continuous curve a: [—e,e] — Uy with exp(a(t)) = y(¢) for [t| < e. For any such ¢
we then have

exp (20(4)) = exp(a($))” = 7(§)* = 1(1) = exp(a(?)),
so that the injectivity of exp on U yields
a(l)=1a) for |[f|<e.
Inductively we thus obtain

a(g) = gra(t) for |t <ekeN. (2.5)

In particular, we obtain

at) € ;kal for || < ;—k

For m € Z with |m| < 2% and [t| < & we now have |mt| < e, ma(t) € 2tU; C Uy, and
exp(ma(t)) = 7(t)™ = y(mt) = exp(a(mt)

Therefore the injectivity of exp on U; yields

€
a(mt) =ma(t) for m <28 Jt| < o (2.6)

Combining (2.5)) and (2.6]), leads to

a(ft) = Zea(t) for  |t] <ekeN,|m| <2k

Since the set of all numbers ’Qn—,f, m € Z, k € N, |m| < 2% is dense in the interval [—t, ],
the continuity of o implies that

a(t)zga(e) for |t| <e.

In particular, « is smooth and of the form «(t) = tx for some z € M, (K). Hence
~(t) = exp(tx) for |t| < e, but then y(mt) = exp(miz) for m € N leads to (t) =
exp(tx) for each ¢ € R. O

Exercises for Section [2.2]

Exercise 2.2.1. Let D € M, (K) be a diagonal matrix. Calculate its operator norm
with respect to the euclidean norm on K”.

Exercise 2.2.2. If g € M,,(K) satisfies ||g—1]|| < 1, then g € GL, (K). Find a formula
for (1 — g)~! using a geometric series.
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Exercise 2.2.3. (a) Calculate eV for ¢t € K and the matrix

01 0 ... 0
01 0
N=|- - e Mu(K).
0o ... 0

(b) If A is a block diagonal matrix diag(Aj,..., Ay), then e is the block diagonal
matrix diag(e?t, ..., e4*).
(c) Calculate ‘4 for a matrix A € M,,(C) given in Jordan Normal Form.

Exercise 2.2.4. Recall that a matrix  is said to be nilpotent if 2¢ = 0 for some d € N
and y is called unipotent if y — 1 is nilpotent.
Let a,b € M, (K) be commuting matrices.

(a) If @ and b are nilpotent, then a + b is nilpotent.
(b) If @ and b are unipotent, then ab is unipotent.

Exercise 2.2.5. [Jordan decomposition]
(a) (Additive Jordan decomposition) Show that each complex matrix X € M, (C) can
be written in a unique fashion as

X=X,+X, with [X,,X,]=0,

where X, is nilpotent and X diagonalizable.

(b) A € M,(C) commutes with a diagonalizable matrix D if and only if A preserves
all eigenspaces of D.

(¢) A e M,(C) commutes with X if and only if it commutes with X, and X,,.

Exercise 2.2.6. [Multiplicative Jordan decomposition] (a) Show that each invertible
complex matrix g € GL,(C) can be written in a unique fashion as

9 = 9sGu; with 9s9Gu = Guls,

where g, is unipotent and g5 diagonalizable.
(b) If X = X, + X,, is the additive Jordan decomposition, then eX = eXseXn is the
multiplicative Jordan decomposition of eX.

Exercise 2.2.7. Let A € M, (C). Show that the set e®4 = {e!4 : ¢t € R} is bounded
in M, (C) if and only if A is diagonalizable with purely imaginary eigenvalues.

Exercise 2.2.8. Let U € GL,,(C). Then the set {U™: n € Z} is bounded if and only
if U is diagonalizable and Spec(U) C {z € C: |z| = 1}.

Exercise 2.2.9. Show that:

(a) exp(My,(R)) is contained in the identity component GL,(R); of GL,(R). In
particular the exponential function of GL,(R) is not surjective because this group
is not connected.

(b) The exponential function exp : M3(R) — GLy(R) is not surjective.
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Exercise 2.2.10. Let V' C M, (C) be a commutative subspace, i.e., an abelian Lie
subalgebra. Then A :=e" is an abelian subgroup of GL,,(C) and

exp: (V,4+) — (4,)
is a group homomorphism whose kernel consists of diagonalizable elements whose eigen-
values are contained in 27iZ.

Exercise 2.2.11. For X, Y € M, (C) the following are equivalent:
(1) X =
(2) X, =Y, (the nilpotent Jordan components) and eXs = e

Exercise 2.2.12. For A € M, (C) the relation e* = 1 holds if and only if A is
diagonalizable with all eigenvalues contained in 27iZ.

Ys

2.3 The Logarithm Function

In this section we apply the tools from Section 2.1]to the logarithm series. Since its ra-
dius of  convergence is 1, it defines a smooth function
GL,(K) D B1(1) — M,(K), and we shall see that it thus provides a smooth inverse
of the exponential function.

Lemma 2.3.1. The series log(l + z) = Z,?;l(—l)k“% converges  for
x € M,(K) with ||z|| < 1 and defines a smooth function

log: B1(1) —» M, (K).
For ||z <1 and y € M, (K) with zy = yz,
(dlog)(1 +2)y = (1 +z) " ty.

Proof. The convergence follows from

o 7k
— = —log(l—
kz::k og(l—r)< oo

for 0 < r < 1, so that the smoothness follows from Lemma
If  and y commute, then the formula for the derivative in Lemma [2.1.6] leads to

o0

(dlog)(1 + )y Z DEfFgh=ly = (1 4+ 2)" 1y
k=1
(here we used the Neumann series; cf. Exercise [2.2.2)). O

Proposition 2.3.2. (a) For x € M, (K) with ||z] < log2,
log(expz) = x.

(b) Every a € GL,(K) with ||a — 1|| < 1 satisfies exp(loga) = a.
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Proof. (a) We apply Proposition 2) with g(z) = exp(z) — 1, s = ||z|| < log2,
f(z) =log(1+ 2) and r < 1. We thus obtain log(exp ) = x.

(b) Next we apply Proposition 2) with f(z) = exp(z)—1 and g(z) = log(1+2z)
to obtain exp(log(a) = a for a =1+ z, ||z|| < 1. O

2.3.1 The Exponential Function on Nilpotent Matrices
Proposition 2.3.3. Let
U :={g € GL4(K): (9 —1)* = 0}
be the set of unipotent matrices and
N:={zeMyK):29=0} =U -1

the set of nilpotent matrices. Then expy = exp|n: N — U is a homeomorphism
whose inverse is given by

d—1 1)
IOgU QHZ k+1 k+1 )

k=

=

Proof. First we observe that for x € N we have
d
e* —1=xa with a :Z

In view of za = ax, this leads to (e* — 1)¢ = z%? = 0. Therefore exp,(N) C U.
Similarly we obtain for g € U that

d 1)
osu(0) = 0 - 30 U
k=1
For x € N, the curve
F:R — My(K), t+ logyexpy(tx)

is a polynomial function and Proposition implies that F(t) = tz for ||tz] < log2.
This implies that F'(¢) = tx for each ¢ € R and hence that log;; expy (z) = F(1) = «.
Likewise we see that for g =1 + x € U the curve

G: R — My(K), tw expylogy(1+tx)

is polynomial with G(t) = 1 + tx for |tz|| < 1. Therefore exp; logy(g) = F(1) =
1+ = g. This proves that the functions expy; and log;; are inverse to each other. [

Corollary 2.3.4. Let X € End(V) be a nilpotent endomorphism of the K-vector space
V and v € V. Then the following are equivalent:

(1) Xv=0.
(2) eXv=w.
Proof. Clearly Xv = 0 implies eXv = Y7/ i,X" = wv. If, conversely,

eXv = v, then Xv = log(eX)v = Z;‘;l(fl)kﬂﬁ =0. O
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2.3.2 The Exponential Function on Hermitian Matrices

For the following proof, we recall that for a hermitian d x d-matrix A we have
|A]| = max{|A|: det(A — A1) =0}
(Exercise [2.2.1)).

Proposition 2.3.5. The restriction
expp := eXP |Herm, (k) . Hermg(K) — Pdy(K)
is a diffeomorphism onto the open subset Pdy(K) of Hermgy(K).

Proof. We have (e*)* = ¢, which implies that expz is hermitian if z is hermitian.
Moreover, if Aq,...,\q are the real eigenvalues of x, then e*!,..., e are the eigen-
values of e*. Therefore e® is positive definite for each hermitian matrix x.

If, conversely, g € Pdg(K), then let vy, ...,vq be an orthonormal basis of eigenvec-
tors for g with gv; = Ajv;. Then A; > 0 for each j, and we define logy (g) € Hermy(K)
by logy(g)v; = (logA;)vj, 5 = 1,...,d. From this construction of the logarithm
function it is clear that

logy oexpp = idgerm,x) and  exppology = idpg, k) -

For two real numbers x,y > 0, we have log(zy) = log x +log y. From this we obtain
for A > 0 the relation

logr(Ag) = (log A\) 1 +log g (9) (2.7)

by following what happens on each eigenspace of g.
The relation

(= 1)k
(71)k+ T

NE

log(z) =

>
Il
-

for x € R with | — 1| < 1 implies that for ||g — 1|| < 1 we have

k+1 (9 — l)k .

logzr(g) = Y (-1

M8

b
I

1

This proves that log;; is smooth in B;(1) N Hermg4(K), hence in a neighborhood of g
if |lgo — 1| < 1 (Lemma [2.3.1]). This condition means that for each eigenvalue u of go
we have |p — 1] < 1 (Exercise . If it is not satisfied, then we choose A > 0 such
that ||Ag|]| < 2. Then |[Ag — 1|| < 1, and we obtain with the formula

> _ 1)k
logy(g) = —(log \)1 +1logy(Ag) = —(log A)1 + %(_l)kﬂ()\gkl).

Therefore logy is smooth on the entire open cone Pdy(K), so that log, = expfp1
implies that expp is a diffeomorphism. O
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With Proposition [1.1.5] we thus obtain:
Corollary 2.3.6. The group GL4(K) is homeomorphic to

d(d+1) K—R
Ug(K) x R™  with  m := dimg(Hermy(K)) = {d2 2 Z: K=C.

Exercises for Section 2.3l

Exercise 2.3.1. Show that for a hermitian matrix A € Herm,, (K) and the euclidian
norm || - || on K™ we have

Al := sup{||Az||: ||z|| < 1} = max{|\|: ker(A — A1) = 0}.

Exercise 2.3.2. The exponential function exp : M,,(C) — GL,(C) is surjective.

2.4 The Baker—Campbell-Dynkin—Hausdorff Formula

In this section we derive a formula which expresses the product expxexpy of two
sufficiently small elements as the exponential image exp(x * y) of an element x x y
which can be described in terms of iterated commutator brackets. This implies in
particular that the group multiplication in a small 1-neighborhood of GL,,(K) is com-
pletely determined by the commutator bracket. To obtain these results, we express
log(expxexpy) as a power series z * y in two variables. The (local) multiplication
is called the Baker—Campbell-Dynkin—Hausdorff Multiplication and the identity
log(expzexpy) =x *y

the Baker—Campbell-Dynkin—Hausdorff Formula (BCDH). The derivation of this for-
mula requires some preparation. We start with the adjoint representation of GL,,(K).
This is the group homomorphism

Ad: GL,(K) = Aut(M,(K)), Ad(g)z = gxg™',

where Aut(M,,(K)) stands for the group of algebra automorphisms of M, (K). For
x € M, (K), we further define a linear map

ad(z): M,(K) - M,(K), adz(y):=[z,y] =2y — yz.
Lemma 2.4.1. For each x € M, (K),
Ad(expz) = exp(ad ). (2.8)
Proof. We define the linear maps
Ao M, (K) = M,(K), y—zy, po: Mp(K)— My(K), y+— yz.

Then App, = peAe and adz = A, — p,, so that Lemma ii) leads to

T A A

Ad(expz)y = e®ye ™ =eve Pry =e
This proves ({2.8]). O

m—pzy — ead xy_
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Proposition 2.4.2. Let v € M,(K) and Aexp(y) = (expx)y the left multiplication
by expx. Then

1— efadm

dexp(z) = Aexpa © : M, (K) —» M, (K),

adx

where the fraction on the right means ®(ad ) for the entire function

1ot (& (o)
(=) ~—T—};T—k§<k+m

The series ®(x) converges for each x € My, (K).

Note that for zy = yz, we have (adx)¥y = 0 for k > 0, and we obtain the known
formular dexp(z)y = y.

Proof. First let a: [0,1] — M, (K) be a smooth curve. Then

1(t,5) = exp(—s0(1)) & exp(sa())

defines a map [0, 1]> — M, (K) which is C! in each argument and satisfies v(¢,0) = 0
for each t. We calculate

gz (t,s) = exp(—sa(t)) - (—a(t))% exp(sa(t))
+ exp(—sa(t)) - %(a(t) exp(sa(t)))
= exp(—sa(t)) - (~a(1) & exp(sat)
+ exp(—saft)) - (a’@)exp(sa(ﬂ)-+(x@)§%exp(sa(ﬂ))
= Ad(exp(—sa(t)))e/(t) = e~ *2D o/ (¢).
Integration over [0, 1] with respect to s now leads to

1 1
y(t, 1) =~(¢,0) + / esadal® /(1) ds = / e~s2de® gs. o/ (t).
0 0

Next we note that, for z € M, ( ]K)
1k
& s
(— ad JC) /(; H ds

[ee]

d
/ 7sadzds—/ —adz) stZZ
0

0 k=0 k=0
—adx)*
= = .
E: G - el
We thus obtain for a(t) = = + ty with «(0) = = and o’/(0) = y the relation

1
exp(—x)dexp(z)y = v(0,1) = / e 5%y ds = d(ad z)y. O
0
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Lemma 2.4.3. For

and

zlogz L (—1)k &
\I/(z):Z_l.:sz+1(z—l) forlz—1] <1
we have
V(e*)P(z) =1 for z€C,|z| <log2.
Proof. If 0 < |z| < log2, then |e* — 1| < 1 and we obtain from log(e?) = z:

e’z 1—e™*

U(e*)P(z) = =1 O

e —1 z

In view of the Composition Formula (2.2)) (Proposition [2.1.4]), the same identity as
in Lemma holds if we insert linear maps L € End(M,,(K)) with ||L|| < log2 into
the power series ® and W:

U(exp L)®(L) = (Y oexp)(L)®(L) = ((Voexp) - ®)(L) = idp, (k) - (2.9)

Here we use that ||L|| < log2 implies that all expressions are defined and in particular
that ||exp L — 1|| < 1, as a consequence of the estimate

lexpL —1|| < elFl —1 < 1. (2.10)

The derivation of the BCDH formula follows a similar scheme as the proof of
Proposition [2.4.2, Here we consider x,y € V, := B(0,log+/2). For |z, |ly|| < r the
estimate (2.10)) leads to

lexpzexpy — 1| = [[(expz — 1)(expy — 1) + (expy — 1) + (expz — 1)
<llexpz =1 -[lexpy — 1| + [[expy — 1| + [[expz — 1
<(e" =12 +2("—1)=¢* —1.
For r <log V2 = 1log2 and |t| < 1 we obtain in particular
|exprexpty — 1|| < 82 — 1 =1.

Therefore exp x exp ty lies for [¢t| < 1 in the domain of the logarithm function (Lemma(2.3.1)).
We therefore define for t € [—1,1]:

F(t) = log(exp z exp ty).

To estimate the norm of F(t), we note that for g := expzexpty, |t| < 1, and ||z|, ||y|| <
r we have

= g — 1)
toggll < 3~ H—= = ~tog(1 — g — 1)
k=1

< —log(1 — (e*" — 1)) = —log(2 — &*").
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For r:= flog(2 — ¥2) < logZ =logv/2 and ||z, ||y|| < r this leads to

|E(t)]| < —log(2 —e*") = log(%) = log(V2) = %log 2. (2.11)

Next we calculate F'(t) with the goal to obtain the BCDH formula as F(1) =
)+ fo F'(t) dt. For the derivative of the curve t — exp F(t) we get

(dexp) (F(t))F'(t) = % exp(F(t)) = % exp x exp ty
= (expxexpty)y = (exp F(t))y.

Using Proposition 2:4.2] we obtain

y = (expF(1)” (dexp)(F(t))F'(1)
1_efadF(t)
= Tadr@ [ O =2@dFO)FE) (2.12)

We claim that || ad(F(t))]| < log2. From |lab — ba|| < 2|al| ||b]| we derive
ladal|l < 2|la|| for a€ M,(K).
Therefore, by ,
lad P(8)]| < 20 F(1)] < 2log(v/2) = log2,
so that and lead to
F'(t) = ¥(exp(ad F(1)))y. (2.13)

Proposition 2.4.4. For ||z||,|ly|| < 1 log(2 — g) we have

1
log(expzexpy) =z + / \I/( exp(ad ) exp(t ad y))y dt,
0
with ¥ as in Lemma [2.4.3]
Proof. With (2.13), Lemma and the preceding remarks we get

F'(t) = \I/(exp(ad F(t))y
(Ad (exp F(t) ) \I/(Ad(expxexp ty))y
U (Ad(expz) Ad(expty))y = ¥ (exp(ad z) exp(ad ty))y.
(

Moreover, we have F(0) = log(expx) = x. By integration we therefore obtain

1
log(expzexpy) =« +/ U (exp(ad z) exp(tady))y dt. O
0
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Proposition 2.4.5. For z,y € M,(K) and ||z, [ly|| < 4 log(2 — g),

x*y = log(expxexpy)

= :L'“F

Z (—1)k (adz)Pr(ady)? ... (ad z)Pr (ad y) 2 (ad )™
Sy D+ +ae+1) pilaa!. . prlar!m!
p;+q;>0

Proof. We only have to rewrite the expression in Proposition

/ U (exp(ad z) exp(ad ty))y dt

Nk
/0 “(expadz) expladty) )" (o n) explad 1))y e

(k+1)

- / k (ad )Pt (ad ty)® ... (ad )P (ad ty)9*
k>0 kJrl pilg! ... prlg!
p;+aq; >0
> (-1)* (ad2)? (ady)® ... (ad 2)?* (ad y) (adx)my/l f+et e gy
k,m>0 (k + 1) pl'Q1' .. pk'qk'm' 0

p;+q;>0

exp(ad z)y dt

B Z (—=1)F(adz)Pr(ad y)@ ... (ad x)P* (ad y)9* (ad x)my.
o=y D@+ o+ Dpdlad . opelge!m!

pi+aq; >0

The power series in Proposition is called the Hausdorff Series. We observe
that it does not depend on n. For practical purposes it often suffices to know the first
terms of the Hausdorff Series:

Corollary 2.4.6. For z,y € M,(K) and ||z|, ||y|| < 3 log(2 — g),

1 1 1
vy =4y + 2l ool + ol ol +
Proof. One has to collect the summands in Proposition [2.:4.5] corresponding to
nmtat+...+prtagt+m<2 O

Product and Commutator Formula

We have seen in Proposition that the exponential image of a sum x + y can be
computed easily if z and y commute. In this case we also have for the commutator
[z,y] := 2y — yz = 0 the formula exp[z,y] = 1. The following proposition gives a
formula for exp(z + y) and exp[z,y] in the general case.

If g, h are elements of a group G, then (g, h) := ghg='h™?! is called their commu-
tator. On the other hand, we call for two matrices A, B € M,,(K) the expression

[A,B] := AB — BA

their commutator bracket.
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Proposition 2.4.7. For z,y € M, (K) the following assertions hold:
(i) (Trotter Product Formula) limy_, (e%ze%y)k = e* 1y,

2
(ii) (Commutator Formula) limy_, o (e%ze%ye*%“’e*%y)k = ™Y VT,

Proof. (i) From Corollary we obtain that limg_, o k - (% * %) =z +y. Applying
the exponential function, we obtain (i).
(ii) We consider the function

y(t) := tx x ty * (—tz) * (—ty),

which is defined and smooth on some interval [—¢,¢] C R, ¢ > 0. In view of

exp(z * y * (—)) = expaexpy exp(—z) = exp (Ad(expz)y) = exp(e™7y)
for x,y small enough (Lemma , we have
zxyx (—x) = ey, (2.14)
and therefore Taylor expansion with respect to t yields
Y(t) = ta x ty * (—tz) * (—ty) = e' 1%ty x (—ty)
= (ty+ 2oy + Sl mal] + ) ¢ (1)
=ty + %[z, y] — ty + [ty, —ty] + 2r(t) = [z, y] + 20(2),
where lim;_,o 7(t) = 0. We now have
10 =70 =0 amd T —ay
This leads to
Jim K (L) (L) = (— o) () = T — ey (25)
Applying exp leads to the Commutator Formula. O

Here is an alternative proof of product and commutator formula, not using the
complicated BCDH formula. It is based on the following elementary lemma.

Lemma 2.4.8. Lete > 0 and~y: [0,e] — GL,(K) be a continuous curve with y(0) = 1.
If v'(0) exists, then
1\7 ’
lim 7(,) =70,

n—00 n

If, in addition, v'(0) = 0, v is C*, and +"(0) ewists, then

. 1I\"* o
lim ’y(—) =e 2 .

n—00 n
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Proof. Since exp maps a neighborhood of 0 diffeomorphically onto a neighborhood of 1
and dexp(0) = id, we can, after possibly shrinking e, write v(t) = ¢’® with 8(0) =0
and 8'(0) = ~/(0). Then
im ()" = i R Ly O

lim y(=)" = lim ¢"7(=) — ¢7

n—o0 n n—o00
follows from B(1)n — /(0) and the continuity of exp.

If, in addition, 7/(0) = 0, v is C' and y := 4" (0) exists, then we put §(t) := v(v/1).

Then the Fundamental Theorem of Calculus implies that

NG t
5= [ mar= [ 5 sas

and since the continuous integrand converges to y/2 for s — 0, we obtain for its mean
value lim;_,0 6(t)/t = y/2. This shows that ¢’(0) = y/2 exists. From above we now
obtain

lim 7(3)”2 — lim 5(%)” — v/, 0

n—00 n n

Example 2.4.9. Applying the preceding lemma to the smooth curve y(t) := 1 + tx,
we obtain the well-known formula

lim (1+5) — "
n

n—oo
for the exponential function.

Proof. (of Proposition To obtain the product formula, we consider the smooth
curve (t) := e'®e'¥ with v(0) = 1 and 7/(0) = z + y (Product Rule). The assertion
now follows from Lemma 2.4.8

For the commutator formula, we consider the smooth curve (t) := et®e¥e e,

Then et””:1+tm+§az2+0(t3) leads to
£, 3 t? 4 3
'y(t):(1+ta:+5x +O(t ))(1+ty+§y + O(t%))
£, 3 5 3
-(l—terEx +O(t ))(1—ty+§y +0(t?%))
=14tlzd+y—z—y) +t2@* +y? +ay—2® —ay —yz —y® + 2y) + O(t3)
=1+ t*(xy — yx) + O(t%).

This implies that 4/(0) = 0 and 7”(0) = 2(xzy — yx). Therefore the Commutator
Formula follows from the second part of Lemma [2.4.§ O
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Chapter 3

Linear Lie Groups

We call a closed subgroup G C GL,,(K) a linear Lie group. In this section we shall use
the exponential function to assign to each linear Lie group G a vector space

L(G) :={z € M,(K): exp(Rx) C G},

called the Lie algebra of G. This subspace carries an additional algebraic structure
because, for z,y € L(G), the commutator [x,y] = zy — yz is contained in L(G), so
that [-, -] defines a skew-symmetric bilinear operation on L(G). As a first step, we shall
see how to calculate L(G) for concrete groups and to use it to generalize the polar
decomposition to a large class of linear Lie groups.

3.1 The Lie Algebra of a Linear Lie Group

We start with the introduction of the concept of a Lie algebra.

Definition 3.1.1. (a) Let k be a field and L a k-vector space. A bilinear map [, -]: Lx
L — L is called a Lie bracket if

(L1) [z,2] =0 for z € L and
(L2) [:E, [y,z]] = [[z,y],z] + [y, [I,Z]] for z,y,z € L (Jacobi identity)

A Lie algebra E| (over k) is a k-vector space L, endowed with a Lie bracket. A
subspace E C L of a Lie algebra is called a subalgebra if [E, E] C E. A homomorphism
p: L1 — Ly of Lie algebras is a linear map with ¢([z,y]) = [p(x), ¢(y)] for z,y € L;.
A Lie algebra is said to be abelian if [x,y] = 0 holds for all z,y € L.

The following lemma shows that each associative algebra also carries a natural Lie
algebra structure.

LCarl Gustav Jacob Jacobi (1804-1851), mathematician in Berlin and Konigsberg (Kaliningrad).
He found his famous identity about 1830 in the context of Poisson brackets, which are related to
Hamiltonian Mechanics and Symplectic Geometry.

2The notion of a Lie algebra was coined in the 1920s by Hermann Weyl.

41
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Lemma 3.1.2. Each associative algebra A is a Lie algebra Ajp with respect to the
commutator bracket
[a,b] := ab — ba.

Proof. (L1) is obvious. For (L2) we calculate
[a, bc] = abe — bea = (ab — ba)c + b(ac — ca) = [a, blc + bla, ],
and this implies
[a, [b, ] = [a, blc + bla, c] — [a, c]b — c[a, b] = [[a,b], ] + [b,][a, c]]
O

Definition 3.1.3. A closed subgroup G C GL,(K) is called a linear Lie group. For
each subgroup G C GL, (K) we define the set

L(G) == {z € M,,(K): exp(Rz) C G}

and observe that RL(G) C L(G) follows immediately from the definition.

We could also define this notion in more abstract terms by considering a finite-
dimensional K-vector space V and call a closed subgroup G C GL(V) a linear Lie
group. Then

L(G) = {z € End(V): exp(Rz) C G}.

In the following we shall use both pictures.

From Lemma we know that the associative algebra M, (K) is a Lie algebra
with respect to the matrix commutator [z,y] := xy — yz. We denote this Lie algebra
by gl,,(K) := M,,(K)r. We likewise write gl(V) := End(V), for a vector space V.

The next proposition assigns a Lie algebra to each linear Lie group.

Proposition 3.1.4. If G C GL(V) is a closed subgroup, then L(G) is a real Lie
subalgebra of gl(V') and we obtain a map

T

expg: L(G) = G, z—e€”.
We call L(G) the Lie algebra of G and

expg: L(G) - G, xw—e

the exponential function of G.
In particular,

L(GL(V))=gl(V) and L(GL,(K)) = gl,(K).

Proof. Let z,y € L(G). For k € N and ¢t € R we then have exp %x,exp %y € G and
with the Trotter Formula (Proposition [2.4.7), we get for all ¢ € R:

k
t t
exp(t(z+y)) = kllrr;o (exp % exp :) eG
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because G is closed. Therefore « 4+ y € L(G).
Similarly we use the Commutator Formula to get

k2
t t
ewile) = i (o0 Fowfor-Fen-1) <6

hence [z,y] € L(G). O

Lemma 3.1.5. Let G C GL,(K) be a subgroup. If Hom(R,G) denotes the set of all
continuous group homomorphisms (R,+) — G, then the map

I': L(G) > Hom(R,G), x> vz, 72(t) = exp(tz)
s a bijection.

Proof. For each x € L(G), the map =, is a continuous group homomorphism (The-
01“em7 and since z = v/,(0), the map I is injective. To see that it is surjective, let
v: R — G be a continuous group homomorphism  and

t: G = GL,(K) the natural embedding. Then ¢ov: R — GL,(K) is a continuous
group homomorphism, so that there exists an = € gl,, (K) with v(¢) = «(y(¢)) = €'* for
all t € R (Theorem [2.2.6). This implies that = € L(G), and therefore that v, =~. O

Remark 3.1.6. The preceding lemma implies in particular that for a linear Lie group
the set L(G) can also be defined in terms of the topological group structure on G as
L(G) := Hom(R, G), the set of continuous one-parameter groups. From the Trotter
Formula and the Commutator Formula we also know that the Lie algebra structure
on L£(G) can be defined intrinsically by

(AY)(t) == ~(\t),

3=

(1 +72)(t) = Tim (31(£)(L))
and N
Pual(®) = Jim ((Era(Dm (=) ™.

This shows that the Lie algebra L(G) does not depend on the special realization of G
as a group of matrices.

Example 3.1.7. We consider the homomorphism

®: K" = GLp1 (K), @ (é ”1”)
and observe that ® is an isomorphism of the topological group (K™, +) onto a linear
Lie group.
The continuous one-parameter groups v: R — K" are easily determined because
v(nt) = ny(t) for alln € Z, t € R, implies further v(¢q) = ¢y(1) for all ¢ € Q and hence,
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by continuity, v(t) = ty(1) for all ¢ € R. Since (K", +) is abelian, the Lie bracket on
the Lie algebra L(K™, +) vanishes, and we obtain

L(K", +) = (K",0) = L(®(K")) = { <8 ‘g) re K"}

(Exercise).

3.1.1 Functorial Properties of the Lie Algebra

So far we have assigned to each linear Lie group G its Lie algebra L(G). We shall
also see that this assignment can be extended to continuous homomorphisms between
linear Lie groups in the sense that we assign to each such homomorphism ¢: G; — G»
a homomorphism L(y): L(G1) — L(G2) of Lie algebras, and this assignment satisfies

L(idg) =idLg) and  L(p20¢1) = L(p2) o L(¢1)

for a composition o o 1 of two continuous homomorphisms ¢;: G; — G2 and
p2: Ga — (3. In the language of category theory, this means that L defines a functor
from the category of linear Lie groups (where the morphisms are the continuous group
homomorphisms) to the category of real Lie algebras.

Proposition 3.1.8. Let ¢: G; — G4 be a continuous group homomorphism of linear
Lie groups. Then the derivative

L(p)(x) =

= Jtl o p(expg, (tx))

exists for each x € L(G1) and defines a homomorphism of Lie algebras L(p): L(G1) —
L(Gg) with

€XPg, © L(p) =po €XPa, s (3-1)
i.e., the following diagram commutes

G1 4“ G2

TexpGl TexpGQ
L(Gl) L(p) L(Gg)

Furthermore, L(y) is the uniquely determined linear map satisfying (3.1)).

Proof. For x € L(G;1) we consider the homomorphism -, € Hom(R,G1) given by
vz (t) = €. According to Lemma we have

© 0 7:(t) = expg, (ty)

for some y € L(G2), because p ov,: R — G5 is a continuous group homomorphism.
Then clearly y = (¢ 07,)'(0) = L(p)x. For t = 1 we obtain in particular

expg, (L(w)z) = ¢(expg, (2),
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which is (3.1)).
For every linear map ¢: L(G1) — L(G2) with
expg, © Y = Yo expg,
satisfies
p o expg, (tz) = expg, (V(tz)) = expg, (tv(z)),

and therefore
L(p)x

Next we show that L(p) is a homomorphism of Lie algebras. From the definition
of L(p) we immediately get for x € L(G):

= il im0 ©Pc: (ty(x)) = Y(x).

expg, (s L(p)(tx)) = wlexpg, (stz)) = expg, (s L(p)(2)), st €R,

which leads to L(y)(tz) = t L(p)(z).
Since ¢ is continuous, the Trotter Formula implies that

expg, (L(p)(z + y)) = ¢(expg, (x +y))
k k
= lim ¢ ( expg, %x expg, %y) = lim (w( expg, %w) ¢ ( expg, %y))
k
= lim (expg, 1 L)) expe, 1 L))
= expg, (L(p)(2) + L(p)(y))

for all z,y € L(G1). Therefore L(p)(x +y) = L(p)(x) + L(¢)(y) because the same
formula holds with ¢tz and ty instead of z and y. Hence L(yp) is additive and therefore
linear.

We likewise obtain with the Commutator Formula

p(explz,y]) = exp[L(p)(z), L(v)(y)]

and thus L(¢)([z,y]) = [L(¢)(2), L(#)(y)]: =

Corollary 3.1.9. If o1 : G1 — G2 and ps: Go — G3 are continuous homomorphisms
of linear Lie groups, then

L(p2 0 p1) = L(p2) o L(¢1).
Moreover, L(idg) = idyq) -
Proof. We have the relations
p1oexpg, =expg, oL(p1) and @2 o0expg, = expg, o L(pa2),

which immediately lead to

(2 0p1) 0expg, = P2 0 expg, o L(p1) = expg, o(L(pz2) o L(p1)),
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and the uniqueness assertion of Proposition [3.1.8]implies that

L(p2 0 1) = L(p2) o L(s1).

Clearly idy,(g) is a linear map satisfying expg oidyg) = idg oexpg, so that the
uniqueness assertion of Proposition implies L(idg) = idg(q). O

Corollary 3.1.10. If ¢: G1 — G4 is an isomorphism of linear Lie groups, then L(p)
s an isomorphism of Lie algebras.

Proof. Since ¢ is an isomorphism of linear Lie groups, it is bijective and ¢ := ¢!

also is a continuous homomorphism. We then obtain with Corollary [3.1.9] the relations
idy,(¢,) = L(idg,) = L(¢ 0 9) = L(¢) o L(¢)) and likewise

idp(a,) = L(¥) o L(yp).
Hence L(yp) is an isomorphism with L(p)~! = L(1). O

Definition 3.1.11. If V is a vector space and G a group, then a homomorphism
p: G — GL(V) is called a representation of G on V. If g is a Lie algebra, then a
homomorphism of Lie algebras ¢: g — gl(V) is called a representation of g on V.

