Lecture Notes Summer 2026 14" July, 2026

Mathematical Quantum Theory

Gandalf Lechner

FAU Erlangen-Niirnberg, Department of Mathematics
gandalflechner@fau.de

These lectures give an introduction to quantum mechanics from a mathematical perspective,
emphasizing the general framework of observable *-algebras and states. The notes are
divided into three chapters: Chapter 1 provides a brief account of classical Hamiltonian
mechanics, which however includes a fairly detailed discussion of states given by prob-
ability measures on phase space and their correlations. Chapter 2 is devoted to “matrix
mechanics’, i.e. quantum mechanics on a finite-dimensional Hilbert space. The main
structural elements of this theory are presented, including a discussion of entangled states
and the Bell inequalities. In Chapter 3, the general Hilbert space framework of quantum
mechanics is explored, assuming familiarity with functional analysis and spectral theory.
This includes spectral analysis of Hamiltonians and the dynamics they induce, together with
physically relevant examples such as the hydrogen atom. Several appendices recall relevant
mathematical material.
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About these lecture notes

These lecture notes are written to accompany the mathematical quantum theory (MQT) lec-
tures at FAU Erlangen in summer 2026. The target audience consists of mathematics and
physics students alike, but the focus is on the mathematics students who already know about
functional analysis, but not so much about quantum physics. The focus will be on the math-
ematical and conceptual aspects of the field. We will also comment on the physical implica-
tions, but refer to the physics literature for a deeper discussion of them.

The design of these notes contains some self-explanatory coloured elements, such as grey
for definitions, green for examples, etc. Another element is:

€8 The boxes marked in dark blue and with an €8 are dedicated to questions of interpre-
tation in terms of physics, applications in physics, etc.

At the end of each section, there are exercises and problems. The exercises are meant for
the in person tutorials, and the problems are meant to be solved in homework.

These lecture notes are written as a service to the students to allow for a smooth learning
process. It is still highly recommended to also consult suitable text books. Some books on
quantum mechanics that are specifically written for a mathematical audience are [Hall3;
Tak08; Tes09]. A more physics oriented book that is still readable by mathematicians is
[GP90].

This document is updated during the term as we go along. In case you spot any inaccura-
cies or mistakes, or in case something is not clear, please let me know via email or our StudOn
forum so that I can improve the notes accordingly.

Gandalf Lechner
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1 Aspects of classical mechanics

Quantum mechanics can only be understood with at least a minimal background in classical
mechanics. Such a background will be provided in this chapter in a form suitable for later
comparison with quantum mechanics.

Classical mechanics is the oldest and best understood field of theoretical physics. It
accurately describes many phenomena observed in the real world, ranging from falling ap-
ples over the motion of the celestial bodies to pendulums, spinning tops and space rockets,
to name just a few. Classical mechanics can be formulated in several ways (called Newto-
nian/Lagrangian/Hamiltonian mechanics), all of which are of an analytic nature and involve
differential equations. In fact, calculus was strongly influenced and even developed in paral-
lel with classical mechanics by Newton and Leibniz.

Given the great age and success of classical mechanics, it is no surprise that it has been
extended to cover also other areas, such as relativistic mechanics, fluid dynamics, etc. But as
any physical theory, also classical mechanics has only a finite range of validity. One important
limitation is that classical mechanics does not correctly describe the microscopic world, i.e.
atoms, molecules, light (photons), or other subatomic particles. This is the realm of quantum
mechanics, and the main subject of this lecture. The word “classical” is used to distinguish
classical mechanics from “quantum” mechanics.

We will present classical mechanics mostly in its Hamiltonian formulation, in which a
Hamiltonian function defines a dynamics on the classical observable algebra, because this
is closest to the quantum mechanical setting, in which a Hamiltonian operator defines a dy-
namics on the quantum observable algebra. We will also discuss a few instructive examples
that will later be compared with corresponding examples of quantum systems. For more
detailed literature on classical mechanics, see [Wal07, Chapter 1] or [AM87; Arn89]. This
chapter also covers probabilistic/statistical scenarios described by probability measures that
are typically not part of classical mechanics, but allow us to introduce various concepts such
as expectation values, uncertainties, correlations, and entanglement, already in the classical
setting.

1.1 Terminology of classical mechanics and Newton’s Equation

Classical mechanics provides the tools for describing the motion of massive bodies under the
influence of forces, i.e. their positions, momenta, etc. (kinematics), and the change of these
quantities with time (dynamics). In a mathematical theory, all these physical quantities are
modeled by objects from analysis, such as numbers, vectors, functions, vector fields, etc.
As a start, we present a vocabulary