As a consequence of Proposition [3.1.8] we obtain

Corollary 3.1.12. If p: G — GL(V) is a continuous representation of the linear Lie
group G, then L(p): L(G) — gl(V) is a representation of the Lie algebra L(G).

The representation L(y) obtained in Corollary|3.1.12{from the group representation
o is called the derived representation. This is motivated by the fact that for each
z € L(G) we have

d

d
-2 tL(p)z _ &
L(p)x = i P e = 2l im0 p(exptx).

3.1.2 The Adjoint Representation

Let G C GL(V) be a linear Lie group and L(G) C gl(V) the corresponding Lie algebra.
For g € G we define the conjugation automorphism ¢, € Aut(G) by c¢,(z) := gzg™!.

Then

d d _
L(cy)(z) = pn cg(exptz) = Zileo glexptz)g 1

t=0

1

=4 (tgzg™) = g2g™
= il i exPltgzg™") = gug

(Proposition [2.2.1)), and therefore L(c,) = ¢4|r(q). We define the adjoint representa-
tion of G on L(G) by

Ad: G — Aut(L(G)), Ad(g)(x) := L(c,)r = gzg™ "
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(That this is a representation follows immediately from the explicit formula).

For each x € L(G), the map G — L(G), g — Ad(g)(z) = gzg~! is continuous and
each Ad(g) is an automorphism of the Lie algebra L(G). Therefore Ad is a continuous
homomorphism from the linear Lie group G to the linear Lie group Aut(L(G)) C
GL(L(G)). The derived representation

L(Ad): L(G) — gl(L(Q))

is a representation of L(G) on L(G). The following lemma gives a formula for this
representation. First we define for x € L(G):

ad(z): L(G) - L(G), adz(y):=[z,y] = zy — yx.
Lemma 3.1.13. L(Ad) = ad.
Proof. In view of Proposition this is an immediate consequence of the relation
Ad(expx) = €2* (Lemma [2.4.1)). O
Exercises for Section [3.1]

Exercise 3.1.1. (a) If (G;) e is a family of linear Lie groups in GL, (K), then their
intersection G := (1, ; G; also is a linear Lie group.
(b) If (G;)jes is a family of subgroups of GL,(K), then

L([)G5) = [ L(G)).

jeJ jeJ

Exercise 3.1.2. Let G := GL,(K) and V := P;(K") the space of homogeneous

polynomials of degree k in x1,...,z,, considered as functions K” — K. Show that:
(1) dimV = (7).

(2) We obtain a continuous representation p: G — GL(V) of Gon V by (p(g9) f)(z) :=
flg~ta).

(3) The elementary matrix E;; with Ej;je;, = 0;ie; satisfies
LO)(Ey) = 5
Exercise 3.1.3. If X € End(V) is nilpotent, then ad X € End(End(V)) is also nilpo-
tent.
Exercise 3.1.4. If X, Y € M, (K) are nilpotent, then the following are equivalent:
(1) expXexpY =expYexpX.
(2) [X,Y]=0.

Exercise 3.1.5. If (V,) is an associative algebra, then Aut(V,-) C Aut(V,[-,]).
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Exercise 3.1.6. Let V be a finite-dimensional vector space, F' C V' a subspace and
v :[0,7] = V a continuous curve with v([0,7]) C F. Then for all ¢ € [0,T):

t
I = / ~(r)dr € F.
0
Exercise 3.1.7. On each finite-dimensional Lie algebra g there exists a norm with
[z, 9l < llzllllyll  Vz,y €9,

i, || ada]| < [l2].

Exercise 3.1.8. Let g be a Lie algebra with a norm as in Exercise |3.1.7 Then for
llz]] + llyll < In2 the Hausdorff series

T*yY =+
Z (—1)* (adz)P(ady)? ... (ad z)P* (ad y)?* (ad )™
o k+D)(+..-+q+1) pilgi!. .. prlgr!m! 4
p;+q;>0

converges absolutely.

Exercise 3.1.9. Let V and W be vector spaces and ¢ : V xV — W a skew-symmetric
bilinear map. Then

[(v,w), (v, w")] := (0,q(v,v"))

is a Lie bracket on g :=V x W. For z,y,z € g we have [:v, [y, z]] =0.

Exercise 3.1.10. Let g be a Lie algebra with [x, ly, ZH =0 for x,y,z € g. Then

1
x*y:=x+y+§[%y]

defines a group structure on g. An example for such a Lie algebra is the three-
dimensional Heisenberg algebra

8= cxyy,z €K

o O O
o O R
o v

3.2 Calculating Lie Algebras of Linear Lie Groups

In this section we shall see various techniques to determine the Lie algebra of a linear
Lie group.

Example 3.2.1. The group G := SL,,(K) = det (1) = ker det laL, (k) is a linear Lie
group. To determine its Lie algebra, we first claim that

det(e®) = ™ (3.2)
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holds for « € M, (K). To verify this claim, we consider
det: M, (K) =2 (K")" - K

as a multilinear map, where each matrix = is considered as an n-tuple of its column
vectors 1, ..., x,. Then Exercise c¢) implies that

(ddet)(1)(x) = (ddet)(e1,...,en)(T1,. .., Zn)
= det(z1,€2,...,6n) + ... +det(er,...,en_1,Tn) =211 + ... + Tpp = Tra.

Now we consider the curve v: R — K* = GL; (K), t — det(e*®). Then 7 is a continuous
group homomorphism, hence of the form ~y(t) = e for a = 4/(0) (Theorem [2.2.6)). On
the other hand the Chain Rule implies

a=7'(0) = ddet(1)(dexp(0)(x)) = Tr(z),
and this implies . We conclude that
sl,(K) := L(SL,(K)) = {z € M, (K): (Vt € R) 1 = det(e'*) = ' "7}
={z € M,(K): Trz = 0}.

Lemma 3.2.2. Let V and W be finite-dimensional wvector spaces and
B:V xV — W a bilinear map. For (z,y) € End(V) x End(W) the following are
equivalent:

(1) eB(v,v") = B(e™v,e"v") for allt € R and all v,v' € V.

(2) yB(w,v") = B(xv,v") + B(v,zv") for all v, € V.

Proof. (1) = (2): Taking the derivative in ¢ = 0, the relation (1) leads to
yB(v,v") = B(zv,v") + B(v, zv"),

where we use the Product and the Chain Rule (Exercise [2.1.1{(c)).
(2) = (1): If (2) holds, then we obtain inductively

y".B(v,v") = Z <Z>ﬁ(mkv,xn_kv’).
k=0

For the exponential series this leads with the general Cauchy Product Formula (Exer-

cise to
e’B(v,0") = Z %yn (v,0") = Z %(Z (Z)B(xkux"_kv))

n=0 k=0

B
= i iﬁ <1xkv ! x”’%/)
- K77 (n—k)!

Since (2) also holds for the pair (tz,ty) for all ¢t € R, this completes the proof. O
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Proposition 3.2.3. Let V and W be finite-dimensional vector spaces and f: VXV —
W a bilinear map. For the group

Aut(V, B) = {g € GL(V): (Yo,v" € V) B(gv,gv") = B(v,v")},
we then have
aut(V, 8) := L(Aut(V, 3)) = {z € gl(V): (Vu,v" € V) B(zv,v") + B(v,zv") = 0}.

Proof. We only have to observe that X € L(Aut(V, 3)) is equivalent to the pair (X, 0)
satisfying condition (1) in Lemma O

Example 3.2.4. (a) Let B € M, (K), 8(v,w) = v Bw, and
G :={g € GL,(K): g' Bg = B} = Aut(K", 3).
Then Proposition implies that

L(G) = {z € gl,(K): (Yv,v" € V) B(zv,v") + B(v,zv") = 0}
={z € gl,(K): (Vo,o' € V)v'2"Bv +v" Bxv' =0}
={zecgl,(K): 2" B+ Bz =0}.

In particular, we obtain
0, (K) := L(0,(K)) = {z € gl,,(K): 2T = —z} =: Skew,,(K),

0p,¢(K) :=L(0p4(K)) = {z € 9[p+q(K): xTIp,q + Ip v = 0},

and
sympo,, (K) := L(Spy, (K)) := {z € gl,,(K): 2" B + Bz = 0},
0o -1,
where B = 1, 0

(b) Applying Proposition with V' = C™ and W = C, considered as real vector
spaces, we also obtain for a hermitian form §: C" x C" — C, (z,w) = w*I, 42:

Up,q(C) :=L(U,4(C))
={zegl,(C): Vz,w e C")w"l, yxz + w*z"I, ;2 = 0}
={zegl,(C): I, gz + a1, ;, =0}.

In particular, we get
u,(C) :=L(U,(C)) = {z € gl,(C): ¥ = —a} =: Aherm,(C).
Example 3.2.5. Let g be a finite-dimensional K-Lie algebra and

Aut(g) := {g € GL(9): (Vz,y € g) g[z,y] = [97, gy]}.
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To calculate the Lie algebra of GG, we use Lemma with V =W = g and f(z,y) =
[z,y]. Then we see that D € aut(g) := L(Aut(g)) is equivalent to (D, D) satisfying
the conditions in Lemma, and this leads to

aut(g) = L(Aut(g)) = {D € gl(g): (Vz,y € g) D([z,y]) = [D(2),y] + [z, D(y)]}

The elements of this Lie algebra are called derivations of g, and aut(g) is also denoted
der(g). Note that the condition on an endomorphism of g to be a derivation resembles
the Leibniz Rule (Product Rule).

Remark 3.2.6. We call a linear Lie group G C GL,(C) a complez linear Lie group
if L(G) C gl,,(C) is a complex subspace, i.e., i L(G) C L(G). Since Proposition
only ensures that L(G) is a real subspace, this definition makes sense.

For example U, (C) is not a complex linear Lie group because

iuy, (C) = Herm,, (C) € u,,(C).
On the other hand O,,(C) is a complex linear Lie group because
0,(C) = Skew,,(C)

is a complex subspace of gl,,(C).

Exercises for Section [3.2]

Exercise 3.2.1. (a) Ad : GL,(K) — Aut (g, (K)) is a group homomorphism.
(b) For each Lie algebra g, the operators ad z(y) := [z, y] are derivations and the
map ad: g — gl(g) is a homomorphism of Lie algebras.

Exercise 3.2.2. Show that the following groups are linear Lie groups and determine
their Lie algebras.

(1) N :={g € GLy(R): (Vi > j) g;; = 0,9: = 1}.
(2) B:={g € GL.(R): (Vi > j) g;; = 0}.

(3) D:={g e GL,(R): (Vi # j) Gij = 0}.
Note that B = N x D is a semidirect product.

(4) A a finite-dimensional associative algebra and
G := Aut(A) := {g € GL(A): (Va,b € A) g(ab) = g(a)g(b)}.
Exercise 3.2.3. Realize the two groups Mot,, (R) and Aff, (R) as linear Lie groups in
GL,+1(R).
(1) Determine their Lie algebras mot, (R) and aff, (R).

(2) Calculate the exponential function exp: aff,,(R) — Aff,(R) in terms of the ex-
ponential function of M, (R).
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Exercise 3.2.4. Let V be a finite-dimensional K-vector space and W C V' a subspace.
Show that
GL(V)w :={g € GL(V): gW =W}

is a closed subgroup of GL(V') with
L(GLV)w) =gl(V)w :={X € gl(V): X W C W}.
Exercise 3.2.5. Show that for n = p + ¢ we have
0,,4(K) N0, (K) = O0,(K) x O4(K).

3.3 Polar Decomposition of Certain Algebraic Lie
Groups

In this subsection we show that the polar decomposition of GL,(R) can be used to
obtain polar decompositions of many subgroups.

Let G C GL,(K) be a linear Lie group. If ¢ = ue® € G (u unitary and x hermitian)
implies that u € G and e* € G, then g* = e*u~! € G. Therefore a necessary condition
for G to be adapted to the polar decomposition of GL,,(K) is that G is invariant under
the map g — g¢*. So we assume that this condition is satisfied. For x € L(G), we
then obtain from (e**)* = e**" that 2* € L(G). Hence each element = € L(G) can be
written as

1 1
x = §(x —z")+ §(x + "),

where both summands are in L(G). This implies that
L(G)=t®p, where ¢t:=L(G)Nu,(¢), p:=L(G)NHerm,(K).

We also need a condition which ensures that e € G, z € Herm,(K), implies
z € L(G).

Definition 3.3.1. We call a subgroup G' C GL,,(R) algebraic if there exists a family
(p;)je of real polynomials

pi(®) = pj(T11,T12, -, Tnn) € R[T11, .. T
in the entries of the matrix z € M, (R) such that
G ={z € GL,(R): (Vj € J) p,(xz) = 0}.

Lemma 3.3.2. Let G C GL,(R) be an algebraic subgroup, y € M, (R) diagonalizable
and €V € G. Theny € L(G), i.e., &Y C G.

Proof. Suppose that A € GL,(R) is such that AyA~! is a diagonal matrix. Then
p;j(z) = pj(A~tzA), j € J, is also a set of polynomials in the entries of z and e¥ € G
is equivalent to

AT = AeYAT € G = AGA™! = {g € GL,(R): (V§) p;(g) = 0}.
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Therefore we may assume that y = diag(yi1,...,yn) is a diagonal matrix. Now the
polynomial ¢;(t) := p;j(e'?) has the form

q;(t) = Z akl,,,,,kn(etyl)kl AL

(k17~~<7kn)eN8

_ t(k +.otEknyn
= E aklv'”vkne( 1 un)

(Koo kon ) ENE

(a finite sum). Therefore it can be written as ¢;(t) = > ,o; Ae®, with
by > ... > by, where each b, is a sum of the entries y; of y. If g; does not van-
ish identically on R, then we may assume that Ay # 0. This leads to

lim 6_tb1qj'(t) =X\ #0,

t—o00

which contradicts ¢;(Z) = {0}, which in turn follows from e?¥ C G. Therefore each
polynomial ¢; vanishes identically, and hence e®¥ C G. O

Proposition 3.3.3. [Polar decomposition for real algebraic groups] Let G C GL,(R)
be an algebraic subgroup with G = G'. We define K := G N O,(R) and p := L(G) N
Sym,,(R). Then the map

p: Kxp—>G, (kzx)— ke®
s a homeomorphism.

Proof. Let g € G and write it as g = ue® with u € O, (R) and z € Sym,,(R) (Proposi-
tion and the polar decomposition). Then

62w:ng€G,

where x € Sym,, (R) is diagonalizable. Therefore Lemmaimplies that e®* C G, so
that z € p. Hence u = ge=* € GNO,(R) = K. We conclude that ¢ is a surjective map.
Furthermore Proposition on the polar decomposition of GL,(R) implies that ¢
is injective, hence bijective. The continuity of ¢! also follows from the continuity of
the inversion in GL,(R) (cf. Proposition [[.1.5). O

Example 3.3.4. Proposition applies to the following groups:
(a) G = SL,(R) is p~1(0) for the polynomial p(z) = detx — 1, and we obtain

SL,(R) = Kexpp =2 K x p

with
K =80,(R) and p={zeSym,(R): Trz=0}.

For SLy(R), we obtain in particular a homeomorphism

SLy(R) = SO5(R) x R* = §* x R2.
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(b) G = Op4 := O, 4(R) is defined by the condition g I, ,9 = I, 4. These are n?
polynomial equations, one for each entry of the matrix. Moreover, g € O, 4 implies

Lg=12=(9"1q9) ' =g "qlg")"

and hence gI,, ,9" = I, 4, i.e., g' € O, 4. Therefore O;q = O, 4, and all the assump-
tions of Proposition [3.3.3| are satisfied. In this case,

K =0,,n0, =0,x0y,
(Exercise [3.2.5)) and topologically we obtain
Op,q = Op x Og X(0p,q N Sym,, (R)).

In particular, we see that for p, ¢ > 0 the group O, 4 has four arc-components because
O, and O, have two arc-components (Proposition .

For the subgroup SO, , we have one additional polynomial equation, so that it is
also algebraic. Here we have

Kg:=KNSO,, 2 {(a,b) € 0, x Oy: det(a)det(b) =1}
= (S0, x S04 )U(Op,— x Oy ),

so that SO, , has two arc-components if p,q > 0 (cf. the discussion of the Lorentz
group in Example .

(c) We can also apply Proposition [3.3.3]to the subgroup GL,(C) € GL2,(R) which
is defined by the condition gI = Ig, where I: R?® — R?" corresponds to the compo-
nentwise multiplication with i on C". These are 4n? = (2n)? polynomial equations
defining GL,,(C). In this case we obtain a new proof of the polar decomposition of
GL,,(C) because

K = GLy(C) N Oz, (R) = Uy (C)

and
p = gl,,(C) N Syms,,, (R) = Herm,,(C).

Example 3.3.5. Let X € Sym,,(R) be a nonzero symmetric matrix and consider the
subgroup G := exp(ZX) C GL,(R). Since exp X is symmetric, we then have GT = G.
Moreover, if A1 < ... < \; are the eigenvalues of X, then

lexp(nX) — 1| = max(|e"* — 1|, [e"* — 1]) > max(|e* — 1], [e* — 1)

implies that G is a discrete subset of GL,,(IR), hence a closed subgroup, and therefore
a linear Lie group. On the other hand, the fact that G is discrete implies that L(G) =
{0}. This example shows that the assumption that G is algebraic is indispensable for
Proposition [3.3.3] because

GNO.(R)={1} and L(G)NSym,(R) = {0}.
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Exercises for Section [3.3

Exercise 3.3.1. Show that the groups O,(C), SO,(C) and Sp,, (R) have polar de-
compositions and describe their intersections with Og, (R).

Exercise 3.3.2. Let B € Herm, (K) with B> = 1 and consider the automorphism
7(9) = Bg~ " B7! of GL,(K). Show that:

(1) Aut(C", B) = {g € GL,(K): 7(g) = g}

(2) Aut(C", B) is adapted to the polar decomposition by showing that if g = ue® is
the polar decomposition of g, then 7(g) = g is equivalent to 7(u) = u and 7(z) = .
(3) Aut(C™, B) is adapted to the polar decomposition by using that it is an algebraic
group.

3.4 Linear Lie groups as submanifolds

The goal of this section is the following theorem.
’ The Identity Neighborhood Theorem ‘

Theorem 3.4.1. Let G C GL,(K) be a closed subgroup. Then there exists an open 0-
neighborhood V. C L(G) such thatexp |y : V — W :=exp(V) C G is a homeomorphism
onto an open subset of G.

Proof. First we use Proposition to find an open 0-neighborhood V, C gl (K)
such that
expy, : =exply,: V, = W, :=exp(V,)

is a diffeomorphism between open sets. In the following we write logy, := (expvo)_1
for the inverse function. Then the following assertions hold:
e V,NL(G) is a 0-neighborhood in L(G).
e W, NG is a 1-neighborhood in G.
e exp(V,NL(G)) CW,NG
® exp |y, nL(q) is injective.
If G is not closed, then it need not be true that
exp(VL, NL(G)) =W,NG

because it might be the case that W, N G is much larger than exp(V, N L(G)) (see
“the dense wind” discussed below (cf. Lemma [3.4.8]). We do not even know whether
exp(V,NL(G)) is open in G. Before we can complete the proof, we need three lemmas.

Lemma 3.4.2. Let (gi)ren be a sequence in GNW, with g, # 1 for all k € N and
gr — 1. We put yi := logy, gr. Then every cluster point of the sequence

{”z—:H:keN}

is contained in L(G).
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Proof. Let x be such a cluster point. By replacing the original sequence by a subse-
quence, we may assume that
op = 2 e gl (K)
[yl

t
Myl

and note that this implies ||| = 1. Let ¢t € R and put py, := . Then tz; = prys,

yr — logy, 1 =0,
exptr = lim exp(txg) = lim exp(pryk),
k— o0 k—o0

and
exp(pryr) = exp(ye) ™ exp ((pe — [pr])ui)

where [pg] = max{l € Z: | < py} is the Gauf§ function. We therefore have

(P& — [Px])yell < llykll — 0

and eventually
exptr = lim (exp yk)[Pk] = lim g][cpk] €aq,
k—o0 k—o0

because G is closed. This implies z € L(G). O

Lemma 3.4.3. Let E C gl,,(K) be a real vector subspace complementing the real
subspace L(G). Then there exists a 0-neighborhood Ug C E with

GnN exp UE = {1}

Proof. We argue by contradiction. If a neighborhood Ug with the required properties
does not exist, then we find for each k € N an element 0 # y;, € E with |jyx| < ¢ and
gr ‘= expyx € G. Note that y, — 0 implies that g, — 1. Now let € E be a cluster
point of the sequence m which lies in the compact set Sg := {z € E: ||z|| = 1},

so that at least one cluster point exists. According to Lemma [3.4.2] we have z €
L(G)NE = {0} because Lemma applies since g € GNW, holds for k sufficiently
large. We arrive at a contradiction to ||z|| = 1. This proves the lemma. O

Lemma 3.4.4. Let V1,V, C gl,(K) be vector subspaces with Vi @ Vo = gl,,(K). Then
the map
O: V) x Vo = GL,(K), (z1,22) — (expx1)(exp z2)

restricts to a diffeomorphism of a neighborhood of (0,0) to an open 1-neighborhood in
GL, (K).

Proof. Let u: M, (K) x M, (K) — M, (K) be the multiplication map
(Il, .Z‘Q) = T1X2.
This map is bilinear, so that its derivative is given by

d/,(,(xl,l‘g)(hl, hr) = hixo + x1hs.
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In particular we have
d./ut(].7 1)(h1, hz) = hy + hs.

Now the Chain Rule and dexp(0) = id lead to

d®(0,0)(h1, ha) = du(1,1)(dexp(0)h1,dexp(0)h2)
= dp(1,1)(h1, h2) = h1 + ha.

Since this map is bijective, the Inverse Function Theorem implies that ® restricts to a
diffeomorphism of a 0-neighborhood in V; x V4 onto a 1-neighborhood in GL,,(K). O

Now we are ready to complete the proof of Theorem We choose F as above,
a vector space complement to L(G), and define

®: L(G) x E — GL,(K), (x,y) — expzexpy.

According to Lemma there exist open 0-neighborhoods Ug C E and U, C L(G)
such that
Ply,xvg: Up x Ug — exp(U,) exp(U

is a diffeomorphism onto an open 1-neighborhood in GL, (K
Lemma u we may choose Ug so small that exp(Ug) NG

Since exp(U, ) C @, the condition g = expzexpy € G N (ex
expy = (expx)~lg € GNexpUg = {1}. Therefore

)

). Moreover, in view of
={1}.
p(Us) exp(Ug)) implies

exp(U,) = G N (exp(Us) exp(Ug))

is an open 1-neighborhood in G. This completes the proof of Theorem [3.4.1] O

Linear Lie groups as submanifolds

The Identity Neighborhood Theorem has important consequences for the structure of
linear Lie groups. One of them is that they are submanifolds of the real vector space
M, (K) = K™,

Definition 3.4.5. Let V be a finite-dimensional real vector space. A subset M C V is
called a k-dimensional submanifold if for each x € M there exists an open neighborhood
U, of z in V, a k-dimensional subspace F' C V and a diffeomorphism ¢: U, — W
onto an open neighborhood W of 0 in V such that

(U, NM)=WnNF.

Geometrically this means that a piece of M (such as U, N M) looks like a piece of
a vector subspace F of V' (such as W N F). In this sense ¢ “straightens” the curved
structure of M.

Proposition 3.4.6. Every closed subgroup G of GL,(K) is a submanifold of M, (K)
of dimension dimg L(G).
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Proof. We recall the diffeomorphism
®: U, x Ug — exp(U,) exp(Ug)

from the proof of Theorem[3.4.1] where U, C L(G) and Ug C E are open 0-neighborhoods
and M, (K) = L(G) ® E. We also recall that

®(U, x Ug) NG = exp(U,) = d(U, x {0}).

For g € G we write A\y: GL,(K) — GL, (K) for the left multiplication Ay4(h) = gh
and observe that A, is a linear automorphism of M, (K). Therefore U, := A\,(im(®)) =
¢gim(®) is an open neighborhood of g in M, (K). Moreover, the map

0g: Uy = LG) B E = M,(K), z+ & (g ')
is a diffeomorphism onto the open subset U, x Ug of M, (K), and we have

@g(Ug NG) = ‘Pg(g im(q)) N G) = gog(g(im(q)) NnG))
= pg(gexp(Us)) = U, x {0} = (U, x Ug) N (L(G) x {0}).

Therefore the family (¢4, Ug)gec satisfies the assumptions of Definition so that
G is a submanifold of M, (K) of dimension dimg L(G). O

Remark 3.4.7. (a) Every submanifold M of a vector space V is locally closed in the
sense that for each x € M there exists a neighborhood U of x in V for which U N M
is closed in U.

(b) We shall see later that each locally closed subgroup H of a topological group G
is closed. Therefore each subgroup G C GL,(K) which is a submanifold of M, (K) is
automatically closed, hence a linear Lie group. This means that the linear Lie groups
are precisely those subgroups of GL,,(K) which are submanifolds of GL,, (K).

(¢c) For each submanifold M C V and each x € M we define the geometric tangent
space T, (M) C V as the set of all v € V for which there exists a differentiable curve
v:]—¢€€e[— M CV with v(0) = 2 and 7/(0) = v. In terms of Definition[3.4.5 it is not
hard to see that T,(M) = dp(x) 1 (E). In particular T, M is a k-dimensional vector
subspace of V.

(d) If G is a linear Lie group, then

In fact, y(t) := exptx C G for € g, t € R imply that z = +/(0) € T1(G) and
hence L(G) C T1(G). Since the spaces L(G) and T1(G) have the same dimension
(Proposition both are equal.

The dense wind

In this short subsection we discuss an important example of a subgroup of the 2-torus
T2 which is not closed. It is the simplest example of a non-closed, arcwise connected
subgroup.
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Let

a={() L) rembem{( L)ineer),

where T? is the two-dimensional torus. We endow T? with the subspace topology
inherited from M (C).

Lemma 3.4.8. A is a dense subgroup of the 2-torus T2.

Proof. We consider the map

2mair
O:R2 T2 (rs) — (e 0 6221-3)

which is a surjective continuous group homomorphism with kernel Z2. For L :=
R(v/2,1) and V = R(1,0) we have R? = V @ L. In view of

A=®(L)=d(L+7%,

it suffices to show that L+Z?2 is dense in R?. From the direct decomposition R? = V@& L
and L C L + 72 we derive

L+7Z*=L+(L+Z*nNV),
and if p: R? — V denote the projection map with kernel L, then
(L+Z*) NV =p(L+ 7% = p(Z?).

It therefore suffices to show that p(Z?) is dense in V. From p(1,0) = (1,0) and
p(0,1) = p((0,1) — (v/2,1)) = —(v/2,0) we obtain p(Z?) = Z + \/2Z, so that the
density of p(Z?) is a consequence of Lemma [3.4.10| below. O

Example 3.4.9. We consider the topological group G = (R, +). Suppose that {0} #
I' C R is a subgroup. Then two cases occur:

Case 1: inf(R; NT') = 0, i.e., there exists a sequence 0 < z,, € I' with z,, — 0.
Then Zx,, C T holds for each n. For each open interval Ja,b[C R and z, < b — a we
then obtain

0 # Zx,Na, b[C I'N]a, b,

so that I is dense, i.e., I = R.

Case 2: d := inf(Ry NT) > 0. Then | — d,d[NI" = {0} implies that I is discrete
and therefore closed. If d ¢ T', then there exists a d’ €]d, 2d["T" and likewise a d” €
Jd,d'[NI. Then 0 < d’ — d” < d contradicts the definition of d. This implies that
d € T', and hence that Zd C I". To see that we actually have equality, let v € T" and
k := max{n € Z: nd < ~}. Then y—nd € [0,d[NI' = {0} implies v = nd. We conclude
that I' = Zd is a cyclic group.

In particular, we have shown that all non-trivial closed subgroups of R are cyclic
and isomorphic to Z.
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Lemma 3.4.10. Let 6§ € R. Then Z + 7.0 is dense in R if and only if 0 is irrational.

Proof. Suppose first that Z+7Z6 is not dense in R. Then it is discrete by Example|3.4.9
hence of the form Zzx, for some x, > 0. Then there exist k,m € Z with

1=kx, and 6=mx,.

We then obtain 6 = 2t € Q. If, conversely, § = % € Q, then Z +Zf C +Z is not dense
in R. O



Chapter 4

Smooth Manifolds

Contrary to submanifolds of some vector space, a differentiable manifold is described
without specifying any surrounding space. In spite of the fact that one can show that
each finite dimensional smooth manifold can be realized as a closed submanifold of
some R™ (Whitney’s Embedding Theorem), these embeddings are not canonical, and
it is therefore much more natural to think of differentiable manifolds as spaces for
which no embedding is specified. The concept of a differentiable manifold permits us
to define a Lie group as a differentiable manifold for which the group operations are
smooth maps. We shall verify below that this approach is compatible with what we
have learned previously on linear Lie groups.

4.1 Manifolds and Smooth Maps

Before we turn to the concept of a smooth manifold, we recall the concept of a Hausdorff
space. We assume, however, some familiarity with basic topological constructions and
concepts, such as the quotient topology. A topological space (X, 7) is called a Hausdor(f
space if for two different points x,y € X there exist disjoint open subsets O, O, with
x € Oy and y € Oy. Recall that each metric space (X, d) is Hausdorff.

Definition 4.1.1. Let M be a topological space.

(a) A pair (,U), consisting of an open subset U C M and a homeomorphism
p: U — o(U) CR" of U onto an open subset of R™ is called an n-dimensional chart
of M.

(b) Two n-dimensional charts (¢, U) and (1, V) of M are said to be C*-compatible
(ke NU{oc0}) if UNV = or the map

’(/) o (;0_1|Lp(UﬁV) : gO(U n V) — ’(/J(U N V)
is a C*-diffeomorphism. Since ¢: U — (U) is a homeomorphism onto an open subset
of R, (U NV) is an open subset of ¢(U) and hence of R™.

(c) An n-dimensional C*-atlas of M is a family A := (¢;, U;)ser of n-dimensional
charts of M with the following properties:

61
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(A1) U, Ui = M, ice., (Ui)icr is an open covering of M.

(A2) All charts (p;,U;), i € I, are pairwise C*-compatible. For U;; := U; N Uj, this
means that all maps

ji =9 097wyt ¢iUig) = #5(Uss)
are C*-maps because goj_il = pij.

(d) A chart (¢,U) is called compatible with a C*-atlas (p;,U;)ier if it is CF-
compatible with all charts of the atlas A. A C*-atlas A is called mazimal if it contains
all charts compatible with it. A maximal C*-atlas is also called a C*-differentiable
structure on M. For k = oo we also call it a smooth structure.

Remark 4.1.2. (a) In Definition b) we required that the map
o 8071|<p(UmV) ce(UNV)=ypUnV)

is a C*-diffeomorphism. Since ¢ and 1 are homeomorphisms, this map always is a
homeomorphism between open subsets of R™. The differentiability is an additional
requirement.

(b) For M = R the maps (M, ) and (M,v) with ¢(z) = x and (x) = 2 are
1-dimensional charts. These charts are not C''-compatible: the map

Ppop LR R, z+—2a°

is smooth, but not a diffeomorphism, since its inverse o1 ~! is not differentiable.

(c) Every atlas A is contained in a unique maximal atlas: We simply add all
charts compatible with A4, and thus obtain a maximal atlas. This atlas is unique
(Exercise .

(d) A given topological space M may carry different differentiable structures. Ex-
amples are the exotic differentiable structures on R* (the only R™ carrying exotic
differentiable structures) and the 7-sphere S7.

Definition 4.1.3. An n-dimensional C*-manifold is a pair (M, .A) of a Hausdorff
space M and a maximal n-dimensional C*-atlas A for M. For k = oo we call it a
smooth manifold.

To specify a manifold structure, it suffices to specify a C*-atlas A because this
atlas is contained in a unique maximal one (Exercise . In the following we shall
never describe a maximal atlas. We shall always try to keep the number of charts as
small as possible. For simplicity, we always assume in the following that & = co.

Example 4.1.4. [Open subsets of R"] Let U C R™ be an open subset. Then U is a
Hausdorff space with respect to the induced topology. The inclusion map ¢: U — R"”
defines a chart (p,U) which already defines a smooth atlas of U, turning U into an
n-dimensional smooth manifold.
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Example 4.1.5. [The n-dimensional sphere] We consider the unit sphere
S" = {(wo,...,zn) ER" g2 4+ 2+ ...+ 22 =1}

in R", endowed with the subspace topology, turning it into a compact space.
(a) To specify a smooth manifold structure on S™, we consider the open subsets

Ui ={xeS":ex; >0}, i=0,...,n, ee€{£l}.
These 2(n + 1) subsets form a covering of S™. We have homeomorphisms
©;:US - B:={x eR": |z]2 < 1}
onto the open unit ball in R™, given by
i (x) = (s X1y v oy Tie1, Tt 1y -+, Ty)

and with continuous inverse map

(y17"'7yn)’_> (yla"'ayiag\/ 1- ||y||%7yi+la"'7yn)-

This leads to charts (¢35, Uf) of S™.
It is easy to see that these charts are pairwise compatible. ~ We have
5o (¢f )"t =idp, and for i < j, we have

Sﬁf © (905 )71(y) = (yla e YisYit2, .- ayj7€/ \/ 1- ||yH§7yj+1a v 7yn)a

which is a smooth map
@5 (Ui NUF ) = @i (U NUY).

(b) There is another atlas of S™ consisting only of two charts, where the maps are
slightly more complicated.

We call the unit vector e := (1,0,...,0) the north pole of the sphere and —eq the
south pole. We then have the corresponding stereographic projection maps

(T U+ = Sn\{eo}_}R"’ (yan) = Y

1—yo

and
1

_:U_ :=S"\{—eg} = R, ,Y) —
® \ {—eo} (y0,y) Tt

Y.

Both maps are bijective with inverse maps

1 Jolf =1 2
p2i@) = (+ , )
lelF+1" T+ I3

(Exercise [4.1.4]). This implies that (¢4, Uy) and (¢—,U_) are charts of S*. That both
are smoothly compatible, hence a smooth atlas, follows from

(p1 0 p=N)(@) = (p— 0 p31)(x) = ﬁ z € R™\ {0},

which is the inversion at the unit sphere.
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Example 4.1.6. [Submanifolds of R"] We claim that a d-dimensional submanifold
M C R"™ carries a natural d-dimensional manifold structure when endowed with the
topology inherited from R™, which obviously turns it into a Hausdorff space.

In fact, for each submanifold chart (p,U) (cf. Definition with p(UNM) =
(R x {0}) N ¢(U), we obtain a d-dimensional chart

(elunnm, UN M),

where we have identified R? with R? x {0}. For two such charts coming from (¢, U)
and (¢, V), we have

Yoo Hownvam = (@lvanm) o (elunm) " ewavam,

which is a smooth map onto an open subset of R?. We thus obtain a smooth atlas
of M.

Example 4.1.7. Let E be an n-dimensional real vector space. We know from Linear
Algebra that E is isomorphic to R™, and that for each ordered basis B := (by,...,b,)
for E, the linear map

n
vop: R" - FE, :z::(:rl,...,xn)Hijbj
j=1

is a linear isomorphism. Using such a linear isomorphism g, we define a topology
on F in such a way that ¢p is a homeomorphism, i.e., O C FE is open if and only if
¢35 (0) is open in R".

For any other choice of a basis C' = (c1,...,¢p) in E we recall from linear algebra
that m = n and that the map

walowB:R"%R"

is a linear isomorphism, hence a homeomorphism. This implies that for a subset O C E
the condition that ¢z'(0) is open is equivalent to g '(O)
= @El o @R o @El (O) being open. We conclude that the topology introduced on
FE by ¢p does not depend on the choice of a basis.

We thus obtain on E a natural topology for which it is homeomorphic to R™, hence
in particular a Hausdorff space. From each coordinate map kg := gpgl we obtain a
chart (kp, F) which already defines an atlas of E. We thus obtain on F the structure
of an n-dimensional smooth manifold. That all these charts are compatible follows
from the smoothness of the linear maps ¢ o /@Bl = @El opp: R — R™.

New Manifolds from Old Ones

Definition 4.1.8. [Open subsets are manifolds] Let M be a smooth manifold and
N C M an open subset. Then N carries a natural smooth manifold structure.

Let A = (p;,U;)ier be an atlas of M. Then V; := U; N N and v; := ¢;|y; define a
smooth atlas B := (¢, V;)ier of N (Exercise).
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Definition 4.1.9. [Products of manifolds] Let M and N be smooth manifolds of
dimensions d, resp., k and

M xN={(m,n):meMnecN}

the product set, which we endow with the product topology.

We show that M x N carries a natural structure of a smooth
(d+k)-dimensional manifold. Let A = (¢;, U;)icr be an atlas of M and B = (¢, V;) e
an atlas of N. Then the product sets W;; := U; x V; are open in M x N and the maps

Yig =i Xy Uy x V; 5 REXRF = RYE (2,4) = (0i(2), 95 (y))
are homeomorphisms onto open subsets of R¥*. On ~,;/(W;; N1 W;rj) we have

Vi 0 Yirg = (@i 0 i t) X (W5 03 h),

which is a smooth map. Therefore (;;, Wij) i j)erx. is a smooth atlas on M x N.

Smooth maps

Definition 4.1.10. (a) Let M and N be differentiable manifolds. We call a continuous
map f: M — N smooth in p € M if, for some chart (¢, U) of M with p € U and some
chart (v, V) of N with f(p) € V, the map

Yo forlip(fTHV)) = w(V), e() = o(f(2)) (4.1)

between open subsets of a vector space is smooth in a neighborhood of ¢(p). Note that
the assumption that f is continuous implies that f~1(U) is open in M, so that the set
P(f~1(U)) is open. We call a continuous map f: M — N smooth if it is smooth in
each point of M. We write C*°(M, N) for the set of smooth maps f: M — N.

(b) A smooth map f: M — N is called a smooth isomorphism or a diffeomorphism
if there exists a smooth map g: N — M with go f =idy; and f o g =idy. We write
Diff (M, N) for the set of diffecomorphisms of M to N and Diff (M) := Diff (M, M).

Remark 4.1.11. (a) If f: M — N and g: N — @ are continuous maps and p € M
is such that f is smooth in p and g is smooth in f(p), then the composition g o f is
smooth in p. In fact, for charts (p,U), (¢, V), resp., (n,W) of M, N, resp., Q, we
have
no(goflop ™t =(nogoy™t)o(dofop™t),

on its natural domain, which contains a neighborhood of (p).

(b) From (a) it follows in particular that, if f: M — N is smooth in p and (&, U)
is any chart of M with p € U, then, for any chart (QZ, XN/) of N with f(p) € V, the map

Do fod ™l G(fTHV)) = (V)

is smooth.
(c) The map f: R — R,z +— 2? is smooth and invertible, but it is not a smooth
isomorphism because f~'(x) = z/3 is not differentiable in 0.
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Remark 4.1.12. (a) If I C R is an open interval, then a smooth map
v: I — M is called a smooth curve.

For a not necessarily open interval I C R, a map v: I — R" is called smooth if
all derivatives 4(*) exist in all points of I and define continuous functions I — R™.
Based on this generalization of smoothness for curves, a curve v: I — M is said to be
smooth, if for each chart (p,U) of M the curves

povy:y 1(U) = R"

are smooth.

A curve 7v: [a,b] — M is called piecewise smooth if 7 is continuous and there
exists a subdivision g = a < 21 < ...,< xy = b such that ’y\[%ml] is smooth for
1=0,...N —1.

(b) Smoothness of maps f: M — R™ can be checked more easily. Since the identity
is a chart of R™, the smoothness condition simply means that for each chart (¢, U) of
M the map

foe ™ io(f~H(V)NU) - R"

is smooth.
(¢) If U is an open subset of R™, then a map f: U — M to a smooth m-dimensional
manifold M is smooth if and only if for each chart (¢, V) of M the map

pof: fTHV)—>R"

is smooth.

(d) Any chart (¢, U) of a smooth n-dimensional manifold M defines a diffeomor-
phism U — ¢(U) C R”, when U is endowed with the canonical manifold structure as
an open subset of M.

In fact, by definition, we may use (¢, U) as an atlas of U. Then the smoothness of ¢
is equivalent to the smoothness of the map pop™! = id (1), which is trivial. Likewise,
the smoothness of ¢ =1: p(U) — U is equivalent to the smoothness of pop~! = idy -

Remark 4.1.13. If M and N are differentiable manifolds, then the product manifold
M x N has the following properties:
(a) The projection maps py: M x N — M and py: M x N — N are smooth.
(b) For € M, the embedding

iz N> M XN, y—(z,y)
is smooth and, for y € N, the embedding
Y: M —-MxN, z~ (z,y)

is smooth.
(¢) The diagonal embedding

Ay:M—>Mx M, x— (z,x)

is smooth.
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Exercises for Section [4.1]

Exercise 4.1.1. Let M := R, endowed with its standard topology. Show that C*-
compatibility of 1-dimensional charts is not an equivalence relation.

Exercise 4.1.2. Show that each n-dimensional C*-atlas is contained in a unique
maximal one.

Exercise 4.1.3. Let If M;, i =1,...,n, be smooth manifolds of dimension d;. Show
that the product space M := Mj x ... x M, carries the structure of a (d; + ...+ d,)-
dimensional manifold.

Exercise 4.1.4. (a) Verify the details in Example where we describe an atlas
of S™ by stereographic projections.

(b) Show that the two atlasses of S™ constructed in Example and the atlas
obtained from the realization of S as a quadric in R**! define the same differentiable
structure.

Exercise 4.1.5. Show that the set A := C*°(M,R) of smooth real-valued functions
on M is a real algebra. If g € A is nonzero and U := g~ }(R*), then % € C=(U,R).

Exercise 4.1.6. Let fi: M; — Ny and fy: My — Ny be smooth maps. Show that
the map

Ji X fa: My x My — N1 x Na,  (x,y) = (fi(x), f2(y))

is smooth.

Exercise 4.1.7. Let fi: M — N; and fo: M — N> be smooth maps. Show that the
map

(fl,fg)t M — N1 X NQ, T = (fl(x),fg(x))
is smooth.

Exercise 4.1.8. Let N be an open subset of the smooth manifold M. Show that
if A = (p;,Ui)ier is a smooth atlas of M, V; := U; N N and v; := ¢;|v,, then
B := (14, V;)ier is a smooth atlas of N.

Exercise 4.1.9. Let Vi,...,V; and V be finite-dimensional real vector space and
B:Vix...xVy,=V

be a k-linear map. Show that £ is smooth with

k
dﬂ(a:l, . ,l‘k)(hl, .. .,hk) = Zﬁ(ml, . ,xj_l,hj,xj_H, - ,Z‘k).

Jj=1

Exercise 4.1.10. Let M be a compact smooth manifold containing at least two points.
Then each atlas of M contains at least two charts. In particular the atlas of S™ obtained
from stereographic projections is minimal.
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Exercise 4.1.11. Let X and Y be topological spaces and ¢: X — Y a quotient map,
i.e., q is surjective and O C Y is open if and only if ¢1(O) is open in X. Show
that a map f: Y — Z (Z a topological space) is continuous if and only if the map
foq: X — Z is continuous.

Exercise 4.1.12. Show that a function f: R — R is a diffeomorphism if and only if
either

(1) f/ >0 and limy 10 f(z) = fo00.
(2) ' <0 and lim, 4 f(x) = Foo.

4.2 The Tangent Bundle

The real strength of the theory of smooth manifolds is due to the fact that it per-
mits to analyze differentiable structures in terms of their derivatives. To model these
derivatives appropriately, we introduce the tangent bundle T'M of a smooth manifold,
tangent maps of smooth maps and smooth vector fields.

We start with the definition of a tangent vector of a smooth manifold. The subtle
point of this definition is that tangent vectors and the vector space structure can only
be defined rather indirectly. The most straight forward way is to construct tangent
vectors as “tangents” to smooth curves.

4.2.1 Tangent Vectors and Tangent Maps

Definition 4.2.1. Let M be a smooth manifold, p € M and (¢, U) a chart of M with
peU. Let v: I - M be a smooth curve, where I C R is an interval containing 0 and
~v(0) = p. We call two such curves 7;: I; = M, i = 1,2, equivalent, denoted 1 ~ 7o, if

(9 071)'(0) = (¢ ©72)'(0).

Clearly, this defines an equivalence relation. The equivalence classes are called tangent
vectors in p. We write T,,(M) for the set of all tangent vectors in p and [y] € T,(M)
for the equivalence class of the curve . The disjoint union

(M) = [ 7,(M)
pEM

is called the tangent bundle of M and we write mpp: TM — M for the projection,
mapping T,(M) to {p}.

Remark 4.2.2. (a) The equivalence relation defining tangent vectors does not depend
on the chart (o, U). If (¢, V) is a second chart with p € V and v: I — M a smooth
curve with v(0) = p, then

(1 07)'(0) = d(e o o™ ) ((p)) (¢ 07)(0),

so that we obtain the same equivalence relation on curves through p.
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(b) If U C R™ is an open subset and p € U, then each smooth curve
~v: I — U with 4(0) = p is equivalent to the curve n,(t) := p + tv for v = +/(0).
Hence each equivalence class contains exactly one curve 7n,. We may therefore think
of a tangent vector in p € U as a vector v € R™ attached to the point p, and the map

R = T,(U), v~ [n]

is a bijection. In this sense, we identify all tangent spaces T,(U) with R", so that we
obtain a bijection
TU)=U x R".

As an open subset of the product space T'(R™) =2 R?", the tangent bundle T'(U) inherits
a natural manifold structure.
(c) For each p € M and any chart (p,U) with p € U, the map

Tp(p): Tp(M) = R",  [y] = (p07)(0)

is well-defined and injective by the definition of the equivalence relation. Moreover,
the curve

1(t) =7 (e(p) + tv),
which is smooth and defined on some neighborhood of 0, satisfies
(po7)'(0) = v. Hence Ty(¢p) is a bijection.

Definition 4.2.3. Let M be an n-dimensional smooth manifold.
(a) Each tangent space T,(M) carries the unique structure of an n-dimensional
vector space with the property that for each chart (p,U) of M with p € U, the map

Tp(p): T,(M) = R",  [y] = (v07)(0)

is a linear isomorphism.
In fact, since T),(y) is a bijection, we may define a vector space structure on T,(M)
by
v+ w = Tp(e) N (Tp(p)v + Tp(p)w) and v = Tp(e) *(ATH(p)v)

for X € R, v,w € T,(M). For any other chart (¢, V) with p € V' we then have

Ty (1) = d(1 o ") (0(p)) © Ty (%),

and since d(v o ¢~ 1)(p(p)) is a linear automorphism of R™, the vector space structure
on T),(M) does not depend on the chart we use for its definition.
(b) If f: M — N is a smooth map and p € M, then we obtain a linear map

Tp(f): Tp(M) = Ty (N), [ = [f ol.

In fact, we only have to observe that for any chart (¢,U) of N with f(p) € U and any
chart (¢, V) of M with p € V, we have

Ty (@)lf o7l = (po for)(0) =d(po fop™")(v(p))(w o) (0)
=d(po fo )W (p)Tp(v)N]-
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This relation shows that T,,(f) is well-defined, and a linear map.
The collection of all these maps defines a map

T(f): T(M) = T(N) with  T,(f) = T(f)lr,n,p € M.

It is called the tangent map of f.

(¢) If M C R is an open subset, then f: M — N is a smooth curve in N, and its
tangent vector is f/(t) := T3(f)(1), where 1 € T3(R) = R is considered as a tangent
vector.

(d) If V is a vector space, then we identify T(V) in a natural way with V' x V.
Accordingly we have

T,(f)(v) = (f(p), df (p)v),
for a map df: T(M) — V with df(p) := df|r,(ar)-

Remark 4.2.4. (a) For an open subset U C R™ and p € U, the vector space structure
on T,(U) = {p} x R™ is simply given by

(p,v) + (p,w) := (p,v+w) and  A(p,v) := (p, \v)

for v,w € R™ and A € R.
(b) If f: U — V is a smooth map between open subsets U C R™ and V' C R™,
p € U, and n,(t) = p + tv, then the tangent map satisfies

T(f)(pv0) = [f om] = (f om)'(0) = (f(p), df (), (0)) = (f(p), df (p)v).

The main difference to the map df is the book keeping; here we keep track of what
happens to the point p and the tangent vector v. We may also write

T(f) = (f omry,df): TU = U xR = TV =V x R",

where mry: TU — U, (p,v) — p, is the projection map.
(c) If (¢,U) is a chart of M and p € U, then we identify T(p(U)) with o(U) x R"
and obtain for [y] € T,(M):

T(e)([V]) = (¢(p), [p o)) = (¢(p), (¢ ©7)'(0)),

which is consistent with our previously introduced notation T,(¢) (Remark |4.2.2)).

Lemma 4.2.5. [Chain Rule for Tangent Maps] For smooth maps f: M — N and
g: N — L, the tangent maps satisfy

T(ge f)=T(g)oT(f).

Proof. We recall from Remark [4.1.11 that go f: M — L is a smooth map, so that
T(go f) is defined. For p € M and [y] € T,(M), we further have

Tp(go ] =lgo f o =Tsu(9)lf o] =T (9)Tp(f)V]-

Since p was arbitrary, this implies the lemma. O
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So far we only considered the tangent bundle T'(M) of a smooth manifold M as a
set, but this set also carries a natural topology and a smooth manifold structure.

Definition 4.2.6. [Manifold structure on T'(M)] Let M be a smooth manifold. First
we introduce a topology on T'(M).
For each chart (¢, U) of M, we have a tangent map

T(p): T(U) = T(p(U)) = ¢(U) xR,

where we consider T'(U) = ¢y Tp(M) as a subset of T(M). We define a topology on
T (M) by declaring a subset O C T'(M) to be open if for each chart (¢,U) of M, the
set T(p)(ONT(U)) is an open subset of T(p(U)). It is easy to see that this defines
indeed a Hausdorff topology on T (M) for which all the subsets T'(U) are open and the
maps T(¢) are homeomorphisms onto open subsets of R?" (Exercise .

Since for two charts (¢, U), (v, V) of M, the map

T(poy™) =T(p)oT(¥)": T(¥(V)) = T(p(U))

is smooth, for each atlas A of M, the collection (T'(¢), T'(U))(,,0)eA is a smooth atlas
of T(M). We thus obtain on T'(M) the structure of a smooth manifold.

Lemma 4.2.7. If f: M — N is a smooth map, then its tangent map T(f) is smooth.

Proof. Let p € M and choose charts (¢, U) and (¢, V) of M, resp., N with p € U and
f(p) € V. Then the map

T()oT(f)oT(p) ' =T(Wo fop™): T(p(fH(V)NU)) = T(V)
is smooth, and this implies that T'(f) is a smooth map. O
Remark 4.2.8. For smooth manifolds My, ..., M,, the projection maps
mis My X oo X My, — M, (p1,...,0n) & D
induce a diffeomorphism
(T(m1),y..., T(my)): T(My X -+ x M) = TMy x --- xTM,

(Exercise |4.2.2)).

Exercises for Section [4.2]

Exercise 4.2.1. Let M be a smooth manifold. We call a subset O C T(M) open
if for each chart (p,U) of M, the set T'(¢)(O NT(U)) is an open subset of T(p(U)).
Show that:

(1) This defines a topology on T(M).

(2) All subsets T(U) are open (Remark [£.2.4(D)).



72 CHAPTER 4. SMOOTH MANIFOLDS

(3) The maps T(p): TU — T(p(U)) = ¢(U) x R™ are homeomorphisms onto open
subsets of R?" = T'(R").

(4) The projection 7pps: T(M) — M is continuous.
(5) T(M) is Hausdorff.
Exercise 4.2.2. For smooth manifolds M, ..., M,, the projection maps
s My X oo X My — My, (p1y--,0n) & D

induce a diffeomorphism

(T(m1),...,T(my)): T(My X -+ x My,) = TMq X --- x TM,,.
Exercise 4.2.3. Let N and My,..., M, be a smooth manifolds. Show that a map

fiN—>M; x---x M,

is smooth if and only if all its component functions f;: N — M; are smooth.
Exercise 4.2.4. Let f: M — N be a smooth map between manifolds,

mrap s TM — M the tangent bundle projection and op;: M — T'M the zero section.
Show that for each smooth map f: M — N we have

WTNOTf:fOTFTM and O‘Nof:TfOO’M.

Exercise 4.2.5. [Inverse Function Theorem for manifolds] Let
f: M — N be a smooth map and p € M such that T,(f): T,(M) — Ty (N) is
a linear isomorphism. Show that there exists an open neighborhood U of p in M such
that the restriction f|y: U — f(U) is a diffeomorphism onto an open subset of N.

Exercise 4.2.6. Let u: E x F' — W be a bilinear map and M a smooth manifold.
For f € C*°(M,E), g € C>(M,F) and p € M set h(p) := u(f(p),g(p)). Show that h
is smooth with

T(h)v = u(T(f)v,9(p)) + n(f(p),T(g)v) for v € T,(M).

4.3 Vector Fields

Vector fields are maps which associate with each point in a manifold a tangent vector
at this point. They can be interpreted as a geometric way to formulate first order
differential equations on a manifold, a point of view we will elaborate below. First we
introduce the Lie algebra structure on the space of smooth vector fields.



4.3. VECTOR FIELDS 73

4.3.1 The Lie Algebra of Vector Fields

Definition 4.3.1. (a) Let wra: TM — M denote the canonical projection mapping
T,(M) to p. A (smooth) vector field X on M is a smooth section of the tangent bundle
TM, i.e., a smooth map X: M — TM with wppr 0 X = idpr. We write V(M) for the
space of all vector fields on M.

(b) If f € C°(M,V) is a smooth function on M with values in some finite-
dimensional vector space V and X € V(M), then we obtain a smooth function on
M via

Lxf:=dfoX: M —>TM — V.
We thus obtain for each X € V(M) a linear operator Lx on C*°(M, V). The function
Lx f is also called the Lie derivative of f with respect to X.

Remark 4.3.2. (a) If U is an open subset of R™, then TU = U x R™ with the bundle
projection
WTUIUXRR%U, ( ) x.

Therefore each smooth vector field is of the form X (z) = (z, X (z)) for some smooth

function X: U — R”, and we may thus identify V(U) with the space C>(U,R™) of
smooth R"™-valued functions on U.
(b) The space V(M) carries a natural vector space structure given by

(X +Y)(p) = X(p) +Y(p), (AX)(p):=AX(p).

More generally, we can multiply vector fields with smooth functions

(fX)(p) == f(p)X(p), feCT(MR),XecV(M).

Before we turn to the Lie bracket on the space V(M) of smooth vector fields on a
manifold M, we take a closer look at the local level.

Lemma 4.3.3. Let U C R"™ be an open subset. Then we obtain a Lie bracket on the
space C(U,R™) by

(X, Y(p) := aY (p) X (p) —aX(p)Y(p) for peU.
With respect to this Lie bracket, the map
L: C*(U,R") = End(C™(U,R)), X Lx, Lx(f)p):=df(p)X(p)
is an injective homomorphism of Lie algebras, i.e., Lixy] = [Lx, Ly].

Proof. (L1) is obvious from the definition. To verify the Jacobi identity, we first
observe that the map X — Lx is injective. In fact, if Lx = 0, then we have for each
linear function f: R™ — R the relation 0 = (Lx f)(p) = df(p)X(p) = f(X(p)), and
therefore X (p) = 0.

Next we observe that

LxLy(f)(p) =d(Ly f)(p)X(p) =d(dfoY)(p)X(p)
= (@*f)(p)(X(p),Y (p)) + df (p)aY (p) X (p),
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so that the Schwarz Lemma implies Lx Ly f — Ly Lx [ = Lix y1f. Clearly, the bracket
on V(U) is skew-symmetric. That it also satisfies the Jacobi identity follows from the
injectivity of £, the Jacobi identity in End(C*(U,R)) (Lemma [3.1.2)) and Ljx,y] =
[EX 5 ﬁy]:

Lixy.zn+ivizx+zixy) = [£x, Ly, L2]] + [Ly, [Lz, Lx]| + [£2, [Lx, Ly]]. O
Remark 4.3.4. For any open subset U C R™, the map
V(U) = C®(U,R"), X —X

with X (p) = (p, X(p)) is a linear isomorphism. We use this map to transfer the Lie
bracket on C*°(U,R™), defined in Lemma to a Lie bracket on V(U), determined
by

(X, YT(p) == [X, Y](p) = &Y () X (p) — dX(p)Y (p)-

Our goal is to use the Lie brackets on the space V(U) and local charts to define
a Lie bracket on V(M). The following lemma will be needed to ensure consistency in
this process.

First, we introduce the concept or related vector fields. If ¢: M — N is a smooth
map, then we call two vector fields X’ € V(M) and X € V(N) ¢-related if

Xop=TpoX': M — TN. (4.2)
With respect to the pullback map
¢": CF(N,R) = CF(M,R), [ foep,
the p-relatedness of X and X’ implies that
Lx(¢"f)=Lx(fop)=d(fop)oX =dfoTpoX'=dfoXop=0e"(Lxf),

ie.,
Lxop*=¢p*oLx. (4.3)

Lemma 4.3.5. Let M C R™ and N C R™ be open subsets. Suppose that X', resp.,
Y' € V(M) is p-related to X, resp., Y € V(N). Then [X',Y'] is p-related to [X,Y].

Proof. In view of (4.3)), we have
Lxop*=p*oLyxy and Ly op"=¢ oLly
as linear maps C*°(N,R) — C*°(M,R). Therefore
[Lx1, Ly 0 @* = Lxr 0 Lys 0@* — Ly o Lxr 0"
— " oLx oLy —¢* oLy oLy =" oLy, Ly].
For any f € C*°(N,R), we thus obtain
df o T o [X" Y] = Lixy(fop) = (Lixy)f)op=df o[X,Y]owp.

Since each linear functional on the space T, (N) = R™ is of the form df(z) for some
linear map f: R™ — R, the assertion follows. O
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Proposition 4.3.6. For a vector field X € V(M) and a chart (p,U) of M, we write
X, =TpoXo =t for the corresponding vector field on the open subset o(U) C R™.
For XY € V(M), there exists a vector field [X,Y] € V(M) which is uniquely
determined by the property that for each chart (p,U) of M, the following equation

holds
(X, Y], = [X,, Y. (4.4)

Proof. If (p,U) and (¢, V) are charts of M, the vector fields X, on ¢(U) and X, on
(V) are (1o p~1)-related. Therefore Lemma implies that [X,, Y] is (¢yop™!)-
related to [Xy,Yy]. This in turn is equivalent to

T(‘ﬁ)_l © [XS(J?YLP] cyY = T(w)_l © [X¢7Y¢] o %

which is an identity of vector fields on the open subset U N'V.
Hence there exists a unique vector field [X,Y] € V(M), satisfying

[X7 Y]|U = T(¢)71 © [Xgmytp} oy
for each chart (¢,U), i.e., [X,Y], = [X,,Y,] on ¢(U). O
Lemma 4.3.7. For f € C*(M,R) and X,Y € V(M), the following equation holds

Lixy)f=Lx(Lyf)—Ly(Lx[)

Proof. Tt suffices to show that this relation holds on U for any chart (¢,U) of M. For
fo = foyp™!, we then obtain with (4.3)

Lixy)f=dfo[X,Y]=dfoT(p ) o[X,Y],00p
=df,o[X,,Yoloo =" (Lix, v, f0)
= ¢ (Lo Lo fo = Lo Lix ) fo)
=Lx(Lyf)—Ly(Lx[),
because ¢* f, = f. O
Proposition 4.3.8. (V(M),[-,*]) is a Lie algebra.

Proof. Clearly (L1) is satisfied. To verify the Jacobi identity, let X, Y, Z € V(M) and
(¢,U) be a chart of M. For the vector field J(X,Y, Z) := 3 [X,[Y, Z]] € V(M) we
then obtain from the definition of the bracket, Remark [£:3.4] and Proposition [£.3.6}

JX,Y,Z), =J(Xp, Yy, Z,) =0

because [+, -] is a Lie bracket on V(¢(U)). This means that J(X,Y, Z) vanishes on U,
but since the chart (¢, U) was arbitrary, J(X,Y,Z) = 0. O

We shall see later that the following lemma is an extremely important tool.

Lemma 4.3.9. [Related Vector Field Lemma] Let M and N be smooth manifolds,
©: M — N a smooth map, X, Y € V(N) and X', Y' € V(M). If X' is p-related to X
and Y’ is p-related to Y, then the Lie bracket [X',Y"] is p-related to [X,Y].
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Proof. We have to show that for each p € M we have

(X, Y]((p)) = Tp ()X, Y'](p)-
Let (p,U) be a chart of M with p € U and (¢, V') a chart of N with ¢(p) € V. Then
the vector fields X, and X, are 1 o p o p~'-related on the domain p(o~" (V) N U):
T(opop ™)X, =TWopop )(T(p)oX 0p™)
=T(W)oT(p)oX op™t =T())oXopop ™t =Xyo0(popopt),
and the same holds for the vector fields Yp’ and Yy, hence for their Lie brackets

(Lemma |4.3.5]).
Now the definition of the Lie bracket on V(N) and V(M) implies that

T()oT(p)o X Y'=T(popop )o[X Y'],0p
=T(popop ')o[X,,Y]op=[Xy Ys]opopoplop
= [Xy, Yyloop=[X,Y]yopop=T())o[X,Y]op,

and since T'() is injective, the assertion follows. O

Example 4.3.10. Let (p,U) be a chart of M and x1,...,2,: U — R the correspond-

ing coordinate functions. Then we obtain on U the vector fields X;, j = 1,...,n,
defined by
0 0
X, =T, “lei = — = —
i(p) p(P) e 0 (p) 0z, o
where ey, ..., e, is the standard basis for R™. We call these vector fields the p-basic

vector fields on U. The expression basic vector field is doubly justified. On the one
hand, (X1 (p), ... 7Xn(p)) is a basis for T),(M) for every p € U. On the other hand,
the definition shows that every X € V(U) can be written as

n
X:Z Clj-Xj for CLjECOO(U).
j=1

Since basic vector fields are -related with the constant vector fields on R™, they
commute (Related Vector Field Lemma 4.3.9), i.e., [X;, Xi] = 0.

Exercises for Section [4.3

Exercise 4.3.1. Let M be a smooth manifold, X, Y € V(M) and f,g € C>*°(M,R).
Show that

(1) Lx(f-9)=Lx(f)-g+ [ Lx(g), ie., the map f— Lx(f) is a derivation.
(2) Lyx(g9)=1[-Lx(9)

Exercise 4.3.2. Let A be a K-algebra (not necessarily associative). Show that
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(i) der(A) := {D € End(A): (Va,b € A) D(ab) = Da -b+ a- Db} is a Lie subalgebra
of gl(A) = End(A) L.

(ii) If, in addition, A is commutative, then for D € der(A) and a € A, the map
aD: A— A, x — aDx also is a derivation.

Exercise 4.3.3. Let U be an open subset of R?” and P = C°°(U,R) be the set of
smooth functions on U and write q1, . . ., gm, D1, - - - , Pm for the coordinates with respect
to a basis. Then g is a Lie algebra with respect to the Poisson bracket

_N~0f 09 Of 9
{f,g} o ; 0q; Op; Op; 5%.

Exercise 4.3.4. To each A € gl,(R), we associate the linear vector field X 4(z) := Az
on R™ Show that, for A, B € M,(R), we have X4 g = —[Xa, Xp].

4.4 Integral Curves and Local Flows

In this section we turn to the geometric nature of vector fields as infinitesimal genera-
tors of local flows on manifolds. This provides a natural perspective on (autonomous)
ordinary differential equations.

4.4.1 Integral Curves
Throughout this subsection M denotes an n-dimensional smooth manifold.

Definition 4.4.1. Let X € V(M) and I C R an open interval containing 0. A
differentiable map ~v: I — M is called an integral curve of X if

Y (t) = X(v(t)) for each teI.

Note that the preceding equation implies that v/ is continuous and further that if v is
CF*, then 7/ is also C*. Therefore integral curves are automatically smooth.

If J D I is an interval containing I, then an integral curve n: J — M is called an
extension of v if n|; = . An integral curve v is said to be mazimal if it has no proper
extension.

Remark 4.4.2. (a) If U C R” is an open subset of R”, then we write a vector field
X € V(U) as X(z) = (x,F(z)), where F': U — R" is a smooth function. A curve
~v: I — U is an integral curve of X if and only if it satisfies the ordinary differential
equation

7Y (t)=F(y(t)) forall tel.

(b) If (¢, U) is a chart of the manifold M and X € V(M), then a curve v: I — M
is an integral curve of X if and only if the curve n := ¢ o~y is an integral curve of the
vector field X, :=T(¢) 0o X 0o o=t € V(p(U)) because

Xo(n(t)) =Ty (@)X (v(t))  and  7/(t) = Ty ()7 ().
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Remark 4.4.3. A curvey: I — M is an integral curve of X if and only if (¢) := v(—t)
is an integral curve of the vector field —X.

More generally, for a,b € R, the curve n(t) := y(at 4+ b) is an integral curve of the
vector field aX.

Definition 4.4.4. Let a < b € [—00, c0]. For a continuous curve 7: |a, b[ = M we say
that

li t) =

lim ~(t) = oo
if for each compact subset K C M there exists a ¢ < b with y(t) € K for t > c.
Similarly, we define

lim (#) = oo.
Theorem 4.4.5. [Existence and Uniqueness of Integral Curves] Let X € V(M) and
p € M. Then there exists a unique mazimal integral curve v,: I, — M with ~,(0) =
p. If a := inflI, > —oo, then lim;_,,v,(t) = oo and if b := supl, < oo, then
limy v, (t) = o0.

Proof. We have seen in Remark [£.4.2] that in local charts, integral curves are solutions
of an ordinary differential equation with a smooth right hand side. We now reduce the
proof to the Local Existence- and Uniqueness Theorem for ODE’s.

Uniqueness: Let v,n: I — M be two integral curves of X with v(0) = n(0) = p.
The continuity of the curves implies that

0OeJ:={tel:~(t)=nt)}

is a closed subset of I. In view of the Local Uniqueness Theorem for ODE’s, for
each ty € J there exists an ¢ > 0 with [tg,to + ¢] C J, and likewise [tg — &,t9] C J
(Remark . Therefore J is also open. Now the connectedness of I implies I = J,
so that v = n.

Existence: The Local Existence Theorem implies the existence of some integral
curve v: I — M on some open interval containing 0. For any other integral curve
n: J — M, the intersection I N J is an interval containing 0, so that the uniqueness
assertion implies that n =~y on I N J.

Let I, € R be the union of all open intervals I; containing 0 on which there exists
an integral curve v;: I; — M of X with v;(0) = p. Then the preceding argument
shows that

v(t) =) for tel;
defines an integral curve of X on I,, which is maximal by definition. The uniqueness
of the maximal integral curve also follows from its definition.

Limit condition: Suppose that b := sup I, < oo. If lim; ,;,y(¢) = oo does not
hold, then there exists a compact subset K C M and a sequence t,, € I, with ¢, = b
and y(tm,) € K. As K can be covered with finitely many closed subsets homeomorphic
to a closed subset of a ball in R™, after passing to a suitable subsequence, we may
w.l.o.g. assume that K itself is homeomorphic to a compact subset of R™. Then a
subsequence of (y(tm))men converges, and we may replace the original sequence by
this subsequence, hence assume that ¢ := lim,, o0 Y(t,) exists.
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The Local Existence Theorem for ODE’s implies the existence of a compact neigh-
borhood V' C M of ¢ and € > 0 such that the initial value problem

n0) =z, n'=Xon

has a solution on [—¢,¢] for each z € V. Pick m € N with ¢,,, > b — ¢ and y(t,,) € V.
Further let n: [—e,e] — M be an integral curve with n(0) = y(¢,,). Then

’Y(t) = 77(75 - tm) for te [tm —&tm + 5]7

defines an extension of 7 to the interval I, U]ty,, t,m + €] strictly containing ]a, b[, hence
contradicting the maximality of I,. This proves that lim; ,;y(t) = co. Replacing X
by —X, we also obtain lim;_,, () = oo. O

If ¢ = 7,(t) is a point on the unique maximal integral curve of X through p € M,
then I, = I, —t and
Yq(8) = Yp(t + 3)
is the unique maximal integral curve through ¢. Here I, is the domain of definition of

the maximal integral curve through p and I, is the domain of definition of the maximal
integral curve through q.

Example 4.4.6. (a) On M = R we consider the vector field X given by the function
F(s) =1+ 5% ie, X(s) = (s,1+ s2). The corresponding ODE is

Y (s) = X(7(s)) = 1+ (s)*.

For
7(0) = 0 the function y(s) := tan(s) on I := | — 7, Z[ is the unique maximal so-
lution because
lim tan(f) = co and lim tan(t) = —co.
t—5 t——7
(b) Let M :=]—1,1]and X (s) = (s, 1), so that the corresponding ODE is 7/(s) = 1.

Then the unique maximal solution is
v(s)=s, I=]—-11]
Note that we also have in this case

li =
Ly (e) =
if we consider v as a curve in the noncompact manifold M.
For M = R the same vector field has the maximal integral curve

v(s)=s, I=R.

(¢) For M = R and X(s) = (s, —s), the differential equation is ~/(t) = —~v(t), so
that we obtain the maximal integral curves v(t) = vype~!. For 7o = 0 this curve is
constant, and for vy # 0 we have lim;, . () = 0, hence lim;_, o, y(¢t) # oco. This
shows that maximal integral curves do not always leave every compact subset of M if

they are defined on an interval unbounded from above.
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The preceding example shows in particular that the global existence of integral
curves can also be destroyed by deleting parts of the manifold M, i.e., by considering
M’ := M\ K for some closed subset K C M.

Definition 4.4.7. A vector field X € V(M) is said to be complete if all its maximal
integral curves are defined on all of R.

Corollary 4.4.8. All vector fields on a compact manifold M are complete.

4.4.2 Local Flows
Definition 4.4.9. Let M be a smooth manifold. A local flow on M is a smooth map
DU — M,

where U C R x M is an open subset containing {0} x M, such that for each x € M
the intersection I, := U N (R x {z}) is an interval containing 0 and

®(0,z) =2 and P(t,®(s,x)) = (¢t +s,2)
hold for all ¢, s, xz for which both sides are defined. The maps
oz Iy = M, t— O(t,x)
are called the flow lines. The flow ® is said to be global if U =R x M.
Lemma 4.4.10. If ®: U — M is a local flow, then

X0 (z) =

_ % o
= O(t,z) = a,(0)

defines a smooth vector field.
It is called the velocity field or the infinitesimal generator of the local flow ®.

Lemma 4.4.11. If ®: U — M is a local flow on M, then the flow lines are integral
curves of the vector field X®. In particular, the local flow ® is uniquely determined by
the vector field X®.

Proof. Let a,: I, — M be a flow line and s € I,.. For sufficiently small ¢ € R we then
have

ap(s+1t) =V(s+t,x) =Dt (s, z)) = (L, au(s)),

so that taking derivatives in ¢ = 0 leads to o/, (s) = X ®(a,(s)).
That ® is uniquely determined by the vector field X?® follows from the uniqueness
of integral curves (Theorem [4.4.5)). O

Theorem 4.4.12. FEach smooth vector field X is the velocity field of a unique local
flow defined by

Dx := U I, x{z} and ®(t,z):=~() for (t,z)€ Dx,
reM

where v, : I, — M is the unique mazximal integral curve through r € M.
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Proof. If (s, ), (t,®(s,x)) and (s +t,z) € Dx, the relation
O(s+t,x) = <I>(t7<1>(s7x)) and  Ip(sp) = Ly, (s) = Lo — 5
follow from the fact that both curves
ts Ot +s,2) =7(t+s) and ¢t (L, P(s,2)) = Yao(s0)(t)

are integral curves of X with the initial value ®(s,x), hence coincide.
We claim that all maps

O My:={xeM: (t,z) eDx} > M, z— O(t,x)

are injective. In fact, if p := ®4(x) = P,(y), then v, (¢) = v,(¢), and on [0, ¢] the curves
s Yz (t— ), vy (t — s) are integral curves of —X, starting in p. Hence the Uniqueness
Theorem implies that they coincide in s = ¢, which mans that z = ~,(0) =
7,(0) = y. From this argument it further follows that ®;(M;) = M_; and ®; ' = ®_,.

It remains to show that Dx is open and ® smooth. The local Existence Theorem
provides for each x € M an open neighborhood U, diffeomorphic to a cube and some
e > 0, as well as a smooth map

¢m:]*5xaez[XU$‘>M7 @z(tay):’}/y(t):q)(tay)'

Hence | — e,,e,[ XU, C Dx, and the restriction of ® to this set is smooth. Therefore
® is smooth on a neighborhood of {0} x M in Dyx.

Now let J, be the set of all ¢ € [0, 00[, for which Dx contains a neighborhood of
[0,¢] x {z} on which ® is smooth. The interval J, is open in RT := [0, oo[ by definition.
We claim that J, = I, "R*. This entails that Dx is open because the same argument
applies to I,N] — 0, 0].

We assume the contrary and find a minimal 7 € I, "R™ \ J,,, because this interval
is closed. Put p := ®(7,z) and pick a product set I x W C Dy, where W is an
open neighborhood of p and I =] — 2¢,2¢[ a 0-neighborhood, such that 2 < 7 and
®: I xW — M is smooth. By assumption, there exists an open neighborhood V' of
2 such that @ is smooth on [0,7 —&] x V C Dx. Then ®,_. is smooth on V and

Vi=ol (e'(W)) NV

is a neighborhood of z. Further,
Vi=o ! (@1 (W) NV =2t (W)NV,
and ® is smooth on |7 — 2¢, 7 + 2¢[xV’, because it is a composition of smooth maps:
|7 —2e,7+2e[xV = M, (t,y)— (-7, 2, (1 —c,y))).

We thus arrive at the contradiction 7 € J,.
This completes the proof of the openness of Dy and the smoothness of ®. The
uniqueness of the flow follows from the uniqueness of the integral curves. O
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Remark 4.4.13. Let X € V(M) be a complete vector field. If
X Rx M — M
is the corresponding global flow, then the maps ®;* : z +— ®X (¢, z) satisfy
(A1) ®F = idy.
(A2) @, = DX 0@ fort,s e R.
It follows in particular that ®;X € Diff(M) with (®;¥)~! = &%, so that we obtain
a group homomorphism

vx: R — Diff(M), t— ®F.

With respect to the terminology introduced below, (A1) and (A2) mean that ®X
defines a smooth action of R on M. As ®X is determined by the vector field X, we
call X the infinitesimal generator of this action. In this sense the smooth R-actions

on a manifold M are in one-to-one correspondence with the complete vector fields on
M.

Remark 4.4.14. Let ®X: Dy — M be the maximal local flow of a vector field X on
M. Let My = {x € M: (t,x) € Dx}, and observe that this is an open subset of M.
We have already seen in the proof of Theorem [4.4.12] above, that all the smooth maps
®X: My — M are injective with ®;X (M;) = M_; and (®;X)~! = ®%, on the image. It
follows in particular, that ®;X (M;) = M_; is open, and that

X.
O My — M_y
is a diffeomorphism whose inverse is ®7%,.

Proposition 4.4.15. (Smooth Dependence Theorem) Let M and A be smooth man-
ifolds and V: A — V(M) be a map for which the map

AxM—=>TM), (A\p)— Pr(p)
is smooth (the vector field ¥y depends smoothly on the parameter A). Then the subset
D:={(t,\,p) ERXA X M: (t,p) € Do, }
of R x A x M is open and the map D — M, (t,\,p) — ®¥(t,p) is smooth.

Proof. The parameters do not cause any additional problems, as can be seen by the
following trick: On the product manifold A x M we consider the smooth vector field
Y, given by

Y()\,p) = (0)\,\1’)\(]7)) S T)\(A) X Tp(M) = T(A7p)(A X M)

Then the integral curves of Y are of the form ~(¢) = (\,7,(t)), where 7, is an integral
curve of the smooth vector field ¥y on M. Therefore the assertion is an immediate
consequence on the smoothness of the flow of ¥ on A x M (Theorem [4.4.12)). O
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4.4.3 Lie Derivatives

We take a closer look at the interaction of local flows and vector fields. It will turn
out that this leads to a new concept of a directional derivative which works for general
tensor fields.

Let X € V(M) and ®%: Dx — M its maximal local flow. For f € C*°(M) and
t € R we set
()" f = fo @i € CF(Mo).

Then we find L
lim S (@)"f = f) = Af(X) = Lxf € C(M).
For a second vector field Y € V(M), we define a smooth vector field on the open subset
M_; € M by
(®X),Y =T (@)oY 0 ®%, = T(®X) oY o (®;¥) 7!
(cf. Remark and define the Lie derivative by

T 1 X _ d X
LxY = lim —((92,).Y = V) = -} (25,).Y,

which is defined on all of M since for each p € M the vector ((®;¥).Y)(p) is defined
for sufficiently small ¢ and depends smoothly on .

Theorem 4.4.16. LxY = [X,Y] for X, Y € V(M).

Proof. Fix p € M. Tt suffices to show that LxY and [X,Y] coincide in p. We may
therefore work in a local chart, hence assume that M = U is an open subset of R™.
Identifying vector fields with smooth R™-valued functions, we then have

[X,Y](z) =dY ()X (z) —dX ()Y (x), xe€U.
On the other hand,
(@2):Y)(2) = T(®2,) 0 Y 0 &7 (2)
= (@%,) (O ()Y (9 (2)) = (A(@) () 'V (@ (2).

To calculate the derivative of this expression with respect to ¢, we first observe that it
does not matter if we first take derivatives with respect to ¢ and then with respect to
x or vice versa. This leads to

d d
4 iy ol

_of ) (z) = dX (z).

Next we note that for any smooth curve a: [—¢,¢] = GL,(R) with «(0) = 1 we have
(@) (t) = —alt) '/ (t)alt) ™,

and in particular («=!)’(0) = —a/(0). Combining all this, we obtain with the Product
Rule
Lx(Y)(x)=—dX(2)Y(z)+dY ()X (z) = [X,Y](z). O
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Corollary 4.4.17. If X,Y € V(M) are complete vector fields, then their global flows
®X ®Y: R — Diff (M) commute if and only if X and Y commute, i.e., [X,Y] = 0.

Proof. (1) Suppose first that ®* and ®¥ commute, i.e.,
X (1) o ®Y(s) = ®Y(s5) 0 ®¥(t) fort,s €R.
Let p € M and 7,(s) := ®Y (p) the Y-integral curve through p. We then have
T(s) = @1 (p) = @ 0 B 0 &X,(p),
and passing to the derivative in s = 0 yields
Y (p) = 7,(0) = T(®;)Y (2%,(p)) = ((27).Y) (p).
b'e

(Y )

Passing now to the derivative in t = 0, we arrive at [X ) Y] L
.Y holds for all

(2) Now we assume [X,Y] = 0. First we show that (P
t € R. For t,s € R we have

(D7 0):Y = (871)+(91).Y,

so that J
@)Y = —(@).Lx(¥) = 0

for each t € R. Since for each p € M the curve
R T,(M), t— ((@F).Y)(p)

is smooth, and its derivative vanishes, it is constant Y (p). This shows that (®X).Y =
Y for each t € R.
For v(s) := ®X®Y (p) we now have v(0) = & (p) and
7' (s) = T(®) o V(@] (p)) = Y(2 @7 (p)) = Y (7(5)),
so that v is an integral curve of Y. We conclude that v(s) = ®Y(®;¥(p)), and this
means that the flows of X and ¥ commute. O

Remark 4.4.18. Let X,Y € V(M) be two complete vector fields and &%, resp., &Y
their global flows. We then consider the commutator map

F:R? - Diff(M), (t,s)+— & 0 ®Y 0 ®¥, 0 ®Y .

We know from Corollary that it vanishes if and only if [X,Y] = 0, but there is
also a more direct way from F' to the Lie bracket. In fact, we first observe that

OF
—(t,0) = (®).Y -,
2 (1.0) = (@)
and hence that
°r 0 0)=10Y,X
Here we use that for a smooth function of the form G(t,s) = H(t,s,—t,—s) we
have 9 P 5
—G(t,0 —H(t,0,—t,0 —H(t,0,—t,0
5:C (1 0) = D3 (t, )~ o (t, )

by the Chain Rule.
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Exercises for Section [4.4]

Exercise 4.4.1. Let M := R™. For a matrix A € M,(R), we consider the linear
vector field X 4(z) := Az. Determine the maximal flow ®X of this vector field.

Exercise 4.4.2. Let M be a smooth manifold and Y € V(M) a smooth vector field
on M. Suppose that Y generates a local flow ®Y : Dy — M which is defined on an

entire box of the form [—e,e] x M C Dy. Show that this implies the completeness of
Y.

Exercise 4.4.3. Let ¢: M — N be a smooth map and X € V(M), Y € V(N) be
p-related vector fields. Show that for any integral curve v: I — M of X, the curve
wo~: I — N is an integral curve of Y.

Exercise 4.4.4. Let X € V(M) be a vector field and write X® € V(R) for the vector
field on R, given by X®(¢) = (¢,1). Show that, for an open interval I C R, a smooth
curve v: I — M is an integral curve of X if and only if X® and X are v-related.

Exercise 4.4.5. Let X € V(M). be a complete vector field and ¢ € Diff(M). Then
p«X is also complete and

@f*xcho@txog@*l for teR.

Exercise 4.4.6. Let M be a smooth manifold, ¢ € Diff(M) and X € V(M). be a
complete vector field. Show that the following are equivalent:

(1) ¢ commutes with the flow maps ®;*.

(2) For each integral curve v: I — M of X, the curve ¢ o~ also is an integral curve
of X.

(3) X =X =T(p)o X ot ie., X is p-invariant.

Exercise 4.4.7. Let X,Y € V(M) be two commuting complete vector fields, i.e.,
[X,Y] = 0. Show that the vector field X +Y is complete and that its flow is given by

<I>tX+Y:<I>f(o(I’Z forall teR.

Exercise 4.4.8. Let V be a finite-dimensional vector space and p;(v) := tv for t € R*.
Show that:

(1) A vector field X € V(V) is linear if and only if (u¢).X = X holds for all t € R*.

(2) A diffeomorphism ¢ € Diff(V) is linear if and only if it commutes with all the
maps fi;, t € R*.
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Chapter 5

General Lie Groups

In the context of smooth manifolds, the natural class of groups are those endowed with
a manifold structure compatible with the group structure. Such groups will be called
Lie groups.

5.1 First Examples and the Tangent Group

Definition 5.1.1. A Lie group is a group G, endowed with the structure of a smooth
manifold, such that the group operations

mg:GxG—G, (z,y)—zy and 1g:G—G, x>z !
are smooth.

Throughout this chapter, G denotes a Lie group with multiplication map
mg: G x G — G,(z,y) — xy, inversion map tg: G — G,z — 27!, and neutral
element 1. For g € G we write \j: G — G,z — gz for the left multiplication map,
pg: G = G,z — zg for the right multiplication map, and ¢,: G — G, x — grg~* for
the conjugation with g. A morphism of Lie groups is a smooth homomorphism of Lie
groups ¢: G — Ga.

Remark 5.1.2. All maps )y, pg and ¢4 are smooth. Moreover, they are bijective with
Ag-1 = )\;1, Pg—1 = pg_1 and c,—1 = cg_l, so that they are diffeomorphisms of G onto
itself.

In addition, the maps ¢, are automorphisms of G, so that we obtain a group
homomorphism

C: G — Aut(G), g+~ cg,

where Aut(G) stands for the group of automorphisms of the Lie group G, i.e., the
group automorphisms which are diffeomorphisms. The automorphisms of the form
cq are called inner automorphisms of G. The group of inner automorphisms of G is
denoted by Inn(G).

One can show that the requirement of tg being smooth is redundant (Exercisel[5.4.4)).

87
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Example 5.1.3. We consider the additive group G := (R"™, 4), endowed with the nat-
ural n-dimensional manifold structure. A corresponding chart is given by (idg~,R"™),
which shows that the corresponding product manifold structure on R™ x R" is given
by the chart (idgn X idgn, R™ x R") = (idgzn, R?"), hence coincides with the natural
manifold structure on R?™. Therefore the smoothness of addition and inversion follows
from the smoothness of the maps

R?" - R", (v,y)—>x+y and R" > R" 1z —

Example 5.1.4. Next we consider the group G := GL,(R) of invertible
(n x n)-matrices. As an open subset of M, (R) it carries a natural manifold struc-
ture, and since its multiplication and inversion are smooth by Lemma|l.1.1] it is a Lie

group.
Example 5.1.5. (a) (The circle group) We have already seen how to endow the circle
Sti= {(z,y) € R*: 2 +¢* =1}
with a manifold structure (Example . Identifying it with the unit circle
T:={z€C: |z|] =1}
in C, it also inherits a group structure, given by
(x,y) - (') = (w2’ —yy/ 2y +2'y)  and  (2,y9)7" = (2, —-y).

With these explicit formulas, it is easy to verify that T is a Lie group (Exercise[5.4.1)).

(b) (The n-dimensional torus) In view of (a), we have a natural manifold structure
on the n-dimensional torus T" := (S')". The corresponding direct product group
structure

(t17...,tn)<81,...78n> = (tlsl,...,tnsn)

turns T” into a Lie group (Exercise [5.4.2)).

Lemma 5.1.6. (a) As usual, we identify T(G x G) with T(G) x T(G). Then the
tangent map

Timg): T(GxG)=2T(G)xT(G)-»T(@A), (ww)—v w:=Tmg(v,w)

defines a Lie group structure on T(G) with identity element 01 € T1(G) and inversion
T(tq). Forve T, (G) and w € Ty,(G), we have

v-w=Ty(pn)v+ Th(Ag)w =v-0p, + 04 - w. (5.1)

(b) The canonical projection wp(cy: T(G) — G is a morphism of Lie groups with
kernel (T1(G),+) and the zero section o: G — T(G),g — 04 € T4(G) is a homomor-
phism of Lie groups with mpgy oo = idg.

(¢) The map

O: G xTi(G) = T(G), (g,2)—=gax:=04-v=T(\g)x

1s a diffeomorphism.
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Proof. (a) Since the multiplication map mg: G X G — G is smooth, the same holds
for its tangent map

Tmeg: T(Gx G)=T(G) xT(G) = T(G).

Let eg: G — G, g — 1 be the constant homomorphism. Then the group axioms for G
are encoded in the relations

(1) mg o (mg X idg) = mg o (idg xmg) (associativity),
(2) mgo (tg,idg) = mg o (idg, te¢) = ¢ (inversion), and
(3) mg o (eg,idg) = mg o (idg,eg) = idg (unit element).

Using the functoriality (cf. Lemma [4.2.5) of T and its compatibility with products,
we see that these properties carry over to the corresponding maps on T'(G):

(1) T(mg) @) T(mg X idG) = T(mg) (e} (T(mc) X idT(G))
= T(mg) o (idp(e) xT(mg)) (associativity),

(2)

2) T(mg)o (T(1g),idre)) = T(mea) o (idry, T(ta)) = T(eq) (inversion), and
(3) T(mg) o] (T(é‘G), ldT(G)) = T(mg) ] (idT(G)a T(6g)) = idT(G) (unit element).

Here we only have to observe that the tangent map T'(eg) maps each v € T(G) to
01 € T1(G), which is the neutral element of T(G). We conclude that T(G) is a Lie
group with multiplication T'(m¢), inversion T'(tg), and unit element 04 € T1(G).

For v € Ty(G) and w € Ty(G), the linearity of T, 5)(m¢) implies that

T'ma(v,w) = Tgp(ma)(v,w) = Tign) (ma)(v,0) + Tig.n) (ma)(0,w)
= Ty(pn)v + Th(Ag)w,

(b) The definition of the tangent map implies that the zero section
o: G — T(G) satisfies

Tmg o (J X 0) =0omg and ng(og,()h) = Omc(g,h) = Ogh,

which means that it is a morphism of Lie groups. That 77(g) also is a morphism of
Lie groups follows likewise from the relation

Tre) © T'mg = mg o (Tr@) X Tr(@)),

which also is an immediate consequence of the definition of the tangent map
Tt it maps Ty (G) x T, (G) into Ty, (G) . From (5.1)), we obtain in particular that the
multiplication on the normal subgroup ker 7y gy = T1(G) is simply given by addition.
(¢) The smoothness of ® follows from the smoothness of the multiplication of
T(G) and the smoothness of the zero section o: G — T(G),g — 04. That ® is a
diffeomorphism follows from the following explicit formula for its inverse: ®~1(v) =
(e (v), Tr(@) (v)~tw), so that its smoothness follows from the smoothness of (@)
(its first component), and the smoothness of the multiplication on T'(G). O
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Definition 5.1.7. In the following we shall mostly use the simplified notation
gv:=04-v for geG,veTq.

We likewise write
v.g:=v-0, for geG,veTG.

5.2 The Lie Functor

The Lie functor assigns a Lie algebra to each Lie group and a Lie algebra homo-
morphism to each morphism of Lie groups. It is the key tool to translate Lie group
problems into problems in linear algebra.

Definition 5.2.1. [The Lie algebra of G] A vector field X € V(G) is called left
invariant if
X=X :=T(Ag)oXoA,"

holds for each g € G, i.e., (\;).X = X. We write V(G)! for the set of left invariant
vector fields in V(G). Clearly V(G)! is a linear subspace of V(G).

Writing the left invariance as X = T'(A\y) 0 X o )\g‘l, we see that it means that X
is Ag-related to itself. Therefore the Related Vector Field Lemma [4.3.9] implies that
if X and Y are left-invariant, their Lie bracket [X,Y] is also Ag-related to itself for
each g € G, hence left invariant. We conclude that the vector space V(G)! is a Lie
subalgebra of (V(G), [,]).

Next we observe that the left invariance of a vector field X implies that for each
g € G we have X(g) = ¢.X(1) (Lemma[5.1.6(b)), so that X is completely determined
by its value X (1) € T1(G). Conversely, for each x € T1(G), we obtain a left invariant
vector field 2; € V(G)! with (1) = x by 2;(g) := g.z. That this vector field is indeed
left invariant follows from

w10 Ap(g) = i(hg) = (hg).x = h.(g.x) = T(An)z1(9)

for all h,g € G. Hence
Tl(G) — V(G)l, T — X

is a linear bijection. We thus obtain a Lie bracket [-,-] on 77 (G) satisfying
[z, 9] = [z, y] forall z,ye€T1(G). (5.2)

The Lie algebra
L(G) = (TI(G)7 [" ]) = V(G)l

is called the Lie algebra of G.

Proposition 5.2.2. (Functoriality of the Lie algebra) If ¢: G — H is a morphism
of Lie groups, then the tangent map

L(p) :=Ta(p): L(G) = L(H)

1s a homomorphism of Lie algebras.
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Proof. Let x,y € L(G) and x;,y; be the corresponding left invariant vector fields.
Then p o Ay = Ay (g) © ¢ for each g € G implies that
T(p) o T(Ag) = T(Ap(g)) o T (),
and applying this relation to z,y € T1(G), we get
Teowx; = (L(p)z),op and Teoy = (L(p)y),o e, (5.3)

i.e., x; is p-related to (L(ap)x)l and y; is p-related to (L(go)y)l. Therefore the Related
Vector Field Lemma implies that

Tpolz,y] = [(L(p)),, (L(p)y),] o e

Evaluating at 1, we obtain L(p)[z,y] = [L(v)(z),L(v)(y)], showing that L(p) is a
homomorphism of Lie algebras. O

Remark 5.2.3. We obviously have L(id¢) = idy,(¢), and for two morphisms ¢;: G1 —
G9 and py: G2 — G5 of Lie groups, we obtain

L(p2 0 1) = L(p2) o L(¢1),
from the Chain Rule:

Ti(p2091) =Ty, 1)(p2) 0 Ti(p1) = Ta(p2) o T1 (1)

The preceding lemma implies that the assignments G — L(G) and ¢ — L(y) define a
functor, called the Lie functor,

L: LieGrp — LieAlyg

from the category LieGrp of Lie groups to the category LieAlg of (finite-dimensional)
Lie algebras.

Corollary 5.2.4. For each isomorphism of Lie groups v: G — H, the map L(p) is
an isomorphism of Lie algebras, and for each x € L(G), the following equation holds

oury:=T(p)oxop ! = (L((p)a:)l. (5.4)

Proof. Let v¥: H — G be the inverse of ¢. Then poty =idy and ¥ o ¢ = idg leads to
L(yp) o L(¥)) = idy, gy and L(¢) o L(¢) = idy ) (Remark [5.2.3)). Further (5.4) follows
from (5.3)) in the proof of Proposition O

5.3 Smooth Actions of Lie Groups

We already encountered smooth flows on manifolds in Chapter @] These can be viewed
as actions of the one-dimensional Lie group (R, +). In particular, we have seen that
these actions are in one-to-one correspondence with complete vector fields, which is
the corresponding Lie algebra picture. Now we describe the corresponding concept for
general Lie groups.
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Definition 5.3.1. Let M be a smooth manifold and G a Lie group. A (smooth) action
of G on M is a smooth map

0:GxM—M, (g,m)—gm=ocy(m)

with the following properties:
(A1) o(1,m)=mfor all m € M.
(A2) o(g1,0(g2,m)) = (9192, m) for g1,92 € G and m € M.

We also write

gm:=o(g,m), og(m):=o(g,m), o"(g):=o0(g,m)=gm.

The map ¢™ is called the orbit map.

For each smooth action o, the map

o: G — Diff(M), g+~ oy

is a group homomorphism and any homomorphism ~v: G — Diff(M) for which the
map

oy: GxM— M, (g,m)—~(g)(m)
is smooth defines a smooth action of G on M.

Remark 5.3.2. What we call an action is sometimes called a left action. Likewise
one defines a right action as a smooth map or: M x G — M with

UR(ma 1) =m, UR(UR(m7 91)792) = UR(m7glg2)'

For m.g := or(m, g), this takes the form

m.(g1g2) = (Mm.g1).92

of an associativity condition.
If or is a smooth right action of G on M, then

or(g,m) = or(m,g")

defines a smooth left action of G on M. Conversely, if o, is a smooth left action, then

or(m,g) = or(g",m)
defines a smooth left action. This translation is one-to-one, so that we may freely pass
from one type of action to the other.
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Examples 5.3.3. (a) If X € V(M) is a complete vector field (cf. Definition
and ®: R x M — M its global flow, then ® defines a smooth action of G = (R, +)
on M.
(b) If G is a Lie group, then the multiplication map o := mg: G x G — G defines a
smooth left action of G on itself. In this case the (mg), = A, are the left multiplica-
tions.

The multiplication map also defines a smooth right action of G on itself. The
corresponding left action is

0:GxG—=G, (g,h)—hg™t with Ug:pg_l.
There is a third action of G on itself, the conjugation action:
0:GxG—G, (g,h)—ghg”t with o,=c,.
(c) We have a natural smooth action of the Lie group GL, (R) on R™:
o: GL,(R) xR" - R", o(g,x) := gz.
We further have an action of GL,,(R) on M, (R):
o: GL,(R) x M,(R) — M,(R), o(g,A) =gAg~ .

(d) On the set M), 4(R) of (p X ¢)-matrices we have an action of the direct product Lie
group G := GL,(R) x GL,(R) by o((g,h), A) :== gAh™L.

The following proposition generalizes the passage from flows of vector fields to
actions of general Lie groups.

Proposition 5.3.4. (Derived action) Let G be a Lie group and o: G x M — M a
smooth action of G on M. Then the assignment

¢: L(G) = V(M), () = =T1(c™)(x)
1s a homomorphism of Lie algebras.

Proof. First we observe that for each € L(G) the map ¢(z) defines a smooth map
M — T(M), and since ¢(2)m € Ty(1,m)(M) = Trn(M), it is a smooth vector field on
M.

To see that ¢ is a homomorphism of Lie algebras, we pick m € M and write

" i=0moug: G—= M, g~ g tm

for the reversed orbit map. Then

©™(gh) = (gh)"'m =h"".(¢"".m) =7 "™(h),

which can be written as
-1
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Taking the differential in 1 € G, we obtain for each x € L(G) = T1(G):

Ty(e™)21(g) = Ty(™) Ta(Ag)z = Ta(9™ 0 Ag)w = Ta (9" ™)z
= Tl (Ug m)T]- (LG)‘T = _Tl (UW?YL(g))x = d(x)¢7n(g).

This means that the left invariant vector field x; on G is ¢™-related to the vector
field 6(z) on M. Therefore the Related Vector Field Lemma implies that for
z,y € L(G) the vector field [z;,y] is ¢™-related to [o(x),d(y)], which leads for each
m € M to

([, y])m = Ta (™) [z, yli(1) = Ta (™) [a1, yi) (1)
=[6(2),6(¥)]pm@) = [6(2),6(y)]m- O

5.4 Basic Topology of Lie Groups

In this section we collect some basic topological properties of Lie groups.
Proposition 5.4.1. The topology of a Lie group G has the following properties:

(i) G is a locally compact space, i.e., each neighborhood of an element of g contains a
compact one.

(ii) The identity component Gy of G is an open normal subgroup which coincides with
the arc-component of 1.

(iii) For a subgroup H of G the following are equivalent:
(a
(b
(

c) H is open and closed.

H is a neighborhood of 1.
H is open.

)
)

(d) H contains Gy.

(iv) If the set mo(G) := G/Gy of connected components of G is countable, then, in
addition, the following statements hold:

(a) G is countable at infinity, i.e., a countable union of compact subsets.

(b) For each 1-neighborhood U in G there exists a sequence (gn)nen n G with
G= UnEN gnU-
(¢) G is second countable, i.e., the topology of G has a countable basis.

(d) If (U;)ier is a pairwise disjoint collection of open subsets of G, then I is
countable.

Proof. (i) This is true for any smooth n-dimensional manifold M. If m € M, V is a
neighborhood of m and (p, U) is a chart with m € M, then ¢(UNV) is a neighborhood
of p(m) in R™. If B C o(UNV) is a closed ball around ¢(m), which is compact due
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to the Heine-Borel Theorem, its inverse image ¢~ 1(B) is a compact neighborhood of
m, contained in V. Here we use that M is Hausdorff to see that p~1(B) is compact.

(i) Since G is a smooth manifold, each point has an open neighborhood U home-
omorphic to an open ball in some R™. Then U is in particular arcwise connected.
This implies that the arc-components of G are open, hence that they coincide with
the connected components.

To see that the identity component Gy of G is a subgroup, we first note that
GoGy is the image of the connected set Gy x Go under the multiplication map, hence
connected. Since it contains 1, we find GoGy C Gg. Similarly, we see that the inversion
preserves Gy, i.e., Ggl C Gy, showing that Gy is a subgroup of G. Each conjugation
cg(z) := gwg™! fixes the identity element 1, hence maps the identity component G
into itself. Thus G is normal.

(iii) (a) = (b): If H is a neighborhood of 1, then each coset gH is a neighborhood
of g because the left multiplication maps A;: G — G are homeomorphism. Hence all
left cosets of H are open. In particular, H is open.

(b) = (c¢): If H is an open subgroup, then its complement is the union of all cosets
gH, g ¢ H, hence also open. Therefore H is also closed.

(¢) = (d): If H is open and closed, then the connectedness of G implies Gy C H.

(d) = (a) is trivial.

(iv) (a) In view of (i), there exists a compact identity neighborhood U in G. Re-
placing U by U NU~!, we may w.l.o.g. assume that U = U~!. Then each set

U i={uy-up:u; €U}

is also compact, because it is the image of the compact topological product space U*"
under the n-fold multiplication map which is continuous.

Now H := J, ey U™ is a subgroup of G which is a 1-neighborhood, and (iii) implies
Gy C H. Hence the set of H-cosets is countable, and since each coset gH is a union

of the countably many compact subsets gU™, we see that G also is a countable union
of compact subsets.

(b) In view of (a), we have G = |J,,cy K, where each K, is a compact subset.
For each n, the open sets kU°, k € K,,, cover the compact set K,,, so that there exist

finitely many ky, 1, ..., knm, with K,, C U;’Zl ky,;U. Then G C |, cn U;’:l ky ;U.

(c) Let (Up)nen be a countable basis of open 1-neighborhoods, we may take U,, =
¢(+B), where B C L(G) is an open ball with respect to some norm and ¢: B — G
is a diffeomorphism onto an open subset of G with ¢(0) = 1. In view of (b), there
exists for each n € N a sequence (gn x)ren in G with G = J,cn gn kUn. We claim
that {gn xUn: n,k € N} is a basis for the topology of G. In fact, if O C G is an open
subset and g € O, then there exists some n with gU,, C O. Next we pick m such that
U;blUm C U,, and some k € N with g € g, xUm. Then g, xUn, C gUn_llUm C gU, C
O, and this proves our claim.

(d) follows immediately from (c). O
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Exercises for Chapter

Exercise 5.4.1. Show that the natural group structure on T =2 S' C C* turns it into
a Lie group.

Exercise 5.4.2. Let G4,...,G,, be Lie groups and G := G X ... x G,,, endowed with
the direct product group structure

(915---9n)(g1s- - 90) == (9100, -, 9ng))
and the product manifold structure. Show that G is a Lie group with

L(G) 2 L(G1) x ... x L(Gy).

Exercise 5.4.3. Let V and W be finite-dimensional real vector spaces and 5: V xV —
W a bilinear map. Show that G := W x V is a Lie group with respect to

(w,0)(w,v') i= (w + ' + Blo,0), v+ o).
For (w,v) € L(G) = T{0,0)(G), find a formula for the corresponding left invariant
vector field (w, v);, considered as a smooth function G — W x V.

Exercise 5.4.4. [Automatic smoothness of the inversion] Let G be an n-dimensional

smooth manifold, endowed with a group structure for which the multiplication map

mg is smooth. Show that the inversion is also smooth, so that G is a Lie group.

Proceed along the following steps:

(1) Tigny(me)(v,w) = Tg(pn)v + Th(Ag)w for A\y(x) = gz and py(z) = xh.

(2) T1,1)(me)(v,w) = v+ w.

(3) The inverse map tg: G — G, g+ g~ ! is smooth if it is smooth in a neighborhood
of 1. Hint: Left and right translations are smooth.

(4) The inverse map t¢ is smooth. Hint: Apply the Inverse Function Theorem to the
map F': G X G — G xG,F(g,h) = (g,gh).

Exercise 5.4.5. Let A be a finite-dimensional unital real algebra and A* its group
of units. We write A\, () := ab for the left multiplication with a € A. Show that:

(1) A* ={a € A: det(\,) # 0}.
(2) A* is an open subset of A and with respect to the corresponding manifold structure
it is a Lie group.

(3) Identifying vector fields on the open subset A* with smooth A-valued functions, a
vector field X € V(A*) = C°(A*, A) is left invariant if and only if there exists
an element z € A with X (a) = ax for a € A*.

Exercise 5.4.6. Consider the three-dimensional Heisenberg group

1 =z vy
G= 0 1 z|:z,y,z€R
0 0 1

Determine the space of (left) invariant vector fields in the coordinates (z,y, z).



Chapter 6

The Exponential Function of a
Lie Group

In the preceding chapter we have introduced the Lie functor which assigns to a Lie
group G its Lie algebra L(G) and to a morphism ¢ of Lie groups its tangent morphism
L(p) of Lie algebras. In this section, we introduce a key tool of Lie theory which will
allow us to also go in the opposite direction: the exponential function exps: L(G) —
G. Tt is a natural generalization of the matrix exponential map, which is obtained for
G = GL,(R) and its Lie algebra L(G) = gl,(R).

6.1 Basic Properties of the Exponential Function

Proposition 6.1.1. FEach left invariant vector field X on G is complete.

Proof. Let g € G and v: I — G be the unique maximal integral curve (cf. Theo-

rem [4.4.5) of X € V(G)! with v(0) = g.
For each h € G we have (A\;).X = X, which implies that n := A, o also is an
integral curve of X (cf. Exercise 4.4.3)). Put h = y(s)g~! for some s > 0. Then

1n(0) = (An 0 7)(0) = hy(0) = hg = (s),

and the uniqueness of integral curves implies that v(¢) = n(t—s) for all ¢ in the interval
IN (I + s) which is nonempty because it contains s. We thus obtain an extension of
v to the interval I U (I + s), and the maximality of I thus leads to I + s C I, and
hence to I +ns C I for each n € N. Therefore the interval I is unbounded from below.
Applying the same argument to some s < 0, we see that I is also unbounded from
above. Hence I = R, which means that X is complete. O

Definition 6.1.2. We now define the exponential function
expe: L(G) = G, expg(x) :=7.(1),

97
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where v, : R — G is the unique maximal integral curve of the left invariant vector field
xy, satisfying v,(0) = 1. This means that -, is the unique solution of the initial value
problem

v0)=1, @) =x(v1t)) =~(t)x forall teR.

Example 6.1.3. (a) Let G := (V,+) be the additive group of a finite-dimensional
vector space. The left invariant vector fields on V are given by

z(w) = Tl im0

so that they are simply the constant vector fields. Hence (cf. Lemma [4.3.3))
[21,11](0) = dyi(2:(0)) — dzi(y:(0)) = dyi(z) — dau(y) = 0.

Therefore L(V') is an abelian Lie algebra.
For each « € V, the flow of z; is given by ®%'(¢,v) = v + tz, so that

w+ter =,

expy () = ®*(1,0) =z, ie., expy, =idy.

(b) Now let G := GL,(R) be the Lie group of invertible (n x n)-matrices, which
inherits its manifold structure from the embedding as an open subset of the vector
space M, (R).

The left invariant vector field A; corresponding to a matrix A is given by

Ai(g) = Ti(A\g)A = gA

because A\, (h) = gh extends to a linear endomorphism of M,,(R). The unique solution
v4: R — GL,(R) of the initial value problem

70) =1, (1) =A(y(t) =~(t)A

is the curve describing the fundamental system of the linear differential equation de-
fined by the matrix A:

— 1
ya(t) = et = Z HtkAk.
k=0

It follows that expg(A) = e? is the matrix exponential function.
The Lie algebra L(G) of G is determined from

[A, B] = [A, BJ(1) = dBi(1)Ai(1) — dAi(1) Bi(1)
= dBl(]_)A — dAl(]_)B = AB — BA.
Therefore the Lie bracket on L(G) = T1(G) = M, (R) is given by the commutator
bracket. This Lie algebra is denoted gl,(R), to express that it is the Lie algebra of
GL,(R).

(¢) If V is a finite-dimensional real vector space, then V' = R™ so that we can
immediately use (b) to see that GL(V) is a Lie group with Lie algebra gl(V) :=
(End(V), [-,-]) and exponential function

e}
Ak
eXPGL(V)(A) = Z L
k=0
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Lemma 6.1.4. (a) For each x € L(G), the curve v4: R — G is a smooth homomor-
phism of Lie groups with v,,(0) = x.
(b) The global flow of the left invariant vector field x; is given by

Dy (9) = ®(t,9) = g7.(t) = gexpg(tx).

(¢) If v: R — G is a smooth homomorphism of Lie groups and x := ~'(0), then
¥ =z. In particular, the map

Hom(R,G) — L(G), ~v~~'(0)

is a bijection, where Hom(R, G) stands for the set of morphisms, i.e., smooth homo-
morphisms, of Lie groups R — G.

Proof. (a), (b) Since 7, is an integral curve of the smooth vector field z;, it is a smooth
curve. Hence the smoothness of the multiplication in G implies that ®(t, g) := g7 (t)
defines a smooth map R x G — G. In view of the left invariance of z;, we have for
each g € G and ®9(t) := (¢, g) the relation

(@9)'(t) = T(A)v2(t) = T(Ag)m1(12(t)) = 21(972(t)) = 2 (29(2)).

Therefore ®9 is an integral curve of x; with ®9(0) = g, and this proves that ® is the
unique maximal flow of the complete vector field x;.
In particular, we obtain for ¢,s € R:

Yt +8) = @(t +5,1) = O(t,(s,1)) = P(s, 1)72(t) = 72(8) 72 (t)- (6.1)

Hence 7, is a group homomorphism (R, +) — G.
(c) If v: (R,4+) — G is a smooth group homomorphism, then

®(t,g) := gv(t)

defines a global flow on G whose infinitesimal generator is the vector field given by

X(9) @(t, g) = T(Ag)y'(0).

= dt| =0

We conclude that X = x; for z = 7/(0), so that X is a left invariant vector field. Since
~ is its unique integral curve through 0, it follows that v = 7,. In view of (a), this
proves (c). O

Proposition 6.1.5. For a Lie group G, the exponential function
expg: L(G) - G

is smooth and satisfies To(expg) = idyq) . In particular, expg is a local diffeomor-
phism in 0 in the sense that it maps some 0-neighborhood in L(G) diffeomorphically
onto some 1-neighborhood in G.
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Proof. The map ¥: L(G) — V(G),z — x; satisfies the assumptions of Proposi-
tion because the map

L(G) x G =T(G), (w,9)— m(g) =g

is smooth (Lemma/5.1.6)). In the terminology of Proposition [4.4.15] it now follows that
the map

P:RXL(G)x G =G, (tx,g) g7.(t) = gexpg(tz)

is smooth, and this implies the smoothness of exp.. Finally, we observe that

-4 —~'(0) =
To(expg)(z) = 7l o expg (tx) = 7,(0) = =,
so that Ty(expg) = idy(q)- O
Lemma 6.1.6. (Canonical Coordinates) Let G be a Lie group and by, ..., b, be a basis

forits Lie algebra L(G). Then the following maps restrict to diffeomorphisms of some
0-neighborhood in R™ to some open 1-neighborhood in G:

(i) = — expg(z1by + ... + zpby) (Canonical coordinates of the first kind).
(ii) = — expg(z1b1) - ... expa(Tnby) (Canonical coordinates of the second kind).

Proof. (i) This is immediate from Proposition

(i) In view of Proposition To(expg) = idye), and further

Ti(meg)(z,y) = ¢ + y by Lemma Therefore
O:R" > G, x> expg(x1br) ... expa(xnby)

satisfies To(®)(z) = >, x;b;. Hence the claim follows from the Inverse Function
Theorem. O

Lemma 6.1.7. Ifo: G x M — M is a smooth action and x € L(G), then the global
flow of the vector field (x) is given by ®*(t,m) = exps(—tz).m. In particular,

() m o expg(—tz).m = —T(1,m)(0)(,0).

T dt

Proof. Clearly ®* defines a smooth global flow on M, and its infinitesimal generator
is given by

o expg(—tz).m = =T m)(0)(2,0) = 6(2)m.
This proves the lemma. O

Lemma 6.1.8. If z,y € L(G) commute, i.e., [x,y] =0, then

expa(x +y) = expe(x) expea ().
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Proof. If x and y commute, then the corresponding left invariant vector fields commute,
and Corollary [£.4.17)implies that their flows commute. We conclude that for all ¢, s € R
we have

expg (tz) expg(sy) = expg (sy) expg (tz). (6.2)
Therefore
Y(t) = expg (tx) expe (ty)
is a smooth group homomorphism. In view of

7'(0) = Tan(me)(@,y) =z +y

(Lemma , Lemma [6.1.4|(c) leads to v(t) = exps(t(z+y)), and for t = 1 we obtain
the lemma. 0

Lemma 6.1.9. The subgroup (expa(L(G))) of G generated by exps(L(G)) coincides
with the identity component Gy of G, i.e., the connected component containing 1.

Proof. Since exp; is a local diffeomorphism in 0 (Proposition, the Inverse Func-
tion Theorem (see Exercise implies that exps(L(G)) is a neighborhood of 1.
We conclude that the subgroup H := (exps(L(G))) generated by the exponential im-
age is a 1-neighborhood, hence contains Gy (Proposition [5.4.1fiii)(d)). On the other
hand, exp is continuous, so that it maps the connected space L(G) into the identity
component Gg of G, which leads to H C GGy, and hence to equality. O

6.2 Naturality of the Exponential Function

In this subsection we study how the exponential function is related to the Lie functor.

Proposition 6.2.1. Let ¢: G1 — G4 be a morphism of Lie groups and L(¢): L(G1) —
L(Gs) its differential in 1. Then

expg, © L) = poexpg,, (6.3)
i.e., the following diagram commutes
GG ——— G
exXpg, eXPg,
L(s)

L(G;) ————— L(G9).
Proof. For x € L(G1) we consider the smooth homomorphism
Ve € Hom(R, G1), 7.(t) = expg, (tz).
According to Lemma we have
¢ 0 7(t) = expg, (ty)

for y = (poy.) (0) = L(p)z, because poy, : R — G is a smooth group homomorphism.
For ¢t = 1 we obtain in particular

expg, (L(p)z) = p(expg, (2)),
which we had to show. O



102 CHAPTER 6. THE EXPONENTIAL FUNCTION OF A LIE GROUP

Corollary 6.2.2. Let G and Ga be Lie groups and ¢: G1 — G be a group homo-
morphism. Then the following are equivalent:

(a) @ is smooth in an identity neighborhood of Gy.
(b) ¢ is smooth.

(c) There exists a linear map : L(G1) — L(G2) satisfying
eXpg, 0P = @ 0 exXPg, - (6.4)

Proof. (a) = (b): Let U be an open 1-neighborhood of G; such that ¢|y is smooth.
Since each left translation A, is a diffeomorphism, Ay(U) = gU is an open neighborhood
of g, and we have

o(gzr) = @(g)e(x), e, @odg= Ay 0.

Hence the smoothness of ¢ on U implies the smoothness of ¢ on gU, and therefore
that ¢ is smooth.

(b) = (c): If ¢ is smooth, then 1) := L(y) satisfies (6.4).

(c) = (a): If ¥ is a linear map satisfying (6.4)), then the fact that the exponential
functions exps, and expg, are local diffeomorphisms and the smoothness of the linear
map ¢ implies (a). O

Corollary 6.2.3. If v1,p2: G1 — Gy are morphisms of Lie groups with L(p1) =
L(p2), then 1 and ps coincide on the identity component of G1.

Proof. In view of Proposition we have for x € L(G):

p1(expg, (7)) = expg, (L(p1)z) = expg, (L(p2)r) = pa(expg, (7)),

so that ¢; and ¢z coincide on the image of expg,, hence on the subgroup generated
by this set. Now the assertion follows from Lemma [6.1.9 O

Proposition 6.2.4. For a morphism ¢: Gy — G2 of Lie groups, the following asser-
tions hold:

(1) kerL(p) = {z € L(G1): expg, (Rz) C ker¢}.
(2) ¢ is an open map if and only if L(p) is surjective.

(3) If L(p) is a linear isomorphism and @ is bijective, then @ is an isomorphism of
Lie groups.

Proof. (1) The condition z € ker L(y) is equivalent to

{1} = expg, (R L(p)z) = p(expg, (Rz)).

(2) Suppose first that ¢ is an open map. Since expg,, i = 1,2, are local diffeomor-
phisms,
€XPg, © L(p) = o €XPa, (6-5)
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implies that there exists some 0-neighborhood in L(G;) on which L(y) is an open map,
hence that L(yp) is surjective.

If, conversely, L(y) is surjective, then L(y) is an open map, so that the relation
implies that there exists an open 1-neighborhood U; in G such that |y, is an
open map. We claim that this implies that ¢ is an open map. In fact, suppose that
O C G; is open and g € O. Then there exists an open 1-neighborhood Us of G; with
gUs C O and Uy C Uy. Then

©(0) 2 p(gU2) = ¢(9)¢(U2),

and since p(Us) is open in Ga, we see that ¢(O) is a neighborhood of ¢(g), hence that
©(0) is open because g € O was arbitrary.

(3) From the relation expg, o L(p) = ¢ o expg, and the bijectivity of ¢ we derive
that the group homomorphism ¢! satisfies

¢t oexpg, = expg, oL(p) 7,
so that Corollary implies that ¢~! is also smooth. O

Theorem 6.2.5. (One-parameter Group Theorem) Let G be a Lie group. For each
x € g := L(G), the map v,: (R,+) — G,t — expgs(tx) is a smooth group homo-
morphism. Conversely, every continuous one-parameter group v: R — G is of this
form.

Proof. The first assertion is an immediate consequence of Lemma c). It therefore
remains to show that each continuous one-parameter group v of G is a -y, for some z €
g. Let U = —U be a convex 0-neighborhood in g for which exp; |y is a diffeomorphism
onto an open subset of G and put U; := %U . Since + is continuous in 0, there exists
an £ > 0 such that v([—¢,¢]) C expg(U1). Then a(t) := (expg |v) 71 (7(t)) defines a
continuous curve a: [—¢,&] — Uy with exp(a(t)) = v(¢) for |¢t| < e. With the same
arguments as in the proof of Theorem [2.2.6] we see that a(t) = tx for some x € g.
Hence v(t) = expq(tz) for |t| < e, but then v(nt) = exps(ntz) for n € N leads to
v(t) = exp(tx) for each t € R. O

Proposition 6.2.6. Let G be a Lie group with Lie algebra L(G). For z,y € L(G) we
have the Product Formula

expg(z +y) = lim (expg(fe) expa(fy))”-
Proof. To obtain the product formula, we consider the smooth curve
v:R—= G, ~(t):=exp(tr)exp(ty) with ~(0)=1,7(0)=z+y
(cf. Lemma [5.1.6)). The assertion now follows from the relation

exp(y(0)) = lim y(1/n)"

n—oo

which can be proved with the same argument as in the proof of Lemma [2.4.8 O
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Theorem 6.2.7. (Automatic Smoothness Theorem) FEach continuous homomorphism
w: G — H of Lie groups is smooth.

Proof. From Theorem [6.2.5] we know that the map
L(G) - Hom.(R,G), =+ vy, 72(t):=expa(tx)

is a bijection, where Hom.(R, G) denotes the set of all continuous one-parameter groups
of G. For z € L(G1) we consider the continuous homomorphism po~, € Hom.(R, G2).
Since this one-parameter group is smooth (Theorem [6.2.5), it is of the form

@0 Y(t) = expg, (ty)

for y = (9 07,)'(0) € L(G2). We define a map L(p): L(G;) — L(G2) by L(p)z :=
(¢ ©072)'(0). For t =1 we then obtain

expg, o L(p) = poexpg, : L(G1) = Ga. (6.6)

Next we show that L(yp) is a linear map. Our definition immediately shows that
L(p)Az = AL(p)x for each x € L(Gy). Further, the Product Formula (Proposi-

tion yields
expg, (L(p) (2 +y)) = ¢(expg, (z +y))
— lim o exp, (Le) expa, (b))
= lim (eXpG2 (% L(p)z) expe, (% L(so)y))k
= expg, (L(p)z +L(p)y).

This proves that L(p)(z + y) = L(p)z + L(¢)y, so that L(p) is indeed a linear map.
Now the smoothness of ¢ follows from and Corollary O

Corollary 6.2.8. A topological group G carries at most one Lie group structure.

Proof. If G; and G2 are two Lie groups which are isomorphic as topological groups,
then the Automatic Smoothness Theorem applies to each topological isomorphism
©: G1 — G5 and shows that ¢ is smooth. It likewise applies to ¢!, so that ¢ is an
isomorphism of Lie groups. O

6.3 The Adjoint Representation

The Lie functor associates linear automorphisms of the Lie algebra with conjugations
on the Lie group. The resulting representation of the Lie group is called the adjoint
representation. Its interplay with the exponential function will be important in the
entire theory.
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Definition 6.3.1. We know that for each finite-dimensional vector space V', the group

GL(V) carries a natural Lie group structure. For a Lie group G, a smooth homomor-

phism 7: G — GL(V) is a called a representation of G on V (cf. Exercise [6.5.3)).
Any representation defines a smooth action of G on V via

a(g,v) := 7(g)(v)-

In this sense, representations are the same as linear actions, i.e., actions on vector
spaces for which the o4 are linear.

As a consequence of Proposition we obtain

Proposition 6.3.2. If : G — GL(V) is a representation of G, then L(¢): L(G) —
gl(V) is a representation of its Lie algebra L(G).

The representation L(y) obtained in Proposition from the group representa-
tion ¢ is called the derived representation. This is motivated by the fact that for each
z € L(G) we have

d
L)) = 5, ¢ = 2

o i PN p(expg tx).

Let G be a Lie group and L(G) its Lie algebra. For g € G we recall the conjugation
automorphism ¢, € Aut(G), ¢,(x) = grg~', and define

Ad(g) := L(cq) € Aut(L(Q)).

Then
Ad(g192) = L(cg,g,) = L(cy,) © L(cg,) = Ad(g1) Ad(g2)

shows that Ad: G — Aut(L(G)) is a group homomorphism. It is called the adjoint
representation. To see that it is smooth, we observe that for each z € L(G) we have

Ad(g)x = Ti(cg)x = Ti(Ag o pg—1)x = Ty-1(Ag)T1(pg-1)x = 0g - - 0g—1

in the Lie group T(G) (Lemma [5.1.6). Since the multiplication in T'(G) is smooth,
the representation Ad of G on L(G) is smooth (cf. Exercise [6.5.3]), and

L(Ad): L(G) — gl(L(Q))

is a representation of L(G) on L(G). The following lemma gives a formula for this
representation.

Lemma 6.3.3. L(Ad) = ad, i.e., L(Ad)(x)(y) = [z, y].

Proof. Let z,y € L(G) and x;,y; be the corresponding left invariant vector fields.
Corollary implies for g € G the relation

(cg)etn = (Llcg)y) = (Ad(g)y),-
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On the other hand, the left invariance of y; leads to

(co)stn = (py " 0 Ag)xti = (pg ) (Ng) st = (py )u-

Next we observe that @' = Pexpg(tz) 1 the flow of the vector field
(Lemma[6.1.4]), so that Theorem [4.4.16|implies that
d . d
[xl7yl] = £wlyl = % ‘0 ((I)Jt)*yl = a 0 (Cexpc(tz))*yl
d

= 2| (Ad(expg (ta)y) -

Evaluating in 1, we get

o4 = e wl(1) =

., Ad(expg(ta))y = L(Ad)(2)(y)- 0

Combining Proposition with Lemma [6.3.3] we obtain the important formula
Ado €Xpg = eXpAut(L(G)) e} ad,

i.e.,

Ad(expg(x)) = ™ for 2 € L(G). (6.7)
Lemma 6.3.4. For a Lie group G, the kernel of the adjoint representation
Ad: G — Awt(L(Q)), is given by

Za(Go) :={g € G: (Vx € Gy) gx = xg},

where G is the connected component of the identity in G. If, in addition, G is con-

nected, then
ker Ad = Z(G).

Proof. Since Gy is connected, the automorphism c4|g, of Gy is trivial if and only if
L(cy) = Ad(g) is trivial. This implies the lemma. O

As we shall see later, in many situations it is important to have some information
on the center of (simply) connected Lie groups. Below we shall use Lemma to
determine the kernel of the adjoint representation for various Lie groups. For that we
have to know their center.

Example 6.3.5. (a) Let K € {R,C}. First we recall from Proposition [L.1.10] that
Z(GL,(K)) = K*1 and from Exercise [1.2.14{v) that

Z(SL,(K)) = {21: z e K*,2" = 1}.

In particular,

Z(SL,(C)) ={z1: 2" =1} = C,

and
1 for n € 2Ny + 1}

Z(SLn(R)) = {{il} for n € 2N.
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(b) For ¢ € Z(SU,(C)) = kerAd we likewise have gr = zg for all
x € su,(C). From

9l,,(C) = u,(C) 4 iu, (C) = su, (C) + i su,(C) + C1,
we derive that g € Z(GL,(C)) = C*1. From that we immediately get
Z(SU,(C)) ={z1:2"=1}=2C,
and similarly we obtain
Z(U,(C)) ={z1: |z| =1} = T.
(c) (cf. also Exercise Next we show that

SO2(R) forn=2
Z(0,(R)) ={£1} and Z(SO,(R))= 1 forn € 2N +1
{£1} forne€2N-+2.

IfgeZz ( On(R)), then g commutes with each orthogonal reflection
0y: R = R, w— w—2(v,w)v

in the hyperplane v, where v is a unit vector. Since Ruv is the —1-eigenspace of o,
this space is invariant under g (Exercise [1.1.1)). This implies that for each v € R™ we
have gv € Rv which by an elementary argument leads to g € R*1. We conclude that

Z(0,(R)) = 0, (R) NR*1 = {+1}.

To determine the center of SO, (R), we consider for orthogonal unit vectors vy, vg
the map oy 0 = 0uy0w € SO,(R) (a reflection in the subspace
vy Ny ). Since an element g € Z(SO,(R)) commutes with o, ,,, it leaves the plane
Rovy + Rog = ker(oy, v, + 1) invariant. If a linear map preserves all two-dimensional
planes and n > 3, then it preserves all one-dimensional subspaces. As above, we get
g € R*1, which in turn leads to

Z(SOn(R)) = SO, (R) NR*1,

and the assertion follows.

6.4 Semidirect Products

The easiest way to construct a new Lie group from two given Lie groups G and H, is
to endow the product manifold G x H with the multiplication

(91, h1)(g2, h2) := (9192, h1h2).

The resulting group is called the direct product of the Lie groups G and H. Here G
and H can be identified with normal subgroups of G x H for which the multiplication
map

(G x{1}) x ({1} x H) = G x H, ((9,1),(1,h)) = (9,1)(1,h) = (g, h)



108 CHAPTER 6. THE EXPONENTIAL FUNCTION OF A LIE GROUP

is a diffeomorphism. Relaxing this condition in the sense that only one factor is
assumed to be normal, leads to the concept of a semidirect product of Lie groups,
introduced below.

Definition 6.4.1. Let N and G be Lie groups and a: G — Aut(N) be a group
homomorphism defining a smooth action (g,n) — a4(n) of G on N.
(a) Then the product manifold N x G is a group with respect to the product

(n,9)(n',g") := (nay(n'), gg")
and the inversion
(n.g)™" = (ag-1(n71),g7").
Since multiplication and inversion are smooth, this group is a Lie group, called the
semidirect product of N and G with respect to a. It is denoted by N x, G.
(b) On the manifold G x N we also obtain a Lie group structure by
(9,n)(g',n") = (99, oy (n)n),
and this Lie group is denoted G X, N. It is easy to verify that the map
O: NxoyG—GxXy N, (n,g)— (g,a;l(n))
is an isomorphism of Lie groups.

Example 6.4.2. A typical example of a semidirect product is the group Aff(V) of
affine automorphisms of the vector space V. It consists of maps of the form ¥ (v)
©(v)+b, where ¢ € GL(V) is an invertible linear map. Writing the elements of Aff(V)
accordingly as pairs ¢ = (b, ¢), we see that composition of affine maps corresponds to
the composition formula

(b, )V, ") = (b + ('), o)
for pairs. With a: GL(V) = Aut(V), o, (v) = ¢(v) we see that
Aff(V) 2V %, GL(V)
is a semidirect product of the Lie groups GL(V) and (V, +).
Remark 6.4.3. If G := N X o G is a semidirect product, then
71':@—>G, (n,g) — g, U:G—>é, g—(1,9)

and t: N — (A?,n — (n,1) are morphisms of Lie groups with 7 o 0 = idg and ¢ is an
isomorphism of N onto the closed subgroup ker 7 of G.

Example 6.4.4. Let G be a Lie group and T'(G) its tangent Lie group (Lemma/5.1.6]).
We have already seen that the map G x L(G) — TG, (g,z) — gx = 0y-z is a

diffeomorphism, and for similar reasons, the map L(G)xG — TG, (z,g) +— z.g := x-04
is a diffeomorphism. In these coordinates, the multiplication is given by

(z.g) - (2'.g)=x-04-2" -0y =x-Ad(g)z" - 04 -0y = (x + Ad(g)z’).99".
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This shows that the tangent bundle is a semidirect product
TG 2 L(G) xaq G.
Similarly, the calculation
(9-2) - (g'-2') = Ogg - Ad(g") "2 -2’ = (gg, Ad(g) "2 + )

shows that also
TG=G X Ad L(G)

Proposition 6.4.5. The Lie algebra of the semidirect product group N X, G is given

by
L(N %o G) 2 L(N) xg L(G),

where f: L(G) — der(L(N)) is the derived representation of L(G) on L(N) corre-
sponding to the representation of G on L(N) given by g.« := L(ag)z.

Proof. We identify L(N), resp., L(G), with a subspace of
Ti(N) @ Ti(G) = T(1,1)(N x G) 2 L(N x4 G).

Since N and G are subgroups, the functoriality of L implies that L(G) and L(N) are
Lie subalgebras of L(N %, G). The normal subgroup N is the kernel of the projection
m: N X, G — G, so that our identification shows that L(NN) = ker L(7) is an ideal of
L(N x4 G). This already implies

L(N %o, G) 2 L(N) xg L(G)
for the homomorphism §: L(G) — der(L(N)), given by
(B(z)(y),0) = [(0, ), (y, 0)].

To determine 3 in terms of «, we note that the smooth action of G on N by
automorphisms induces a smooth action of G on the tangent bundle T'(N), hence in
particular on T7(N) = L(N). We thus obtain a representation 7: G — Aut(L(N)).
In N x, G we have (1,9)(n,1)(1,9) "' = (ay(n), 1), so that

m(9)y = Llag)y = Ad(1,9)(y,0).
Now Lemma immediately shows that L(m)z = ad(0,z) = 8(x). O

6.5 The Baker-Campbell-Dynkin—Hausdorff Formula

In this section we show that the formula

expqa (T * y) = expg T eXpga ¥,

where z * y, for sufficiently small elements z,y € g = L(G), is given by the Hausdorff
series (cf. Proposition [2.4.5]), also holds for the exponential function of a general Lie
group G with Lie algebra g.
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Definition 6.5.1. For a smooth function f: M — G of a smooth manifold M with
values in the Lie group G, we define its (left) logarithmic derivative as the function

S(f): TM =g, 0(f)(v):=f(m)™ - Tn(flv for ve& Tpn(M).

This map is a convenient way to describe the derivative of f in terms of a less
complex structure than the tangent map T'f: TM — TG.

Lemma 6.5.2. For two smooth maps f,h: M — G, the logarithmic derivative of the
pointwise products fh and fh™1 is given by the

(1) Product Rule: §(fh) = 6(h) + Ad(h~1)3(f), and the
(2) Quotient Rule: 5(fh=1) = Ad(h)(6(f) — d(h)).
Proof. Writing fg = mg o (f, g), we obtain from
Tiapy(me)(v,w) =v-b+a-w
for a,b € G and v,w € L(G) C TG (Lemmal[5.1.6), the relation
T(fh) =T(mg) o (T(f),T(h) =T(f)-h+[f-T(h): T(M) = T(G),

where f - T(h), resp., T(f) - h refers to the pointwise product in the group T(G),
containing G as the zero section (Lemma(5.1.6). This immediately leads to the Product
Rule

8(fh) = (fR)~H - (T(f) - h+ f-T(h)) = h=' - (8(f) - h) + 8(h) = Ad(h)'8(f) + 8 (h).
For h = f~!, we then obtain
0=3(ff1) = Ad()a(f) +8(f71),
hence §(f~1) = — Ad(f)d(f). This in turn leads to
S(fh™1) = Ad(R)S(f) +8(h™) = Ad(R)8(f) — Ad(h)3(h),
which is the Quotient Rule. 0

Remark 6.5.3. For any g € G and a smooth function f: M — G, the function
g- [ = Ago [ has the same logarithmic derivative as f because

3(g- f)=0(f) +Ad(f)""o(g) = (f)

is a consequence of the Product Rule and the fact that §(g) = 0 for the constant map
with value g.

Proposition 6.5.4. The logarithmic derivative of expg s given by

—e % 0 — k—1
d(expg)(z) = ®(adz) € L(g), where O(z):= ! = Z %
k=1

With respect to the group structure on TG, this can also be written as

To(expg)y = expg(a) - D(adz)y  for a,y € L(G).



6.5. THE BAKER-CAMPBELL-DYNKIN-HAUSDORFF FORMULA 111

Proof. Fix t,s € R. Then the smooth functions f, fi, fs: L(G) — G, given by
f(z) = expg((t+ s)x), [fi(z) :=expg(te) and fi(z):=expg(sz),

satisfy f = fifs pointwise on L(G). The Product Rule (Lemma/6.5.2)) therefore implies
that

5(f) = 6(fs) + Ad(fs)_l(s(ft)
For the smooth curve ¢: R — L(G), ¥ (t) := d(expe )i (ty), we now obtain

b(t+s) = 8(F)aly) = 6(f)a(y) + Ad(f5) " 6(f1)x(y)
= (s) + Ad(expg(—sz))i(t).
We have ¢(0) = 0 and
¥'(0) = lim 6(expg)iz (y) = d(expg)o(y) = v,
so that taking derivatives with respect to ¢ in 0, leads with to
V' (s) = Ad(expg(—sz))y = e~ 102y,

Now the assertion follows by integration from

5(expe)a(y) = (1) = / W' (s) ds

and f01 e ST g = S % = ®(ad z), which we saw already in the proof of

Proposition 2:4.2] O

Let U C g be a convex 0-neighborhood for which expg |y is a diffeomorphism
onto an open subset of G and V' C U a smaller convex open 0-neighborhood with
expe Vexpe V Cexpg U. Put log := (expg ) ™! and define

xxy:=logy(expgrexpgy) for zyeV.

This defines a smooth map V x V — U. Fix z,y € V. Then the smooth curve
F(t) := x xty € U satisfies expg F(t) = expa(x) expa(ty), so that the logarithmic
derivative of this curve is

y = d(expg)pn I (t) = ®(ad F(2)) F'(t).

We now choose U so small that the power series ¥(z) = sziglz from Lemma w
satisfies
U(e**)P(adz) =idy, for 2z€U

(Lemma [2.4.3]). For z = F(t), we then arrive with Proposition at
F'(t) = ¥(er F D)y,
Now the same arguments as in Propositions and imply that

1
33*2/=F(1)=a:+y—|—§[x,y]+---

is given by the convergent Hausdorff series:



112 CHAPTER 6. THE EXPONENTIAL FUNCTION OF A LIE GROUP

Proposition 6.5.5. If G is a Lie group, then there exists a convex 0-neighborhood
V' C g such that for x,y € V' the Hausdorff series

T kY =T+
Z (—1)F (adz)Pr(ady)? ... (ad z)P* (ad y)?* (ad z)™
o k+D(@+...+qg—+1) pilq! .. prlgg!m! v
pri+a;>0

converges and satisfies

expg(7 * y) = expg () expg (y)-
With the same proof as for Proposition we obtain:

Proposition 6.5.6. Let G be a Lie group. For x,y € L(G) we have the following
commutator formula holds:

s (o0 (3o (i) (1) (1) =t
Exercises for Chapter [6]

Exercise 6.5.1. Let G be a connected Lie group and = € g = L(G). Show that the
corresponding left invariant vector field x; € V(G) is biinvariant, i.e., also invariant
under all right multiplications, if and only if = € 3(g).

Exercise 6.5.2. Let f1, fo: G — H be two group homomorphisms. Show that the
pointwise product

fife: G—= H, g~ fi(g)f2(g)

is a homomorphism if and only if f;(G) commutes with f2(G).

Exercise 6.5.3. Let M be a manifold and V a finite-dimensional vector space with
a basis (b1,...,b,). Let f: M — GL(V) be a map. Show that the following are
equivalent:

(1) f is smooth.
(2) For each v € V the map f,: M — V,m — f(m)v is smooth.
(3) For each i, the map f: M — V,m — f(m)b; is smooth.

Exercise 6.5.4. A vector field X on a Lie group G is called right invariant if for each
g € G the vector field (pg).X = T(py) 0 X 0 p; ! coincides with X. We write V(G)"
for the set of right invariant vector fields on G. Show that:

(1) The evaluation map evy: V(G)" — T1(G) is a linear isomorphism.

(2) If X is right invariant, then there exists a unique z € T3(G) such that X(g) =
2, (g) :=T1(pg)x = x - 0, (w.r.t. multiplication in T(G)).
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(3) If X is right invariant, then X := (1) X := T(1g) o X o 15" is left invariant and
vice versa.

(4) Show that (vq)sz, = —z; and [z, y,| = —[z, y], for z,y € T1(G).

(5) Show that each right invariant vector field is complete and determine its flow.

Exercise 6.5.5. Let G be a Lie group. Show that any map ¢: G — G commuting
with all left multiplications Ay, g € G, is a right multiplication.

Exercise 6.5.6. (The exponential function of SU3(C)) Show that:
(a) Uz(C) =TSU2(C) = Z(U2(C)) SU2(C).
(b) If z € suy(C) with eigenvalues i\, A > 0, we have ||z|| = A.

(¢) For x,y € suy(C), there exists an element g € SU3(C) with y = Ad(g)« if and only
if ||| = llyll-

(d) No one-parameter group v : R — SUy(C) is injective, in particular, the image of
~v(R) is always circle group.

Exercise 6.5.7. Verify the following semidirect decompositions:

(a) GL,(K) = SL,,(K) x5 K* for a suitable homomorphism §: K* — Aut(SL, (K)),
where K is any field.

(b) U,(C) 2 SU,(C) x5 T for a suitable homomorphism §: T — Aut(SU,(C)).
(¢c) B2 N x D for

N :={g € GLy(R): (Vi > j) gij = 0,9 = 1}

Bi={g € GL,(R): (Vi > j) gi; = 0}

D :={g € GLo(R): (Vi # j) gi; = 0}.
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Chapter 7

From Local Data to Lie
Groups

In this chapter we first introduce a method to obtain the structure of a Lie group on
an abstract group G from local data (Section [7.1]). We continue in Section with a
study of closed subgroups of Lie groups. Here the main result is the Closed Subgroup
Theorem asserting that any closed subgroup of a Lie group is a submanifold and that it
carries a natural Lie group structure. Applying this to subgroups of GL,,(R), it follows
in particular that all linear Lie groups are Lie groups. We conclude this chapter with
Section where we show that every Lie subalgebra § of the Lie algebra L(G) of a
Lie group G “generates” a so-called integral subgroup, but this subgroup need not be
closed. The dense wind in the 2-torus is a typical example (cf. Lemma [3.4.8]).

7.1 Constructing Lie Group Structures on Groups

In this section we describe some methods to construct Lie group structures on groups,
starting from a manifold structure on some “identity neighborhood” for which the
group operations are smooth close to 1.

7.1.1 Group Topologies from Local Data

We call a Hausdorff topology on a group G a group topology if it turns G into a
topological group, i.e., the group operations are continuous maps. The following lemma
tells us how to construct a group topology on a group G from a filter basis of subsets
which then becomes a filter basis of identity neighborhoods for the group topology.

Definition 7.1.1. Let X be a set. A set F C P(X) of subsets of X is called a filter
basis if the following conditions are satisfied:

(F1) F # 0.

(F2) Each set F' € F is nonempty.

115
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(F3) ABe F=(3CeF)CCANB.

Lemma 7.1.2. Let G be a group and F C P(G) a filter basis satisfying (\F = {1}
and

(U1) (YU € F)@V € F) VV C U.
(U2) (VU € FYAV e F) V-1 CU.
(U3) (VU € F)(Vg € G)(3IV € F) gVgt CU.

Then there ezists a unique group topology on G such that F is a basis of 1-neighborhoods
in G. This topology is given by

{UCG: (Vg€ U)@3V € F) gV CU}.

Proof. Let
T7:={UCG: (VgeU)3FV eF) gV U}

First we show that 7 is a topology. Clearly §,G € 7. Let (Uj);cs be a family of
elements of 7 and U := UjeJ U;. For each g € U, there exists a jo € J with g € Uj,
and a V € F with gV C U;, € U. Thus U € 7 and we see that 7 is stable under
arbitrary unions.

If Uy,Uy € 7 and g € Uy N Us, there exist Vy, Vo € F with gV; C U;. Since F is
a filter basis, there exists V3 € F with V3 C V3, N V5, and then gV3 C U; NU;. We
conclude that U; N Uz € 7, and hence that 7 is a topology on G.

We claim that the interior U° of a subset U C G is given by

Up:={uelU:(3VeF)uV CU}.

In fact, if there exists a V € F with uV C U, then we pick a W € F with WW C V
and obtain uWW C U, so that uWW C U;. Hence U; € 7, i.e., Uy is open, and it clearly
is the largest open subset contained in U, i.e., Uy = U°. It follows in particular that
U is a neighborhood of ¢ if and only if g € U°, and we see in particular that F is a
neighborhood basis at 1. The property (| F = {1} implies that for = # y there exists
U € F with y_lzv gU. For Ve F with VV CU and W € F with W=1 C V we then
obtain y~lx ¢ VW~ ie., 2W NyV = 0. Thus (G, 7) is a Hausdorff space.
To see that G is a topological group, we have to verify that the map

f:GxG— G, (x,y)r—>xy*1

is continuous. So let z,y € G, U € F and pick V € F with yVy ! CU and W € F
with WIW =1 C V. Then

F@W,yW) =aWW 'y~ =ay~ly(WW )y~ Cay~lyVy ! Cay™'U
implies that f is continuous in (z,y). O

Before we turn to Lie group structures, it is illuminating to first consider the
topological variant.
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Lemma 7.1.3. Let G be a group and U = U~ a symmetric subset containing 1. We
further assume that U carries a Hausdorff topology for which

(T1) D := {(z,y) € UxU:zy € U} is an open subset of U x U and the group
multiplication my: D — U, (z,y) — xy is continuous,

(T2) the inversion map vy: U — U,u — u™1 is continuous, and

(T3) for each g € G, there exists an open 1-neighborhood Uy in U with cy(Uy) C U,
such that the conjugation map c,: Uy — U,z + grg™' is continuous.

Then there exists a unique group topology on G for which the inclusion map U — G
18 a homeomorphism onto an open subset of G.
If, in addition, U generates G, then (T1/2) imply (T3).

Proof. First we consider the filter basis F of 1-neighborhoods in U. Then (T1) implies
(U1), (T2) implies (U2), and (T3) implies (U3). Moreover, the assumption that U is
Hausdorft implies that (\F = {1}. Therefore Lemma implies that G carries
a unique structure of a (Hausdorff) topological group for which F is a basis of 1-
neighborhoods.

We claim that the inclusion map U — G is an open embedding. So let x € U.
Then

Uy:=UNnz'U={yecU: (z,y) € D} (7.1)

is open in U and )\, restricts to a continuous map A\Y: U, — U with image U,1.
Its inverse )\fo1 is also continuous. Hence \Y: U, — U,-1 is a homeomorphism. We
conclude that the sets of the form zV', where V' a neighborhood of 1, form a basis of
neighborhoods of x € U. Hence the inclusion map U — G is an open embedding.

Suppose, in addition, that G is generated by U. For each g € U, there exists an
open 1-neighborhood U, with gUy x {g~*} C D. Then ¢,(U,) C U, and the continuity
of my implies that cy|y, : U, — U is continuous.

Hence, for each g € U, the conjugation ¢, is continuous in a neighborhood of 1.
Since the set of all these g is a submonoid of G containing U, it contains U"™ for each
n € N, hence all of G because G is generated by U = U~!. Therefore (T3) follows
from (T1) and (T2). O

7.1.2 Lie Group Structures from Local Data

The following theorem, the smooth version of the preceding lemma, is an important
tool to construct Lie group structures on groups.

Theorem 7.1.4. Let G be a group and U = U~ be a symmetric subset containing 1.
We further assume that U is a smooth manifold and that

(L1) D == {(z,y) € UxU:zy € U} is an open subset and the multiplication
my: D = U, (z,y) — xy is smooth,

(L2) the inversion map vy : U — U,u — u~! is smooth, and
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(L3) for each g € G there exists an open 1-neighborhood Uy C U with ¢,(Uy) C U and
such that the conjugation map cy: Uy — U, x gxg~' is smooth.

Then there exists a unique structure of a Lie group on G such that the inclusion map
U — G is a diffeomorphism onto an open subset of G.
If, in addition, U generates G, then (L1/2) imply (L3).

Proof. From the preceding Lemma|[7.1.3] we immediately obtain a unique group topol-
ogy on G for which the inclusion map U < G is an open embedding.

Now we turn to the manifold structure. Let V = V~! C U be an open 1-
neighborhood with VV x VV C D, for which there exists a chart (¢,V) of U. For
g € G we consider the maps

pg: gV = B, py(x) = p(g™ )
which are homeomorphisms of gV onto ¢(V) C R™. We claim that (¢4, gV )4eq is a
smooth atlas of G.

Let g1,92 € G and put W := g1V N goV. If W # 0, then g5 'g; € VV ™1 = VV.

The smoothness of the map

P =g, © ‘Pg_11|gogl(W): Pg1 W) — Pg2 (W)

given by
(@) = @g, (5, (1) = gy (G107 (1)) = (g5 10" ()

follows from the smoothness of the multiplication VV x VV — U. This proves that
the charts (¢4, gU)geq form a smooth atlas of G. Moreover, the construction implies
that all left translations of G are smooth maps.

The construction also shows that, for each g € G, the conjugation map ¢;: G = G
is smooth in a neighborhood of 1. Since all left translations are smooth, and

Cg O Az = )‘cg(m) O Cqg,

the smoothness of ¢, in a neighborhood of x € G follows. Therefore all conjugations
and hence also all right multiplications are smooth. The smoothness of the inversion
follows from its smoothness on V' and the fact that left and right multiplications are
smooth. Finally, the smoothness of the multiplication follows from the smoothness in
1 x 1 because

912g2Y = g192€4 1 (2)y.

Next we show that the inclusion U < G of U is a diffeomorphism. So let z € U
and recall the open set U, = U N2~ 'U from . Then A, restricts to a smooth
map U, — U with image U, 1. Its inverse is also smooth. Hence \U: U, — U, 1
is a diffeomorphism. Since \,: G — G also is a diffeomorphism, it follows that the
inclusion A\, o )\g,l : Up—1 — G is a diffeomorphism. As x was arbitrary, the inclusion
of U in G is a diffeomorphic embedding.

The uniqueness of the Lie group structure is clear because each locally diffeo-
morphic bijective homomorphism between Lie groups is a diffeomorphism (Proposi-

tion 52.4(3)).
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Finally, we assume that G is generated by U. We show that, in this case, (L3) is a
consequence of (L1) and (L2); the argument is similar to the topological case. Indeed,
for each g € U, there exists an open 1-neighborhood U, with gU, x {g~'} C D. Then
cg(Uy) € U, and the smoothness of my implies that ¢,|y, : Uy — U is smooth. Hence,
for each g € U, the conjugation ¢, is smooth in a neighborhood of 1. Since the set of
all these g is a submonoid of G containing U, it contains U™ for each n € N, hence all
of G because G is generated by U = U~!. Therefore (L3) is satisfied. O

Corollary 7.1.5. Let G be a group and N < G a normal subgroup of G that carries
a Lie group structure. Then there exists a unique Lie group structure on G for which
N is an open subgroup if and only if for each g € G the restriction cq4|n is a smooth
automorphism of N.

Proof. If N is an open normal subgroup of the Lie group G, then clearly all inner
automorphisms of G restrict to smooth automorphisms of N.

Suppose, conversely, that N is a normal subgroup of the group G which is a Lie
group and that all inner automorphisms of G restrict to smooth automorphisms of N.
Then we can apply Theorem with U = N and obtain a Lie group structure on G
for which the inclusion N — G is a diffeomorphism onto an open subgroup of G. [

7.2 Closed Subgroups of Lie Groups and their Lie
Algebras

In this section, we show that closed subgroups of Lie groups are always submanifolds,
which in turn implies that they are Lie groups. For a closed subgroup H of G, its Lie
algebra can be computed by

L(H) 2 {z € L(G): exps(Rx) C H}.

This makes it particularly easy to verify that certain groups are Lie groups and to
determine their Lie algebras.

7.2.1 Submanifolds

Definition 7.2.1. [Submanifolds] Let M be a smooth n-dimensional manifold. A
subset S C M is called a d-dimensional submanifold if for each p € S there exists a
chart (¢,U) of M with p € U asuch that

p(UNS)=pU)N R x {0}). (7.2)
A submanifold of codimension 1, i.e., dim S = n — 1, is called a smooth hypersurface.

Remark 7.2.2. (a) Any discrete subset S of M is a 0-dimensional submanifold.

(b) If n = dim M, any open subset S C M is an n-dimensional submanifold. If,
conversely, S C M is an n-dimensional submanifold, then the definition immediately
shows that S is open.
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Lemma 7.2.3. Any submanifold S of a manifold M has a natural manifold structure.
If ig: S — M denotes the inclusion map, then a map p: N — S from a smooth
manifold N to S is smooth if and only if ig o p: N — M is smooth.

Proof. (a) We endow S with the subspace topology inherited from M, which turns
it into a Hausdorff space. For each chart (¢,U) satisfying , we obtain a d-
dimensional chart

(pluns, UNS)

of S. For two such charts coming from (¢, U) and (¢, V'), we have

Yoo wrvns) = (Wlvas) o (0luns) Hewnvns),

which is a smooth map onto an open subset of R?. We thus obtain a smooth d-
dimensional atlas on S.
(b) To see that ig is smooth, let p € S and (p, U) be a chart satisfying (7.2). Then

poiso(plsnu)™t: w(U) N (R x {0}) = (U) CR"

is the inclusion map, hence smooth. This implies that ig is smooth.

(c) If f: N — S is smooth, then the composition ig o f is smooth. Suppose,
conversely, that igo f: N — M is smooth. Let p € N and choose a chart (¢, U) of M
satisfying with f(p) € U. Then the map

poisoflyiwy: [TH(U) = o(U) CR"
is smooth, but its values lie in
p(UNS) =¢U)N R x {0}).
Therefore ¢ oig o f|s-1(yy is also smooth as a map into R?, which means that
pluns o fl1wy: F7HU) = 9(UNS) CR?

is smooth, and hence that f is smooth as a map N — S. O

7.2.2 The Lie Algebra of a Closed Subgroup
Definition 7.2.4. Let G be a Lie group and H < G a closed subgroup. We set

Lé(H) :={x € L(G): expe(Rz) C H}
and observe that RL®(H) C L°(H) follows immediately from the definition.
Note that, for each x € L(G), the set
[t € R: 7,(t) = expg(te) € H} = ;' (H)

is a closed subgroup of R, hence either discrete cyclic or equal to R (cf. Example|3.4.9)).
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Example 7.2.5. We consider the Lie group G := R x T (the cylinder) with Lie algebra
L(G) = R? (Exercise [5.4.2) and the exponential function

expg (@, y) = (z,e*™).

For the closed subgroup H := R x {1}, we then see that (z,y) € L°(H) is equivalent
to y = 0, but exp&l(H) =R x Z.

Proposition 7.2.6. If H < G is a closed subgroup of the Lie group G, then L°(H) is
a real Lie subalgebra of L(G).

Proof. Let z,y € L°(H). For k € N we then have exps(x/k)exps(y/k) € H, and
with the Product Formula (Proposition [6.2.6), we get

1’ k
expa(z +y) = kli_)ngo (eXpG 7 XPg %) €H

because H is closed. Therefore expg(x +y) € H, and RL*(H) = L°(H) now implies
expe(R(x +y)) C H, hence x +y € L°(H).
Similarly, we use the Commutator Formula (Proposition [6.5.6]) to get

. x y @ y\»
expg(z,y] = klirrgo (expG 7 ©XPg 3 €XPG 3 eXPg f%) € H,

hence expg([x,y]) € H, and RL(H) = L*(H) yields [z,y] € L°(H). O

7.2.3 The Closed Subgroup Theorem and its Consequences

We now address more detailed information on closed subgroups of Lie groups. We
start with three key lemmas providing the main information for the proof of the Closed
Subgroup Theorem.

The following lemma follows from the same arguments as Lemma [3.4.2

Lemma 7.2.7. Let W C L(G) be an open 0-neighborhood for which expq|w s a
diffeomorphism and logy, : expa(W) — W its inverse function. Further, let H C G
be a closed subgroup and (gi)ren be a sequence in H Nexpo(W) with g, # 1 for all
ke N and gi, — 1. We put yi, := logy g and fix a norm || - || on L(G). Then every

cluster point of the sequence {HZ—fH k € N} is contained in L(H).

Proof. Let x be such a cluster point. Replacing the original sequence by a subsequence,

we may assume that
o= B e L(G).
[yl
Note that this implies ||z|| = 1. Let ¢ € R and put pj, :=

yr — logy, 1 =0, so that

t
lyell -

Then txy = pryr and

expg(te) = lim expe(tzr) = lim expa(pryk)
k—o0 k—o00

and
expe (pryr) = expe (ye) P expe ((0x — [pr))yr),
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where [pg] = max{l € Z: I < pi} is the Gauf§ function. We then have

l(px — [P&])yell < llykll — 0

and
expg(tz) = lim (expg yk)[Pk] — lim g][cpk-] € H,
k—roo k—o0
because H is closed. This implies x € L°(H). -

Lemma 7.2.8. Let H C G be a closed subgroup and E C L(G) be a vector subspace
complementing L°(H). Then there exists a 0-neighborhood Ug C E with

H N expa(Us) = {1}.

Proof. Let || - || be a norm on L(G). We argue by contradiction. If a neighborhood Ug
with the required properties does not exist, then we find for each k£ € N an element
0 # yp € E with |lyg] < % and g := expy, € H. Note that y, — 0 implies
that g — 1. Now let x € E be a cluster point of the sequence Hzi:\l which lies in

the compact set Sg := {z € E: ||z|| = 1}, so that at least one cluster point exists.
According to Lemma[7.2.7} we have z € L(H) N E = {0} because Lemma[7.2.7] applies
since g € H Nexp (W) holds for k sufficiently large. We arrive at a contradiction to
|lz|]| = 1. This proves the lemma. O

Lemma 7.2.9. Let E,F C L(G) be vector subspaces with E & F = L(G). Then the
map
©: ExF—G, (z,y) — expg(r)expg(y),

restricts to a diffeomorphism of a neighborhood of (0,0) to an open 1-neighborhood
in G.

Proof. The Chain Rule implies that

T(0,0) (@) (7, y) = T(1,1)(mc) o (To(expg)| 5, To(expg) | F) (@, v)
=Ta(me)(z,y) =z +y,

Since the addition map F X F — L(G) = T1(G) is bijective, the Inverse Function
Theorem implies that ® restricts to a diffeomorphism of an open neighborhood of
(0,0) in F x F onto an open neighborhood of 1 in G. O

Theorem 7.2.10. (von Neumann’s Closed Subgroup Theorem) Let H be a closed
subgroup of the Lie group G. Then the following assertions hold:

(i) Each 0-neighborhood in L°(H) contains an open 0-neighborhood V such that
expg |v: V = expe(V) is a homeomorphism onto an open subset of H.

(ii) H is a submanifold of G and my := ma|uxnu induces a Lie group structure on H
such that the inclusion map jg: H — G is a morphism of Lie groups for which
L(ju): L(H) = L(G) is an isomorphism of L(H) onto L°(H).
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(ili) Let E C L(G) be a vector space complement of L°(H). Then there ezists an open
0-neighborhood Vg C E such that

0: Vg x H— expe(Ve)H, (x,h)— expg(x)h
is a diffeomorphism onto an open subset of G.

In view of (ii) above, from now on, we identify L(H) with the subalgebra L¢(H) if H
is a closed subgroup of G.

Proof. (i) Let E C L(G) be a vector space complement of the subspace L°(H) of L(G)
and define
®: ExLY(H)— G, (x,9)+— expgxexpg Y-

According to Lemma there exist open 0-neighborhoods Ug C F and Uy C L¢(H)
such that
Dy :=P|y,xvy: Ue X Uy — expe(Ug) expe(Un)

is a diffeomorphism onto an open 1-neighborhood in G. In view of Lemma [7.2.8] we
may even choose Ug so small that exp-(Ug) N H = {1}.
Since exps(Un) C H, the condition

g=experexpay € HN (expe(Ur) expe(Un))

implies expi ¥ = g(expg y) ™' € H Nexpg Ug = {1}. Therefore

expe(Un) = H N (expa(Ug) expe(Ug))

is an open 1-neighborhood in H. This proves (i).
(ii) Let ®1, Ug and Uy be as in (i). For h € H, the set Uy, := Ap(im(®Py)) =
him(®;) is an open neighborhood of h in G. Moreover, the map

on: U, - E@LS(H)=L(G), z— &7 (h 'z)
is a diffeomorphism onto the open subset Ug x Up of L(G), and we have

on(Up N H) = pp(him(®1) N H) = ¢p(h(im(P1) N H))
= pp(hexpe(Un)) = {0} x Uy = (Ug x Uy) N ({0} x L°(H)).

Therefore the family (¢n, Up)nen provides a submanifold atlas for H in G. This defines
a manifold structure on H for which expg |, is a local chart (cf. Lemma|7.2.3]).

The map my: H x H — H is a restriction of the multiplication map mg of G,
hence smooth as a map H x H — G, and Lemma [7.2.3] implies that my is smooth.
With a similar argument we see that the inversion ¢y of H is smooth. Therefore H
is a Lie group and the inclusion map jg: H — G a smooth homomorphism. The
corresponding morphism of Lie algebras L(jy): L(H) — L(G) is injective, and from
expzoL(ju) = ju o expy it follows that its image consists of the set L°(H) of all
elements x € L(G) with expg(Rxz) C H because each element of L(H) defines a
smooth one-parameter group of H (cf. Lemma [7.2.3]).
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(iii) Let E be as in the proof of (i) and consider the smooth map
U: ExH—G, (z,h)— expa(z)h,
where H carries the submanifold structure from (ii). Since expy: L°(H) — H is a lo-
cal diffeomorphism in 0, the proof of (i) implies the existence of a
0-neighborhood Ug C E and a 1-neighborhood Vi C H such that
\1/1 = \IJ‘UEXVHZ UE X VH — eXpG(UE)VH

is a diffeomorphism onto an open subset of G. We further recall from
Lemma [7.2.8] that we may assume, in addition, that

expe(Ug) N H = {1}. (7.3)

We now pick a small symmetric 0-neighborhood Vg = —Vg C Upg such that
expe (Vi) expe(Ve) C expe(Ug) V. Its existence follows from the continuity of the
multiplication in G. We claim that the map

0 =Vvyxn: Ve x H— expg(Vp)H
is a diffeomorphism onto an open subset of G. To this end, we first observe that
po (idy, Xpp) =proe foreach heH,
i.e., p(x,h'h) = p(x,h')h, so that
Tiwn (¢) o (ide XT1(pn)) = Tp(z,1)(pn) © Tiz,1)(9)-

Since T(4,1)(¢) = T(z,1)(¥) is invertible for each x € Vi, T(, p)(¢) is invertible for each

(z,h) € Vg x H. This implies that ¢ is a local diffeomorphism in each point (x,h).
To see that ¢ is injective, we observe that

expg()h = ¢z, h) = p(z', 1) = expg ()W
implies that
expg(z) " texpg(x') = h(h) ! € expe(Ve)? N H C (expe(Ug)Vy) N H = Vy,
where we have used (7.3). We thus obtain expg(2’) € expg(x) Vi, so that the injectiv-

ity of ¥q yields x = 2, which in turn leads to h = h/. This proves that ¢ is injective
and a local diffeomorphism, hence a diffeomorphism. O

Example 7.2.11. Since linear Lie groups are closed subgroups G C GL,(R), the
Closed Subgroup Theorem implies that a linear Lie group carries a natural Lie group
structure with L(G) = L°(G).
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Example 7.2.12. We take a closer look at closed subgroups of the Lie group (V, +),
where V is a finite-dimensional vector space. From Example we know that
expy =idy. Let H CV be a closed subgroup. Then

L(H)={zeV:Re CH}CH

is the largest vector subspace contained in H. Let E C V be a vector space complement
for L(H). Then V 2 L(H) x E, and we derive from L(H) C H that

H >~ L(H) x (E N H).

Lemma [7.2.8 implies the existence of some 0-neighborhood Up C E with UgNH =
{0}, hence that H N E is discrete because 0 is an isolated point of H N E. Now
Exercise implies the existence of linearly independent elements fi,...,fr € E
with

ENH=Zfi+...+Zf.

We conclude that
H2LH)xZF=R*x7z" for d=dimL(H).
Note that L(H) coincides with the connected component Hy of 0 in H.

In view of Corollary we may think of Lie groups as a special class of topolog-
ical groups. We may therefore ask, which subgroups of a Lie group G are Lie groups
with respect to the subspace topology:

Proposition 7.2.13. A subgroup of a Lie group is a Lie group with respect to the
induced topology if and only if it is closed.

Proof. If H is closed, then the Closed Subgroup Theorem [7.2.10] implies that H is a
submanifold of G which is a Lie group.
Suppose, conversely, that H is a Lie group. Then H possesses a compact identity

neighborhood K C H. As K is also compact as a subset of G, it is in particular closed.
Therefore H is locally closed, hence closed by Exercise [7.3.3] O

Definition 7.2.14. Let G be a Lie group. A Lie subgroup of G is a closed subgroup
H together with its Lie group structure provided by Proposition [7.2.13

7.2.4 Examples

Example 7.2.15. [Closed Subgroups of T] Let H C T C (C*,-) be a closed proper
(=different from T) subgroup. Since dimT = 1, it follows that L(H) = {0}, so that
the Identity Neighborhood Theorem implies that H is discrete, hence finite because T
is compact.

If ¢: R — T is the covering projection, ¢ 1(H) is a closed proper subgroup of R,
hence cyclic (this is a very simple case of Exercise , which implies that H =
q(q~1(H)) is also cyclic. Therefore H is one of the groups

Cp={z€T:2"=1}

of n-th roots of unity.
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Example 7.2.16. [Subgroups of T?] (a) Let H C T? be a closed proper subgroup.
Then L(H) # L(T?) implies dim H < dim T? = 2. Further, H is compact, so that the
group mo(H) of connected components of H is finite.

If dim H = 0, then H is finite, and for n := |H| it is contained in a subgroup of the
form C,, x C,,, where C,, C T is the subgroup of n-th roots of unity (cf. Example|7.2.15)).

If dimH = 1, then Hy is a compact connected 1-dimensional Lie group, hence
isomorphic to T (Exercise |7.3.5)). Therefore Hy = expr2 (Rz) for some © € L(H) with
exprz (z) = (e2™1 e2™iw2) — (1,1), which is equivalent to 2 € Z?. We conclude that
the Lie algebras of the closed subgroups are of the form L(H) = Rz for some x € Z2.

(b) For each 6 € R\ Q the image of the 1-parameter group

v:R = T? s (e e)

is not closed because 7 is injective. Hence the closure of v(R) is a closed subgroup of
dimension at least 2, which shows that +(R) is dense in T? (cf. Lemma [3.4.8)).

7.3 Existence of a Lie Group for a given Lie Algebra

We have seen in the preceding section that a closed subgroup H of a Lie group G is a
Lie group and that its Lie algebra can be identified with a subalgebra of L(G). As the
dense wind in G = T? shows, in general, not all Lie subalgebras h C L(G) correspond
to closed subgroups of G. The following theorem shows that we may nonetheless find
a Lie group structure on an arcwise connected subgroup H of G for which L(H) 2 b.

Theorem 7.3.1. (Integral Subgroup Theorem) Let G be a Lie group with Lie algebra
g and ) C g a Lie subalgebra. Then the subgroup H := (exp ) of G generated by exps b
carries a Lie group structure with the following properties:

(a) Theinclusion ji: H — G is a smooth morphism of Lie groups and L(jp): L(H) —
b an isomorphism of Lie algebras. These two properties determine the Lie group
structure on H uniquely.

(b) H is connected.
(c) H is closed in G if and only if jg is a topological embedding.

Proof. (a) Let V' C g be an open convex symmetric 0-neighborhood for which the
Hausdorff series for x * y converges for x,y € V' and satisfies

expa(z * y) = expe () exps(y)

(Proposition . We further assume that expg |v is a diffeomorphism onto an open
subset of G.

Put W =V Nnbh Then xxy € § for z,y € W because each summand in the
Hausdorff series is an iterated Lie bracket. Further, z *x y defines a smooth function
W x W — b because it is the restriction of a smooth function V' x V — g. We consider
the subset U := exps(W) C H. From W = —W we derive U = U~! and we note that
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© = expq |w is injective. We may thus endow U C H with the manifold structure
turning ¢ into a diffeomorphism.
Then

D={(z,y) eW xW:azxyecW}

is an open subset of W x W on which the x-multiplication is smooth, so that the
multiplication D — U is also smooth. We further observe that

expg(—a) = expg(z) 7!,

from which it follows that the inversion on U is smooth. Since U generates H, (L3)
follows from (L1) and (L2). Therefore U satisfies all assumptions of Theorem
so that we obtain a Lie group structure on H for which ¢, resp., expy, induces a local
diffeomorphism in 0.

Since the map jg o expy: h — G is smooth and expy is a local diffeomorphism in
0, the inclusion jg: H — G is smooth. Now

L(ju): L(H) = L(G)

is injective, and by construction, its image contains h because each element x € b
generates a one-parameter group of H. As dimL(H) = dim H = dimb, we have
L(ju)L(H) =b.

~

If H denotes another Lie group structure on the subgroup H for which jg: H-G
is smooth and L(jz): L(H) — b C L(G) is an isomorphism of Lie algebras, then the
relation

i oexpy = expg o L(jz) = expy o L(jg)

and (a) imply that the identical map
j::j;llojﬁ:ﬁ—)H

is a bijective morphism of connected Lie groups for which L(j) is an isomorphism,
hence an isomorphism (Proposition [6.2.4(3)).

(b) Since H is generated by exp(L(H)), this follows from Lemma

(c) If H is closed, then the Closed Subgroup Theorem shows that H is a Lie
group with respect to the subspace topology, so that the uniqueness part of (a) implies
that jg is a topological embedding.

If, conversely, jg is a topological embedding, then H is a Lie group with respect
to the subspace topology inherited from G. Therefore Proposition [7.2.13| implies that
H is closed. O

Remark 7.3.2. Example the dense wind in the 2-torus, shows that we cannot
expect that the group H = (exps b) is closed in G or that the inclusion map H — G
(which is a smooth homomorphism) is a topological embedding.

Definition 7.3.3. Let G be a Lie group. An integral subgroup H of G is a subgroup
that is generated by exph for a subalgebra h of the Lie algebra g of G.



128 CHAPTER 7. FROM LOCAL DATA TO LIE GROUPS

The Integral Subgroup Theorem implies in particular that each Lie subalgebra b
of the Lie algebra L(G) of a Lie group G is integrable in the sense that it is the Lie
algebra of some Lie group H.

Combining this with Ado’s Theorem which asserts the existence of an injective
homomorphism g < gl,,(R) for any finite dimensional Lie algebra g, we obtain one of
the cornerstones of the theory of Lie groups:

Theorem 7.3.4. (Lie’s Third Theorem) Each finite-dimensional Lie algebra g is the
Lie algebra of a connected Lie group G.

Proof. Ado’s Theorem implies that g is isomorphic to a subalgebra of some gl,,(R), so
that the assertion follows directly from the Integral Subgroup Theorem. O

Exercises for Chapter [7]

Exercise 7.3.1. If (H,),cs is a family of subgroups of the Lie group G, then

L( (N H) = () LH).

jeJ jeJ
Exercise 7.3.2. Let ¢: G — H be a morphism of Lie groups. Show that
L(ker ¢) = ker L(ip).

Exercise 7.3.3. Show that any locally closed subgroup H of a topological group G
is closed. Hint: Proceed as follows. Suppose that U is a 1-neighborhood of G for
which U N H is closed in U and let ¢ € H. For any symmetric 1-neighborhood V'
with VV C U there exists an h € gV N H and then h~'g € U has the property that
h='gV N H # (. Conclude that h~'g € H and hence that g € H.

Exercise 7.3.4. (Structure of discrete subgroups of R™) Let D C R™ be a discrete
subgroup. Then there exist linearly independent elements vy, ...,v; € R™ with D =
Zle Zv;. Hint: Use induction on dimspan D. If n > 1, and D spans R™, then pick a
linear basis f1,..., fn € D. Then apply induction on F'N D for the hyperplane F' :=
span{fi,..., fn—1}. Now show that there exists a d € Rf,, with D = Zd+ FND. This
can be done by considering the image of D under the linear projection p: R™ — Rf,,
with kernel F' and using the discreteness of p(D) to derive that it is cyclic.

Exercise 7.3.5. [Connected abelian Lie groups] Let A be a connected abelian Lie
group. Show that

(1) expy: (L(A),4+) — A is an open morphism of Lie groups.
(2) exp, is surjective and open.

(3) T4 :=kerexp, is a discrete subgroup of (L(A),+).
(4)

4) L(A)/T4 =2 R* x T™ for some k,m > 0. In particular, it is a Lie group and the
quotient map ga: L(A) — L(A)/T'4 is a smooth map and a local diffeomor-
phism.
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(5) exp, factors through a diffeomorphism ¢: L(A)/T'4 — A.
(6) A=RF x T™ as Lie groups.

Exercise 7.3.6. [Divisible groups| An abelian group D is called divisible if for each
d € D and n € N there exists an a € D with a” = d. Show that:

(1)* If G is an abelian group, H a subgroup and f: H — D a homomorphism into an
abelian divisible group D, then there exists an extension of f to a homomorphism
f:G— D.

(2) If G is an abelian group and D a divisible subgroup, then G = D x H for some
subgroup H of G.

Exercise 7.3.7. [Nonconnected abelian Lie groups| Let A be an abelian Lie group.
Show that:

1) The identity component of Ag is isomorphic to R¥ x T™ for some k,m € Ny.

(1)
(2) Ay is divisible.

(3) A= Ay x mo(A), where mo(A) := A/Ap.

(4) There exists a discrete abelian group D with A = R x T™ x D.

Exercise 7.3.8. If ¢: G — H is a surjective open morphism of topological groups,
then the induced map G/kerq — H is an isomorphism of topological groups, where
G/ ker q is endowed with the quotient topology, i.e., a subset O C G/ ker ¢ is open if
and only if ¢~(O) is open in G.

Exercise 7.3.9. If G is a topological group and 1 € U C G a connected subset. Then
all sets U™ := U ---U are connected and so is their union J,, U™.

Exercise 7.3.10. Let G be a topological group. Then for each open subset O C G
and for each subset S C G the product sets

0S={gh:g€O,heS} and SO={hg:g€O,he S}
are open.

Exercise 7.3.11. (Refining Lemma [7.1.3) Show that the conclusion of
Lemma is still valid if the assumption (T1) is weakened as follows: There exists
an open subset D C U x U with zy € U for all (z,y) € D, containing all pairs (z,z71),
(z,1), (1,2) for = € U, such that the group multiplication m: D — U is continuous.

Exercise 7.3.12. Let G be an abelian group and N < G a subgroup carrying a Lie
group structure. Then there exists a unique Lie group structure on G for which N is
an open subgroup.

Exercise 7.3.13. Let G be a connected topological group and I' < G a discrete
normal subgroup. Show that I' is central.
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Exercise 7.3.14. Let X be a topological space and (X;);c; connected subspaces of
X with X = J;¢; Xi. If ;c; Xi # 0, then X is connected.

Exercise 7.3.15. Let G be a group, endowed with a manifold structure. Show that
G is a Lie group if the following conditions are satisfied:

i) The left multiplication maps A\g: G — G,z +— gz are smooth.

(
(i) The right multiplication maps py: G — G,z — xg are smooth.
(iii) The inversion map ng: G — G is smooth in 1.

(

iv) The multiplication mg: G X G — G is smooth in a neighborhood of (1,1).



Chapter 8

Covering Theory for Lie
Groups

In this chapter we turn to applications of covering theory to Lie groups. Our goal
is to see to which extent the Lie algebra L(G) and the fundamental group m(G)
determine a connected Lie group G. In the first section we show that each connected
Lie group G has a simply connected covering group G' which also carries a Lie group
structure. The kernel of the covering morphism g : G — G can be identified with the
fundamental group m(G). Since L(gg) is an isomorphism of Lie algebras, we have
L(G) = L(G). We further prove the Monodromy Principle which implies that any
Lie algebra morphism L(G) — L(H) can be integrated to a group homomorphism,
provided G is 1-connected, i.e., connected and simply connected. From that we shall
derive in particular that the Lie algebra L(G) determines the corresponding simply
connected group up to isomorphy.

8.1 Simply Connected Coverings of Lie Groups

In the preceding chapter we have seen how to construct Lie group structures on groups
from local data. This construction applies in particular to those quotient morphisms
q: G — G/N, where G is a Lie group and ¢ is a local homeomorphism, i.e., maps
some open identity neighborhood homeomorphically to an open identity neighborhood
in N. This means that IV is a discrete subgroup of G, such as Z in R. To deal properly
with such maps, we recall the concept of a covering map from Definition This
concept is particularly important in the theory of Lie groups because it can be used
to understand how different connected Lie groups with the same Lie algebra can be.
We start with another corollary of Theorem [7.1.4

Corollary 8.1.1. Let p: G — H be a covering of topological groups. If G or H is

a Lie group, then the other group has a unique Lie group structure for which ¢ is a
morphism of Lie groups which is a local diffeomorphism.

131
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Proof. Let Ug C G be an open symmetric 1-neighborhood for which ¢|y,, is a home-
omorphism onto an open subset Ug of H. Since ker ¢ = ¢~1(1) is discrete, we may
choose Ug so small that U2 Nker o = {1}.

Suppose first that G is a Lie group. Then we apply Theorem to Uy, endowed
with the manifold structure for which ¢|y, is a diffecomorphism. Then (L2) follows
from op(x)~ = ¢(2~1). To verify the smoothness of the multiplication map

H:DH :Z{(a,b)EUHXUH:abEUH}—)UH,

we first observe that, if z,y € Ug satisfy (¢(z),¢(y)) € Dy, ie., p(xy) € Uy, then
there exists a z € Ug with p(zy) = ¢(z), and zyz~' € Ug® Nker(p) = {1} yields
xy = z € Ug. We thus have Dy = (¢ x ¢)(D¢) for

D¢ := {(w,y) €Ug xUg: xy € Ug}

and the smoothness of mpy follows from the smoothness of the multiplication
muyeg - DG — UG and
muy © (¢ X ) = @ omyg.

To verify (L3), we note that the surjectivity of ¢ implies that for each h € H there is
an element g € G with ¢(g) = h. Now we choose an open 1-neighborhood U, C Ug
with ¢,(Uy) C Ug and put Uy, := o(U,).

If, conversely, H is a Lie group, then we apply Theorem [7.1.4] to Ug, endowed
with the manifold structure for which ¢|y,, is a diffeomorphism onto Uy. Again, (L2)
follows right away, and (L1) follows from (¢ x ¢)(Dg) € Dy and the smoothness of

myy o (p X p) =pomyg.

For (L3), we choose Uy as any open 1-neighborhood in Ug with ¢4(U,) € U. Then the
smoothness of ¢ |y, fOHOWb from the smoothness the maps of p o cy =y 0. 0

Proposition 8.1.2. If G is a connected Lie group and qg: G — G its universal
covering space, then G carries a unique Lie group structure for which qg is a smooth
COVETINg map.

We call this Lie group the simply connected covering group of G.

Proof. We first have to construct a (topological) group structure on the universal

covering space G (cf. Theorem. Its existence follows from the fact that G is a
manifold, hence in particular locally simply connected. Pick an element 1e qél(l).
Then the multiplication map mg: G x G — G lifts uniquely to a continuous map
mq: G x G — G with mG(l 1) = 1. To see that the multiplication map mg is
associative, we observe that

qc o mg o (idg xmag) = mg o (qa X qa) o (idg xma)
= mgo (idg xmg) o (g X qa X qa) = mg © (mg x idg) © (g6 x qa X qc)
= qgomgo(mg xidg),
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so that the two continuous maps
’I:Ile o (ldé Xﬁg), ’I:IV’LG o (77?,@ X ldé) ég — é,

are lifts of the same map G — @ and both map (1,1,1) to 1. Hence the uniqueness
of lifts (Theorem [A.2.9) implies that m¢ is associative. We likewise obtain that the
unique lift 7 : G — G of the inversion map tg: G — G with 7(1) = 1 satisfies

mg o (Zg,idé) =1=mgo (idé,f@).
Finally Aj lifts Ay = idg, so that )‘i(i) =1 leads to A7 = idg, and likewise one shows

that p; = idg, so that 1 is a neutral element for the multiplication on G. Therefore

G B9 H
mgq defines on G a topological group structure such that qg: G — G is a covering
morphism of topological groups. Now Corollary applies. O

Proposition 8.1.3. A surjective morphism ¢: G — H of Lie groups is a covering if
and only if L(v): L(G) — L(H) is a linear isomorphism.

If H is connected, then ¢ is a covering if and only if L(¢): L(G) — L(H) is a
linear isomorphism, i.e., the surjectivity of ¢ is not required.

Proof. If ¢ is a covering, then it is an open homomorphism with discrete kernel (Exer-

cise[8.5.5)), so that L(ker ¢) = {0}, and Proposition implies that L(¢p) is bijective,
hence an isomorphism of Lie algebras.

If, conversely, L(y) is bijective, then Proposition implies that
L(ker ¢) = ker L(p) = {0}.

Now the Closed Subgroup Theorem shows that ker ¢ is discrete. Since L(y)
is surjective, Proposition implies that ¢ is an open map. Finally Exercise [8.5.5
shows that ¢ is a covering.

If, in addition, H is connected, then H = (expy (L(H))) by Lemma[6.1.9] If L(y)
is surjective, we thus obtain

H = {expp (L(H))) = (expp (L(¢) L(G))) = (p(expg(L(G)))) € ¢(G). O

Proposition 8.1.4. For a covering q: G1 — G4 of connected Lie groups, the following
equalities hold

q(Z(Gl)) = Z(Gg) and Z(Gl) = qil(Z(Gg)).

Proof. Since q is a covering, L(q): L(G1) — L(G2) is an isomorphism of Lie algebras
(Proposition [8.1.3]), and the adjoint representations satisfy

Cqg) 9 =qocg = Adg,(q(9)) oL(q) = L(g) 0 Adg,(9) for g€ Gy,

Hence
Z(Gy) =ker Adg, = ¢ *ker Adg, = ¢ 1(Z(Gy)).

Now the claim follows from the surjectivity of q. O
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Theorem 8.1.5. (Lifting Theorem for Groups) Let q: G — H be a covering mor-
phism of Lie groups. If f: L — H is a morphism of Lie groups, where L is 1-connected,
then there exists a unique lift f: L — G which is a morphism of Lie groups.

Proof. Since Lie groups are locally arcwise connected, the Lifting Theorem im-
plies the existence of a unique lift f with f(15) = 1g. Then

mgo(fxf):LxL—G
is the unique lift of mg o (f x f): L x L — H mapping (11,11) to 1. We also have
qofomL:fomL:mHo(fxf),
so that fo my, is another lift of my o (f x f) mapping (11,11) to 1g. Therefore
fomp=mgo (fxf),

which means that fis a group homomorphism.
Since ¢ is a local diffeomorphism and f is a continuous lift of f, it is also smooth
in an identity neighborhood of L, hence smooth by Corollary O

Theorem 8.1.6. Let G be a connected Lie group and qg: G — G a universal covering
homomorphism. Then
ker g¢ = m(G)

s a discrete central subgroup and

G=G/kerqg.

Moreover, for any discrete central subgroup T' C 6’, the group é/F 18 a connected
Lie group with the same universal covering group as G. We thus obtain a bijection
from the set of all Aut(G)-orbits in the set of discrete central subgroups of G onto
the set of isomorphy classes of connected Lie groups whose universal covering group is
isomorphic to G.

Proof. First we note that kerqg is a dlscrete normal subgroup of the connected Lie
group G hence central by Exercise Left multiplications by elements of ker q¢
lead to deck transformations of the covering G— G, and this group of deck transfor-
mations acts transitively on the fiber ker g of 1. Proposition now shows that

m1(G) = ker qg (8.1)

as groups. Since ¢g: G > Gis open and surjective, we have G = C~}’/ ker gz as
topological groups (Exercise - hence as Lie groups (Theorem [6.

If, conversely, I' C G is a discrete central subgroup, then the topologlcal quotient
group G/I' is a Lie group (Corollary 8. whose universal covering group is G. Two
such groups G /T and G /Ty are 1somorphlc if and only if there exists a Lie group auto-
morphism ¢ € Aut(G) with (1) = I'y (Theorem [8.1.5). Therefore the isomorphism
classes of Lie groups with the same universal covering group as GG are parameterized
by the orbits of the group Aut(G) in the set of discrete central subgroups of G. O
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Remark 8.1.7. (a) Since the normal subgroup Inn(G) := {cg: 9 € G} of inner
automorphisms acts trivially on the center of G, the action of Aut(é) on the set
of all discrete normal subgroups factors through an action of the group Out(é) =
Aut(G)/ Inn(G).

(b) Since each automorphism ¢ € Aut(G) lifts to a unique automorphism ¢ €
Aut(G) (Theorem , we have a natural embedding Aut(G) < Aut(G), and the

image of this homomorphism consists of the stabilizer of the subgroup ker ¢ C Z(G)

in Aut(G).

Example 8.1.8. [Connected abelian Lie groups] Let A be a connected abelian Lie
group and exp,: L(A) — A its exponential function. Then exp, is a morphism of
Lie groups with L(exp4) = idg4), hence a covering morphism. Since L(A) is simply
connected, we have (L(A),+) = A and kerexp 4 = 71 (A) is the fundamental group of
A (cf. Exercise [7.3.5)).

As special cases we obtain in particular the finite-dimensional tori

T ~R4/Z?  with m(T") = Z".

If we want to classify all connected abelian Lie groups A of dimension n, we can now
proceed as follows. First we note that A = L(A) = (R", 4) as abelian Lie groups. Then
Aut(A4) = GL,(R) follows from the Automatic Smoothness Theorem Further,
Exercise implies that the discrete subgroup m(A) of A~ R" can be mapped by
some ¢ € GL,,(R) onto

7F = 7F x {0} CRF x R"F = R™,

Therefore
A= R/7F =Tk x R*F,

and it is clear that the number & is an isomorphy invariant of the Lie group A, namely,
the rank of its fundamental subgroup. Therefore connected abelian Lie groups A are
determined up to isomorphism by the pair (n, k), where n = dim A and k = rank 71 (A).
The case where n = k gives the compact connected abelian Lie groups. The above
argument shows that such groups are always of the form A = L(A)/T, where T is a
discrete subgroup of L(T') generated by a basis for L(T"). Such discrete subgroups are
called lattices.

Examples 8.1.9. (a) The group T = R/Z is homeomorphic to the one-dimensional
sphere S', which is not simply connected.
The group

~ [ (o —b 1l 1 (bl2 —
SU,(C) = { <b a) € GLo(C): |a|* + |b]* = 1}
is homeomorphic to the 3-sphere

{(a,b) € C*: |[(a,0) = 1} = §°
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which is simply connected (Exercise . One can show that the sphere S™ carries
a Lie group structure if and only if n = 0,1, 3.

(b) With some more advanced tools from homotopy theory, one can show that the
groups SU, (C) are always simply connected. However, this is never the case for the
groups U, (C).

To see this, consider the group homomorphism

v: T— U,(C), =z diag(z1,...,1)
and note that det oy = idy. From that one easily derives that the multiplication map
p: SUL(C) x T — U,(C),  (g,2) = g7(2)
is a homeomorphism, so that

m1(Un(C)) = m(SUL(C)) x mi(T) = i (T)

1%

Z.
We further derive that the universal covering group is given by
U,(C) 2 SU,(C) xg R where f(t)g :=v(e)gy(e™™).

Example 8.1.10. We show that

m1(SO3(R)) = Oz = {£1}
by constructing a surjective homomorphism

¢: SU3(C) — SO3(R)

with ker ¢ = {£1}, so that

SO3(R) = SUL(C) /{£1}.

Since SU,(C) is homeomorphic to S?, it is simply connected (Exercise [A.1.3)), so that
we obtain 71 (SO3(R)) = Cy (Theorem [8.1.6)).

‘We consider

suy(C) = {z € gl,(C): 2" = —z, trx =0} = { (alb _(Z.) :beCiae ]R}

and observe that this is a three-dimensional real subspace of gl,(C). We obtain on
E := suy(C) the structure of a euclidean vector space by the scalar product

2
Bla,y) = —trey) = te(ey’) = 3 @7
jok=1
Now we consider the adjoint representation

Ad: SU,(C) — GL(E), Ad(g)(z) = gxg™*.
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Then we have for z,y € F and g € SU3(C) the relation

B(Ad(g)x, Ad(g)y)

k k *)

=tr(gzg~ (97" y"g
tr(zy™) = B(x,y).

tr(gzg™ (gyg™")")
= tr(gzg 'gy*gT") =

This means that
Ad(SU2(C)) € O(E, B) = O3(R).
Since SU2(C) is connected, we further obtain Ad(SUz2(C)) C SO(E, B) = SO3(R), the

identity component of O(E, 3).
The derived representation is given by

L(Ad) = ad: sup(C) — so(E, 8) 2 s03(R), ad(z)(y) = [z,y].

If adz = 0, then ad 2:(i1) = 0 implies that ad 2(u3(C)) = {0}, so that ad z(gl,(C)) =
{0} follows from gl,(C) = up(C)+iuz(C). This implies that x € C1 (Exercise|8.5.2), s
that tr z = 0 leads to 2 = 0. Hence ad is injective, and we conclude with dim so(FE, 3)
dimso3(R) = 3 that

o

ad(suz(C)) = so(E, B)
(cf. Exercise [8.5.)). Since SO3(R) is connected, Proposition now implies that
¢: SU2(C) — SO3(R)
is a covering. We further have
ker o = Z(SU3(C)) = SUL(C) N C*1 = {+1}
(Exercise [7.3.8), so that

SO5(R) 22 SU(C) and 71 (SO3(R)) = Cs.

8.2 The Monodromy Principle and its Applications

To round off the picture, we still have to provide the link between Lie algebras and
covering groups. The main point is that, in general, one cannot integrate morphisms
of Lie algebras L(G) — L(H) to morphisms of the corresponding groups G — H if G
is not simply connected.

Proposition 8.2.1. (Monodromy Principle) Let G be a connected simply connected
Lie group and H a group. Let V' be an open symmetric connected identity neighborhood
in G and f:V — H a function with

flzy) = f(@)f(y)  for wyxyeV.

Then there exists a unique group homomorphism extending f. If, in addition, H is a
Lie group and f is smooth, then its extension is also smooth.
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Proof. We consider the group G x H and the subgroup S C G x H generated by
the subset U := {(z, f(z)): « € V}. We endow U with the topology for which z
(@, f(x)),V — U is a homeomorphism. Note that f(1)?> = f(1%) = f(1) implies
f(1) = 1, which further leads to 1 = f(zz~!) = f(z)f(x~!), so that f(z=1) = f(x)~L.
Hence U = UL

We now apply Lemma because S is generated by U, and (T1/2) directly
follow from the corresponding properties of V' and (z, f(z))(y, f(v)) = (ay, f(zy))
for z,y,xy € V. This leads to a group topology on S, for which S is a connected
topological group. Indeed, its connectedness follows from S = [J,,cy U™ and the con-
nectedness of all sets U™ (Exercise [7.3.14)). The projection pg: G x H — G induces a
covering homomorphism ¢g: S — G because its restriction to the open 1-neighborhood
U is a homeomorphism (Exercise c)), and the connectedness of S and the sim-
ple connectedness of G imply that ¢ is a homeomorphism (Corollary . Now
F :=pyoq': G — H provides the required extension of f. In fact, for x € U we
have ¢~1(z) = (z, f(z)), and therefore F(z) = f(x).

If, in addition, H is Lie and f is smooth, then the smoothness of the extension
follows directly from Corollary O

Theorem 8.2.2. (Integrability Theorem for Lie Algebra Homomorphisms) Let G be
a connected simply connected Lie group, H a Lie group and ¢: L(G) — L(H) a Lie
algebra morphism. Then there exists a unique morphism ¢: G — H with L(p) = 1.

Proof. Let U C L(G) be an open connected symmetric 0-neighborhood such that
e expg |y is a homeomorphism onto an open subset of G (cf. Proposition [6.1.5)).
e the BCH-product is defined by the Hausdorff series on U x U and (U) x ¢(U)

* expg(rxy) = expg(z) expg(y) and expy (Y(x) *(y)) = expy (P(x)) expy (P(y))
for x,y € U.

The continuity of ¢ and the fact that v is a Lie algebra homomorphism imply
that for z,y € U the element ¢ (z * y) coincides with the convergent Hausdorff series
¥(x) *x1P(y). We define

frexpa(U) = H, f(expg(z)) = expy(¥(x)).
For z,y,x xy € U, we then obtain
flexpg () expg(y)) = flexpg(z * y)) = expy ((z * y))
= expy(Y(z) *Y(y)) = expy (¢ (2)) expy (¥ (y)) = f(expa(2)) f(expe(v))-

Then f: exp(U) — H satisfies the assumptions of Proposition and we see
that f extends uniquely to a group homomorphism ¢: G — H. Since exp. is a local
diffeomorphism, f is smooth in a 1-neighborhood, and therefore ¢ is smooth. We
finally observe that ¢ is uniquely determined by L(y) = % because G is connected

(Corollary [6.2.3]). O

The following corollary can be viewed as an integrability condition for .
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Corollary 8.2.3. If G is a connected Lie group and H is a Lie group, then for a
Lie algebra morphism : L(G) — L(H), there exists a morphism ¢: G — H with
L(v) = ¢ if and only if m1(G) C ker g, where m1(G) is identified with the kernel of
the universal covering map qa: G — G and Q: G — H is the unique morphism with
L(9) = ¢ o L(gc).

Proof. If ¢ exists, then
(poqa)oexpg = poexpgoL(qs) = expy oy o Lgq)

and the uniqueness of ¢ imply that ¢ = ¢ 0gg and hence that 71 (G) = ker gg C ker @.
If, conversely, ker g C ker ¢, then ¢(qa(g)) := @(g) defines a continuous morphism
G = G/ ker qg — H with ¢ 0 g = @ (Exercise [7.3.8)) and

poexpgoL(ga) = poqaoexps = poexpy = expy oY o L(qa). O

We recall that a Lie group G is called 1-connected if it is connected and simply
connected.

Corollary 8.2.4. If G is a 1-connected Lie group with Lie algebra g, then the map
L: Aut(G) — Aut(g)
18 an isomorphism of groups.

Proof. First, we recall from Corollary that for each automorphism ¢ € Aut(G)
the endomorphism L(¢) of g also is an automorphism. That L is injective follows from
the connectedness of G (Corollary and that L is surjective from the Integrability
Theorem [R.2.2] O

8.3 Classification of Lie Groups with given Lie Al-
gebra
Let G and H be linear Lie groups. If ¢: G — H is an isomorphism, then the functo-

riality of L directly implies that L(y): L(G) — L(H) is an isomorphism. In fact, if
¥: H — G is a morphism with ¢ o9 =idy and ¢ o p = idg, then

idp gy = L(idx) = L(p 0 1)) = L(p) o L(¢)
and likewise L(¢)) o L(p) = idy(q)-
In this subsection we ask to which extent a Lie group G is determined by its Lie

algebra L(G).

Theorem 8.3.1. Two connected Lie groups G and H have isomorphic Lie algebras if
and only if their universal covering groups G and H are isomorphic.
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Proof. If G and H are isomorphic, then we clearly have

L(G) 2 L(G) = L(H) = L(H)
(cf. Proposition [8.1.3)).

Conversely, let 1: L(G) = L(G) — L(H) = L(H) be an isomorphism. Using
Theorem we obtain a unique morphism ¢: G — H with L(¢) = ¢ and also
a unique morphism @: H — G with L(p) = v~!. Then L(p o §) = idL(é) implies
po @ = idg, and likewise @ o ¢ = idy. Therefore G and H are isomorphic Lie
groups. O

Combining the preceding theorem with Theorem [8.1.6] we obtain:

Corollary 8.3.2. Let G be a connected Lie group and qg: G — G the universal
covering morphism of connected Lie groups. Then for each discrete central subgroup
I' C G, the group G/T is a connected Lie group with L(G/T) =2 L(G) and, conversely,
each Lie group with the same Lie algebra as G is isomorphic to some quotient é/F

Example 8.3.3. We now describe a pair of nonisomorphic Lie groups with isomor-
phism Lie algebras and isomorphic fundamental groups.
Let

G := SUy(C) x SU4(C)
whose center is Cy x Cy = {£1} x {1},

G :=G/(Cy x {1}) = SO3(R) x SU,(C)

and ~
H:=G/{(1,1),(-1,-1)} =2 SO4(R),
where the latter isomorphy follows from Proposition below. Then
m1(G) 2 71 (H) = Cy, but there is no automorphism of G mapping 71 (G) to w1 (H).
Indeed, one can show that the two direct factors are the only nontrivial connected
normal subgroups of G, so that each automorphism of G either preserves both or
exchanges them. Since 71 (H) is not contained in any of them, it cannot be mapped

to m1(G) by an automorphism of G.

Examples 8.3.4. Here are some examples of pairs of linear Lie groups with isomorphic
Lie algebras:

(1) G = SO3(R) and G = SU,(C) (Example [8.1.10)).
(2) G = SO31(R)g and H = SLy(R): In this case we actually have a covering
morphism ¢: H — G coming from the adjoint representation

Ad: SLy(R) — GL(L(H)) = GL3(R).

On L(H) = sl(R) we consider the symmetric bilinear form given by 3(z,y) := 3 tr(zy)

and the basis
(1 0 (0 1 (0 1
€1 = 0 —1)° €9 = 1 0)° €3 = 1 0/
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Then the matrix B of 8 with respect to this basis is

1 0 0
B=[(0 1 0
0 0 -1

One easily verifies that
Im Ad € O(L(H), 8) = 021 (R),

and since ad: L(H) — o02,1(R) is injective between spaces of the same dimension 3
(Exercise), it is bijective. Therefore Proposition implies that

Ad: SLQ(R) — SOQJ(R)O

is a covering morphism. Its kernel is given by Z(SLs(R)) = {£1}.

From the polar decomposition one derives that both groups are homeomorphic to
T x R?, and topologically the map Ad is like (z,z,y) — (22, 2,%), a two-fold covering.

(3) G = SLQ(C) and H = SO3’1(R>O:

Here we show that the universal covering group of the identity component H of the
Lorentz group SO3 1 (R) is isomorphic to G. The construction follows a similar scheme
as the argument in (2) above.

On the real 4-dimensional vector space V' := Hermy(C) we consider the represen-
tation

o: G =SLy(C) = GL(V), o(9)(x):=gzg™.

We want to find a symmetric bilinear form § on V invariant under the action of G
and with O(V, 8) & O3,1(R). We consider the symmetric bilinear form

B: VXV =R, B(x,y) :=tr(zy) —tratry.

It is obvious that this form is symmetric. An orthogonal basis with respect to [ is

given by
1 (1 0 (0 1 . 0 =
€1 = 1, €o 1= 0 1) €3 1= 1 0)° €4 1= i 0)°

and we have

Bler,e1) = =2, Blez,e2) = Bles,e3) = Blea, e4) =

Therefore O(V, 8) = O3.1(R).
To see that im(o) C O(V, 3), we observe that the quadratic form corresponding to
B is
B(x,z) =traz? — (trz)? = —2det 2.

Now the invariance of 8 under G follows from the Polarization Identity and

det(grg*) = det gdet x det g* = detz, ¢ € SLy(C),x € Hermy(C).
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We conclude that o(G) C O(V, ), and since G is connected, we further obtain o(G) C
O(V,B)o = SO3,1(R)o (see also Exercise[1.2.8). We also write o for the corresponding
homomorphism G — H = SOz 1 (R)o.

The derived representation is given by

L(o): sl2(C) — s031(R), L(0)(z)(y) = zy + yz™.

If 0(g) = 1, then gzg* = x for all x € Hermy(C), and this implies that g(iz)g* = ix,
which leads with M5(C) = Herms(C) + i Hermy(C) to gzg* = x for all z € My(C).
For z = g* we obtain in particular g* = g~—!. This in turn yields grg~! = x for all
x € My(C), so that g € C*1, and thus g € {£1}. We conclude that keroc = {£1}
is discrete and therefore ker L(c) C L(kero) = {0}. Hence L(0) is injective. Next
dimsly(C) = dimsog ;1 (R) = 6 shows that L(o) is bijective. Therefore o: G — H is
a covering morphism by Proposition In view of m1(SLa(C)) = m1(SU5(C))
m1(S?) = {1}, it follows that

1%

SLy(C) =2 SO3.1 (R)o.

Example 8.3.5. Let G = SLy(R) and H = SOy (R)o and recall that G = H follows
from sl(R) = s02 1 (R) (cf. Example 2)).

We further have ¢o(Z(G)) C Z(G) = {1} and m(G) = kerqg C Z(G) (cf.
Proposition . Likewise gz (Z(G)) C Z(H) = {1} implies

Z(G) = 771(H) = Wl(OQ(R) X Ol(R)) = Z,

where the latter is a consequence of the polar decomposition. This implies that Z(G) =
Z, where

(@) =2Z and m(H)=Z=Z(G).
Therefore G and H are not isomorphic, but they have isomorphic Lie algebras and
isomorphic fundamental groups.

8.4 Nonlinear Lie Groups

We have already seen how to describe all connected Lie groups with a given Lie algebra.
To determine all such groups which are, in addition, linear turns out to be a much
more subtle enterprise. If G'is a simply connected group with a given Lie algebra, it
means to determine which of the groups G/D are linear. As the following examples
show, the answer to this problem is not easy. In fact, a complete answer requires
detailed knowledge of the structure of finite-dimensional Lie algebras.

Example 8.4.1. We show that the universal covering group G := SLy(R) of SLy(R)
is not a linear Lie group. Moreover, we show that every continuous homomorphism
p: G = GL,(R) satisfies D := m1(SLa(R)) C ker ¢, hence factors through G/D =
SLa(R).

We consider the Lie algebra homomorphism L(yp): slo(R) — gl,,(R). Then it is
easy to see that

L(p)c(z +iy) == L(p)z + i L(p)y
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defines an extension of L(y) to a complex linear Lie algebra homomorphism
L(p)c: sl2(C) — gl,(C).

Since the group SLo(C) is simply connected, there exists a unique group homomor-
phism ¢: SLy(C) — GL,(C) with L(y)) = L(y)c.
Let a: G — G/D = SLy(R) — SL2(C) be the canonical morphism. Then

L(p) = L(g)c o L(a) = L(¢) o L(e) = L(y o @)

implies ¢ = ¥ o . We conclude that ker ¢ O ker « = D. Therefore G' has no faithful
linear representation.

Lemma 8.4.2. If A is a Banach algebra with unit 1 and p,q € A with [p,q] = A1,
then A = 0.

Proof. By induction we obtain
[p,q"] = Ang™ ' for neN. (8.2)

In fact,
[ ’qn-&-l] _ [ )q]qn +Q[p, qn] _ )\qn + )\’I’an = /\(n+ 1)qn.

Therefore
Alnllg™ M < 20l < 2liplllalllg™ |

for each n € N, which leads to

(IAln = 2[lplllalDllg" I < 0.

n—1

If A £ 0, then we obtain for sufficiently large n that ¢ = 0. For n > 1 we derive
from (8.2)) that ¢"~2 = 0. Inductively we arrive at the contradiction g = 0. O

If A is a finite-dimensional algebra, we may w.l.0.g. assume that it is a subalgebra
of some matrix algebra M, (K), and then [p, ¢] = A1 implies

nA =tr(A1) = tr([p,q]) =0
so that A = 0.

Example 8.4.3. We consider the three-dimensional Heisenberg group

1 0
G= 0 cx,y,z €R with L(G) = 0 cx,y,2 €R
0 0

o =8
— N
oSO8
o v w

Note that exps: L(G) — G is a diffeomorphism whose inverse is given by

log(g) = (g —1) — %(g —-1)°
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(Proposition [2.3.3). Let
0 01 010 0 0O
z: =10 0 O, p:={({0 0 O and g¢g:=(0 0 1
0 0O 0 00 0 0 O

Then [p,q] = 2, [p,2] = [¢,2] =0, expRz =1+ Rz C Z(G) and D := exp(Zz) is
a discrete central subgroup of G. We claim that the group G/D is not a linear Lie
group. This will be verified by showing that each homomorphism « : G — GL,(C)
with D C ker « satisfies exp(Rz) C ker a.

The map L(a): L(G) — gl,,(C) is a Lie algebra homomorphism and we obtain
linear maps

P:=L(@)(p), Q:=L(a)(q and Z:=L(a))

with [P,Q] = Z. Now expg z € D = ker a implies that eZ = a(exp z) = 1 and hence
that Z is diagonalizable with all eigenvalues contained in 27iZ (Exercise [2.2.12)). Let
Vi = ker(Z — A1). Since z is central in L(G), the space V) is invariant under G
(Exercise [I.1.1)), hence also under L(G) (Exercise [3.2.4). Therefore the restrictions
Py := Ply, and Qy = Q|v, satisfy [Py, @x] = Aid in the Banach algebra End(V)).
In view of the preceding lemma, we have A = 0. Therefore the diagonalizability of Z
entails that Z = 0 and hence that Rz C ker L(«). It follows in particular that the
group G/D has no faithful linear representation.

8.5 The Quaternions, SU3(C) and SO4(R)

In this subsection we shall use the quaternion algebra H to get some more information
on the structure of the group SO4(R). Here the idea is to identify R* with H.

Proposition 8.5.1. There exists a covering homomorphism
@: SUy(C) x SUx(C) — SO4(R) C GL(H), ¢(a,b)x = axb™ .
This homomorphism is a universal covering with ker p = {£(1,1)}.

Proof. Since |a| = |b| = 1, all the maps ¢(a,b): H — H are orthogonal, so that ¢ is a
homomorphism

SU,(C) x SU5(C) — O4(R).

Since SU3(C) x SU5(C) is connected, it further follows that im(p) C SO4(R).

To determine the kernel of o, suppose that ¢(a,b) = idg. Then azb~! = z for all
x € H. For x = b we obtain in particular a = b. Hence ax = za for all z € H. With
x = I and x = J this leads to a € R1, and hence to (a,b) € {£(1,1)}. This proves
the assertion on ker ¢.

The derived representation is given by

L(p): suz(C) x suz(C) — s04(R), L(p)(z,y)(2) = xz — 2y.
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Since ker ¢ is discrete, it follows that ker L(y) C L(kery) = {0}. Hence L(yp) is
injective. Next dimsos(R) = 6 = 2dimsus(C) shows that L(y) is surjective, and we
conclude that

im(p) = {expim L()) = SO4(R).
Therefore ¢ is a covering morphism (Proposition [8.1.3). Since SUz(C) is simply con-
nected, SO4(R) = SU,(C)2. O

Let G := SU,(C)2. We have just seen that this is the universal covering group of
SO4(R). On the other hand SU5(C) = SO3(R). From Z(SU2(C)) = {£1} we derive
that

Z(G) = {(la 1)7 (13 71)7 (717 l)a (717 *1)} = C22

We have
G/Z(G) 2 S03(R) x SO3(R),

and therefore

SO4(R)/{£1} 2 G/Z(G) =2 SO3(R) x SO3(R).
The group SO4(R) is a twofold covering group of SO3(RR)?.

Exercises for Chapter

Exercise 8.5.1. Let (E,3) be an n-dimensional euclidean space, i.e., § is a positive
definite symmetric bilinear form on E. Show that there exists an isometric isomor-
phism ®: R™ — FE. and that

¥: 0,(R) = O(E,B), g+ Pogod !
is an isomorphism of Lie groups.

Exercise 8.5.2. Show that the center of the Lie algebra g, (K) is

3(01,(K)) == {z € gl,,(K): (Vo € gl,,(K)) [z,y] = 0} = K1.

Hint: Consider the elementary matrices E;; := (d;x0;1)x, and note that T;; := 1+ E;; €
GL, (K).

Exercise 8.5.3. We consider the simply connected covering group G := §f42 (R) with
L(G) = sl3(R) and we write ¢ : G — SLo(R) for the covering homomorphism. The
map

a:R— G, t—expa(t2ru), u=: (_01 é)

is injective.

Exercise 8.5.4. Show that a subgroup I' of the topological group G is discrete (with
respect to the subspace topology) if and only if there exists a 1-neighborhood U C G
with UNT = {1}.
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Exercise 8.5.5. Let ¢p: G — H be a surjective morphism of topological groups. Show
that the following conditions are equivalent:

(1) ¢ is open with discrete kernel.

(2) ¢ is a covering, i.e., each h € H has an open neighborhood U such that ¢~ (U)
Uie ; Ui is a disjoint union of open subsets U; for which all restrictions ¢|y, : U; —
U are homeomorphisms.

Hint: If ' C G is a discrete subgroup, then there exists an open symmetric 1-
neighborhood U with UU NT = {1} and then the sets YU, v € T, are pairwise
disjoint.

Exercise 8.5.6. Let G be a connected Lie group. Show that
L(Z(G)) =3(L(G)) :={z € L(G): (Vy € L(G)) [z,y] = 0}.

Exercise 8.5.7. Let q¢: G — Gbea simply connected covering of the connected Lie
group G.

(1) Show that each automorphism ¢ € Aut(G) has a unique lift ¢ € Aut(G).

(2) Derive from (1) that Aut(G) = {@ € Aut(G): ¢(m1(G)) = m1(G)}.

(3) Show that, in general, {¢ € Aut(G): ¢(mi(G)) € mi(G)} is not a subgroup of
Aut(G).



Appendix A

Basic Covering Theory

In this appendix we provide the main results on coverings of topological spaces needed
to develop coverings of Lie groups and manifolds. In particular, this material is needed
to show that, for each finite-dimensional Lie algebra g, there exists a 1-connected Lie
group G with Lie algebra L(G) = g which is unique up to isomorphism.

A.1 The Fundamental Group

To define the notion of a simply connected space, we first have to define its fundamental
group. The elements of this group are homotopy classes of loops. The present section
develops this concept and provides some of its basic properties.

Definition A.1.1. Let X be a topological space, I := [0,1], and zg,2; € X. We
write
P(X,20) :=={y € C(,X): v(0) = w0}
and
P(X,z0,21) :={v € P(X,z0): v(1) = 21}

We call two paths ag, a1 € P(X,xo,x1) homotopic, written ag ~ a1, if there exists a
continuous map

H:IxI—>X with H():Oto, H =o
(for Hy(s) := H(t,s)) and
(VteI) H(t,0) =z, H(t1)=u1.

It is easy to show that ~ is an equivalence relation (Exercise , called homotopy.
The homotopy class of « is denoted by [«].
We write Q(X,z9) = P(X,x0,20) for the set of loops based at z,. For
a € P(X,xzg,21) and § € P(X,x1,22) we define a product o * § in P(X,xq,z2)
as the concatenation
a(2t) for 0 <
(axp)(t) = {5(21(5 ~1) for i<

1
t<3
t<i.

INIA
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Lemma A.1.2. If ¢: [0,1] = [0,1] is a continuous map with ©(0) =0 and ¢(1) =1,
then for each o € P(X,x0,21) we have a ~ a0 .

Proof. Use H(t,s) := a(ts+ (1 —t)p(s)). O
Proposition A.1.3. The following assertions hold:

(1) a1 ~ as and By ~ Ba implies ag * 51 ~ ag * Ba, so that we obtain a well-defined
product
[a] % [B] := [ 5]

of homotopy classes.

(2) If x also denotes the constant map I — {x} C X, then

[xo] % [a] = [a] = [a] * [x1]  for « € P(X,x,21).

(3) (Associativity) [ * 8] * [y] = [a] = [8 * 7] for @« € P(X,x0,21),
6 EP(X,I17I’2) and’yE P(X,I2,133).

(4) (Inverse) For a € P(X,zo, 1) and a(t) :== a(l — t) we have
o]  [a] = [2o].
(5) (Functoriality) For any continuous map ¢: X —'Y with ¢(x0) = yo we have
(poa)x(pof)=po(axp)
and o« ~ 3 implies p o~ o 3.

Proof. (1) If H* is a homotopy from a; to a and H” a homotopy from 31 to 32, then
we put

| H“(t,2s) for0<s<i
H(t s) = {Hﬁ(t,%— 1) for % <s<1
(cf. Exercise [A.1.1]).
(2) For the first assertion we use Lemma and
0 foro<t<?i
J— - - — 2
Tora=aocp for pt):= {2t—1 for L <t <1.

For the second, we have
<t<i
axxy=aop for (t):= {% forOf;ﬁle

(3) We have (ax3)xv = (ax* (B*7)) o for

2t for0<t<?i
p(t):=Xt+t fori<t<i
% for%gtgl
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(4)

a(2s) for s < 15t
— 1— 1
H(t,s) =< a(l—1) for 1t < s < 1t
— 1
a(2s—1) for s > 4+t
(5) is trivial. O

Definition A.1.4. From the preceding definition, we derive in particular that the set
7T1(X, xo) = Q(X,{L‘())/ ~

of homotopy classes of loops in x( carries a natural group structure. This group is
called the fundamental group of X with respect to xg.

A space X is called simply connected if m (X, x¢) vanishes for all g € X. If X is
pathwise connected it suffices to check this for a single 2o € X (Exercise .

Lemma A.1.5. (Functoriality of the Fundamental Group) If f: X — Y is a contin-
uous map with f(xo) = yo, then

m1(f): (X, 20) = 11 (Y,90), [v] = [f o]

s a group homomorphism. Moreover, we have
m(idx) =idr (x4 and  m(fog) =m(f) o mi(g).
Proof. This follows directly from Proposition (5) O
Remark A.1.6. The map
o: m(X,20) x (P(X,20)/ ~) = P(X,20)/ ~, ([a],[8]) = [a* B] = [a]  [B]

defines an action of the group 71(X,zo) on the set P(X, )/ ~ of homotopy classes
of paths starting in z¢ (Proposition |A.1.3)).

Remark A.1.7. (a) Suppose that the topological space X is contractible, i.e., there
exists a continuous map H: I x X — X and zg € X with
H(0,z) = 2z and H(1,z) = xo for x € X. Then m(X,x0) = {[zo]} is trivial (Ex-
ercise).

(b) m1 (X x Y, (20,y0)) = m1 (X, 20) x m1 (Y, 50).

(¢) m1(R™,0) = {0} because R™ is contractible.

More generally, if the open subset 2 C R™ is starlike with respect to xg, then
H(t,z) := x + t(x — x0) yields a contraction to zp, and we conclude that 7 (2, z¢) =
(o]}

(d) If G € GL,(R) is a linear Lie group with a polar decomposition, i.e., for
K := GNO,(R) and p := L(G) N Sym,, (R), the polar map

p: Kxp—>G, (kz)—ke®
is a homeomorphism, then the inclusion K — G induces an isomorphism
m(K,1) = m(G,1)

because the vector space p is contractible.
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The following lemma implies in particular, that fundamental groups of topological
groups are always abelian.

Lemma A.1.8. Let G be a topological group and consider the identity element 1 as
a base point. Then the path space P(G,1) also carries a natural group structure given
by the pointwise product (o - B)(t) := a(t)B(t) and we have

(1) a~aof, B~ B implieso-B~a B, so that we obtain a well-defined product
(][] := [a] - [8] == [~ f]
of homotopy classes, defining a group structure on P(G,1)/ ~.
(2) a~ B <= a-B71 ~1, the constant map.
(3) (Commutativity) [o] - [6] = [8] - [o] for a, 5 € Q(G,1).
(4) (Consistency) [o] - [8] = [a] x [8] for a € Q(G,1), B € P(G,1).

Proof. (1) follows by composing homotopies with the multiplication map mg.
(2) follows from (1).

[[B] =[x 1[1 % f] = [(ax 1)(1 % 5)] = [(1 B)(e x 1)] = [1# f][a % 1] = [B][a].
(4) [a][8] = [(ax 1)(1 % B)] = [a % ] = [a]  [5]. 0

As a consequence of (4), we can calculate the product of homotopy classes as a
pointwise product of representatives and obtain:

Proposition A.1.9. (Hilton’s Lemma) For each topological group G, the fundamental
group 71(G) = m (G, 1) is abelian.

Proof. We only have to combine (3) and (4) in Lemma for loops «, 8 € Q(G, 1).

O
Exercises for Section [A,1]
Exercise A.1.1. If f: X — Y is a map between topological spaces and
X=X1U...UuX,
holds with closed subsets X1, ..., X,, then f is continuous if and only if all restrictions

flx, are continuous.

Exercise A.1.2. Show that the homotopy relation on P(X, g, 21) is an equivalence
relation.
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Exercise A.1.3. Show that for n > 1 the sphere S” is simply connected. For the
proof, proceed along the following steps:

(a) Let v : [0,1] — S™ be continuous. Then there exists an m € N such that
ly(8) = At < 5 for [t — '] < 7.

(b) Define & : [0,1] — R™*! as the piecewise affine curve with a(£) = y(£) for
k=0,...,m. Then «(t) := H&%t)\l&(t) defines a continuous curve « : [0,1] — S™.
(c) a~r.

(d) « is not surjective. The image of « is the central projection of a polygonal arc on
the sphere.

(e) If B € Q(S™, yo) is not surjective, then 3 ~ yq (it is homotopic to a constant map).
(f) m1(S™,y0) = {[yo]} for n > 2 and y, € S".

Exercise A.1.4. Let X be a topological space, xg,z1 € X and o € P(X,z9,71) a
path from zg to xy. Show that the map

C:m((X,z1) > m(X,20), [7]+— [axy*xal

is an isomorphism of groups. In this sense the fundamental group does not depend on
the base point if X is arcwise connected.

Exercise A.1.5. Let 0: Gx X — X be a continuous action of the topological group G
on the topological space X and xg € X. Then the orbit map c*°: G — X, g — (g, z¢)
defines a group homomorphism

m1(07): 1 (GQ) = 71 (X, o).

Show that the image of this homomorphism is central, i.e., lies in the center of
7T1(X, (Eo).

A.2 Coverings

In this section we discuss the concept of a covering map. Its main application in
Lie theory is that it_provides, for each connected Lie group G, a simply connected
covering group ¢ : G — G and hence also a tool to calculate its fundamental group
m1(G) = kerqg. In the following chapter we shall investigate to which extent a Lie
group is determined by its Lie algebra and its fundamental group.

Definition A.2.1. Let X and Y be topological spaces. A continuous map ¢q: X — Y
is called a covering if each y € Y has an open neighborhood U such that ¢=1(U) is a
nonempty disjoint union of open subsets (V;);cr, such that for each i € I the restriction
qlv;: Vi = U is a homeomorphism. We call any such U an elementary open subset
of X.

Note that this condition implies in particular that g is surjective and that the fibers
of g are discrete subsets of X.

Examples A.2.2. (a) The exponential function exp: C — C*, z — €* is a covering
map.
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(b) The map ¢: R — T, x + €' is a covering.

(c) The power maps p;,: C* — C*, z + z* are coverings.

(d) If ¢: G — H is a surjective open morphism of topological groups with discrete
kernel, then g is a covering (Exercise [A.2.2). All the examples (a)-(c) are of this type.

Lemma A.2.3. (Lebesgue Number) Let (X,d) be a compact metric space and (U;);cr
an open cover. Then there exists a positive number X > 0, called a Lebesgue number
of the covering, such that any subset S C X with diameter < X is contained in some
U;.

Proof. Let us assume that such a number A does not exist. Then for each n € N there
exists a subset S, of diameter < % which is not contained in some U;. Pick a point
$n € Sp. The sequence (s,) has a subsequence converging to some s € X and s is
contained in some U;. Since U; is open, there exists an e > 0 with U.(s) C U;. If n € N
is such that % < 5 and d(sy,s) < 5, we arrive at the contradiction S, C U, /2(sn) C
UE(S) C Uz O
Remark A.2.4. (1) If (U;);er is an open cover of the unit interval [0, 1], then there ex-
ists an n > 0 such that all subsets of the form [%, %],
k=0,...,n— 1, are contained in some Uj;.

(2) If (U;)ies is an open cover of the unit square [0, 1]?, then there exists an n > 0
such that all subsets of the form
{kj k—i—l} y [j J+1

)
n n

}, kj=0,...n—1,
n n

are contained in some Uj.

Theorem A.2.5. (Path Lifting Theorem) Let ¢: X — Y be a covering map and
~v:[0,1] = Y a path. Let xg € X be such that q(xg) = v(0). Then there exists a
unique path ¥: [0,1] = X such that

goy=~ and 7(0)=x.

Proof. Cover Y by elementary open sets U;,i € I. By Lemma there exists an
n € N such that all sets 7([%, %}), k=0,...,n—1, are contained in some U;. We

now use induction to construct 4. Let Vo C q_l(Uo) be an open subset containing xq
for which gly, is a homeomorphism onto Uy and define 5 on [0, 2] by

1
n
F(t) = (alvy) ™ o (1).
Assume that we have already constructed a continuous lift 5 of v on the interval [0, ﬂ

and that & < n. Then we pick an open subset V}, C X containing ﬁ(%) for which ¢|v,
is a homeomorphism onto some U; and define 7 for t € [k %] by

F(t) = (qlv) " o(t).

We thus obtain the required lift ¥ of ~.

If 5: [0,1] — X is any continuous lift of v with 3(0) = zo, then J([0,1]) is a
connected subset of q_l(Uo) containing xg, hence contained in V. This shows that =
coincides with 4 on [0, %] Applying the same argument at each step of the induction,
we obtain 7 = 7, so that the lift 7 is unique. O
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Theorem A.2.6. (Covering Homotopy Theorem) Let [ :=[0,1] and ¢: X - Y be a
covering map and H: I?> =Y be a homotopy with fized endpoints of the paths v := Hy
and n := Hy. For any lift 5 of v there exists a unique lift G: I? — X of H with
Go =7. Then 1 := Gy is the unique lift of n starting in the same point as v and G is
a homotopy from 7 to 1. In particular, lifts of homotopic curves in 'Y starting in the
same point are homotopic in X.

Proof. Using the Path Lifting Property (Theorem , for each t € I we find a
unique continuous lift I — X, s — G(s,t), starting in ¥(¢) with ¢(G(s,t)) = H(s,1).
It remains to show that the map G: I? — X obtained in this way is continuous.

So let s € I. Using Lemma [A72:3] we find a natural number n such that for
each connected neighborhood Wy of s of diameter < % and each ¢ = 0,...,n, the set
H (Ws X [%, %]) is contained in some elementary subset Uy of Y. Assuming that
G is continuous in Wy X {%}, G maps this set into a connected subset of ¢~ (Uy),
hence into some open subset V4, for which ¢|y, is a homeomorphism onto U,. But
then the lift G on Wy x [27 %] must be contained in V%, so that it is of the form
(g/vi,)~! o H, hence continuous. This means that G is continuous on U, x [£, EH],
Now an inductive argument shows that G is continuous on Ug x I and hence on the
whole square I2.

Since the fibers of ¢ are discrete and the curves s — H(s,0) and s — H(s,1) are
constant, the curves G(s,0) and G(s,1) are also constant. Therefore 7] is the unique
lift of n starting in (0) = G(0,0) = G(1,0) and G is a homotopy with fixed endpoints
from 7 to 7. O

Corollary A.2.7. Ifq: X =Y is a covering with q(xo) = yo, then the corresponding
homomorphism

m1(q): m(X,z0) = m1(Y,90), [v] = [g01]
18 1njective.

Proof. If ~,n are loops in zy with [g o 9] = [q o 5], then the Covering Homotopy
Theorem implies that v and n are homotopic. Therefore [y] = [n] shows that
m1(q) is injective. O

Corollary A.2.8. If Y is simply connected and X is arcwise connected, then each
covering map q: X — Y is a homeomorphism.

Proof. Since ¢ is an open continuous map, it remains to show that ¢ is injective. So
pick zg € X and yo € Y with ¢(z) = yo. If © € X also satisfies g(x) = yo, then there
exists a path a € P(X, zg, z) from z( to z. Now goa is a loop in Y, hence contractible
because Y is simply connected. Now the Covering Homotopy Theorem implies that
the unique lift a of ¢ o « starting in z( is a loop, and therefore that x¢g = x. This
proves that ¢ is injective. O

The following theorem provides a powerful tool, from which the preceding corollary
easily follows. We recall that a topological space X is called locally arcwise connected
if each neighborhood U of a point € X contains an arcwise connected neighborhood.



154 APPENDIX A. BASIC COVERING THEORY

Theorem A.2.9. (Lifting Theorem) Assume that q: X — Y is a covering map
with q(xo) = yo, that W is arcwise connected and locally arcwise connected, and that
[+ W =Y is a given map with f(wg) = yo. Then a continuous map g: W — X with

g(wo) =x0 and gqog=f (A.1)
exists if and only if
T () (T (W wo)) € m1(q) (1 (X, 20)), e, im(mi(f)) S im(mi(q)). (A2)

If g exists, then it is uniquely determined by (A.1l). Condition (A.2) is in particular
satisfied if W is simply connected.

Proof. 1f g exists, then f = gog implies that the image of the homomorphism 7 (f) =
m1(q) o m1(g) is contained in the image of 71 (q).

Let us, conversely, assume that this condition is satisfied. To define g, let w € W
and ay,: I — W be a path from wg to w. Then foa,: I — Y is a path which has
a continuous lift 8,,: I — X starting in xg. We claim that §,,(1) does not depend on
the choice of the path a,. Indeed, if o, is another path from wq to w, then av, * o/, is
a loop in wp, so that (foay)*(foal,) is aloop in yy. In view of , the homotopy
class of this loop is contained in the image of m1(g), so that it has a lift n: I — X

which is a loop in xg. Since the reverse of the second half 77‘[%71] of nis a lift of foa!,,

!/
w?

starting in zq, it is 3/,, and we obtain

8,0 =n(5) = Bu()).

We now put g(w) := B, (1), and it remains to see that g is continuous. This is
where we shall use the assumption that W is locally arcwise connected. Let w € W
and put y := f(w). Further, let U CY be an elementary neighborhood of y and V' be
an arcwise connected neighborhood of w in W such that f(V) C U. Fix a path o,
from wq to w as before. For any point w’ € V' we choose a path 7, from w to w’ in
V, so that o, * 7, is a path from wy to w’. Let U C X be an open subset of X for
which ¢|5 is a homeomorphism onto U and g(w) € U. Then the uniqueness of lifts
implies that

Bw’ = Bw * ((Q|[7)_1 © (f © Vw’))'
We conclude that B
g(w') = (qlg) " (F(u')) € T,
hence that g|y is continuous.

Finally, we show that g is unique. In fact, if h: W — X is another lift of f satisfying
h(wg) = xo, then the set S := {w € W: g(w) = h(w)} is nonempty and closed. We
claim that it is also open. In fact, let w; € S and U be a connected open elementary
neighborhood of f(w;) and V an arcwise connected neighborhood of wy with f(V) C
U. fU C ¢ 1(U) is the open subset on which ¢ is a homeomorphism containing
g(wy) = h(wy), then, since V is arcwise connected, we have that g(V),h(V) C U,
whence V C S. Therefore S is open, closed and nonempty. Since W is connected this
implies that S =W i.e., g = h. O
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Corollary A.2.10. [Uniqueness of Simply Connected Coverings] Suppose thatY is
locally arcwise connected. If q1: X1 — Y and q2: Xo — Y are two simply connected
arcwise connected coverings, then there exists a homeomorphism p: X1 — Xo with

4209 =(q1.

Proof. Since Y is locally arcwise connected, both covering spaces X; and X5 also have
this property. Pick points 1 € X, 2o € Xo with y := g1(x1) = ¢2(22). According to
the  Lifting  Theorem  [A2:9] there  exists a  unique  lift

p: X1 — Xo of ¢ with p(z1) = x2. We likewise obtain a unique lift
Y: Xo — Xj of go with ¢¥(x2) = 1. Then po: X; — Xj is a lift of idy fixing
x1, so that the uniqueness of lifts implies that ¢ o1 = idx,. The same argument
yields ¢ o ¢ = idx,, so that ¢ is a homeomorphism with the required properties. [

Definition A.2.11. A topological space X is called semilocally simply connected if
each point ¢ € X has a neighborhood U such that each loop a € Q(U, z) is homotopic
to [xo] in X, i.e., the natural homomorphism

W(iU)Zﬂl(U,$O)—>7T1(X,$0), [W]H[iUO’y]
induced by the inclusion map iy: U — X is trivial.

Theorem A.2.12. (Existence of simply connected coverings) Let Y be arcwise con-
nected and locally arcwise connected. Then Y has a simply connected covering space
if and only if Y is semilocally simply connected.

Proof. If q: X — Y is a simply connected covering space and U C Y is a pathwise
connected elementary open subset. Then each loop  in U lifts to a loop 7 in X, and
since 7 is homotopic to a constant map in X, the same holds for the loop v = go ¥
inY.

Conversely, let us assume that Y is semilocally simply connected. We choose a
base point yg € Y and let

Y = P(Y,y0)/ ~ := U P(Y,y0,y1)/ ~
y1€Y

be the set of homotopy classes of paths starting in yg. We shall provide Y with a
topology such that the map

Y =Y, [h]=(1)

defines a simply connected covering of Y.

Let B denote the set of all arcwise connected open subsets U C Y for which each
loop in U is contractible in Y and note that our assumptions on Y imply that B is
a basis of the topology of Y, i.e., each open subset is a union of elements of B. If
~v € P(Y,yo) satisfies v(1) € U € B, let

Uy = {In] € ¢ (U): (38 € CLU)) 5~ # B).

We shall now verify several properties of these definitions, culminating in the proof of
the theorem.
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(1) [1] € Upy) = Upy) = Upy-

To prove this, let [(] € Up,). Then ¢ ~ 7 for some path 8 in U. Further n ~ 3’
for some path ' in U. Now ¢ ~ v "+ 3, and (' x 8 is a path in U, so that [(] € U}y
This proves Uy, € Up,. We also have y ~ 7 * B, so that [y] € Upyy> and the first part
implies that U, [y C U[n]~

(2) ¢ maps Up,) injectively onto U.

That q(Up,)) = U is clear since U and Y are arcwise connected. To show that it
is one-to-ome, let [1], ['] € U}, which we know from (1) is the same as Uy,;;. Suppose
n(1) =n'(1). Since [n] € Up,), we have ' ~ 1% « for some loop « in U. But then « is
contractible in Y, so that ' ~ n, i.e., [] = [n].

(3) U,V € B, (1) € U CV, implies U}, € V.

This is trivial.

(4) The sets Uy, for U € B and [y] € Y form a basis of a topology on Y.

Suppose [y] € Uy N V). Let W C UNV be in B with y(1) € W. Then
M € Wiy € Upy 0 V) = Upg 0 V-

(5) ¢ is open and continuous.

We have already seen in (2) that ¢(Up,)) = U, and these sets form a basis of the
topology on )N/, resp., Y. Therefore ¢ is an open map. We also have for U € B the

relation
—1
v(1)eU
which is open. Hence ¢ is continuous.
(6) g|v,,, is a homeomorphism.
This is because it is bijective, continuous and open.

At this point we have shown that ¢: Y — Y is a covering map. It remains to see
that Y is arcwise connected and simply connected.

(7) Let H: I x I — Y be a continuous map with H(¢,0) = yo. Then
hi(s) := H(t,s) defines a path in Y starting in yo. Let h(t) := [h € Y. Then h
is a path in Y covering the path ¢ — hy(1) = H(t,1) in Y. We claim that h is con-
tinuous. Let ty € I. We shall prove continuity at tg. Let U € B be a neighborhood
of hyy(1). Then there exists an interval Iy C I which is a neighborhood of tg with
hi(1) € U for t € Iy. Then a(s) := H(tg + s(t — tp),1) is a continuous curve in U
with a(0) = hyy (1) and a(1) = he(1), so that hy, * « is curve with the same endpoint
as hy. Applying Exercise to the restriction of H to the interval between Z, and
t, we see that hy ~ hy, x a, so that h(t) = [h] € Up, | for t € I. Since q|U[ht0] is a
homeomorphism, R is continuous in t.

(8) Y is arcwise connected.

For [y] € Y put hy(s) := ~(st). By (7), this yields a path 3(¢) = [h] in ¥ from
Yo := [yo] (the class of the constant path) to the point [7].

(9) Y is simply connected.

Let & € Q(Y,7) be aloop in Y and a := go & its image in Y. Let hy(s) := a(st).
Then we have the path h(t) = [hs] in Y from (7). This path covers a since hy(1) = a(t).
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Further, 2(0) = 7o is the constant path. Also, by definition, h(1) = [a]. From the
uniqueness of lifts we derive that h = @& is closed, so that [a] = [yo]. Therefore the
homomorphism _

m1(q): (Y, ¥0) = m1 (Y. vo)

vanishes. Since it is also injective (Corollary [A.2.7), w1 (Y, 7o) is trivial, ie., Y is
simply connected. O

Definition A.2.13. Let ¢: X — Y be a covering. A homeomorphism
p: X — X is called a deck transformation of the covering if ¢ o ¢ = q. This means
that ¢ permutes the elements in the fibers of g. We write Deck(X, ¢q) for the group of
deck transformations.

Example A.2.14. For the covering map exp: C — C*, the deck transformations
have the form
w(z) = z+2min, n€Z.

Proposition A.2.15. Suppose that Y is arcwise connected and locally arcwise con-
nected, that qy:' Y — Y is a simply connected covering of Y, and that yjo € Y satisfies
qy (Yo) = yo. For each [v] € m1(Y,y0) we write pp,) € Deck(Y, qy) for the unique lift
of idy mapping Yo to the endpoint ¥(1) of the unique lift ¥ of v starting in yo. Then
the map B

®: m1(Y,y0) = Deck(Y,q),  @([7]) = ¢py)

s an isomorphism of groups.

Proof. For ~,n € Q(Y, o), the composition 0y, is a deck transformation mapping
Yo to the endpoint of ¢(,; 07 which coincides with the endpoint of the lift of n starting
in (1). Hence it also is the endpoint of the lift of the loop 7 * 1. Therefore ® is a
group homomorphism.

To see that @ is injective, we note that ¢, = idg implies that 5(1) = yo, so that
7 is a loop, hence contractible, and therefore [y] = [qy 0 F] = [yo].

For the surjectivity, let ¢ be a deck transformation and y := ¢(gp). If  is a path
from go to y, then 7 := gy o a is a loop in yo with o =7, so that ¢[,1(y0) = y, and
the uniqueness of lifts implies that ¢ = @[, = ®([7]). O

Exercises for Section [A.2]

Exercise A.2.1. Let F: I? — X be a continuous map with F(0,s) = zq for s € I
and define

A(t) = F(L,0), n(t)==F(t,1), a(t)=F(,t), tel.
Show that v * a ~ 1.

Exercise A.2.2. Let ¢: G — H be an morphism of topological groups with discrete
kernel I". Show that:

(1) If V C G is an open 1-neighborhood with (V=1V)NT = {1} and ¢ is open, then
qlv: V — q(V) is a homeomorphism.
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(2) If g is open and surjective, then ¢ is a covering.
(3) If g is open and H is connected, then ¢ is surjective, hence a covering.

Exercise A.2.3. A map f: X — Y between topological spaces is called a local home-
omorphism if each point 2 € X has an open neighborhood U such that f|y: U — f(U)
is a homeomorphism onto an open subset of Y.

(1) Show that each covering map is a local homeomorphism.

(2) Find a surjective local homeomorphism which is not a covering. Can you also find
an example where X is connected?
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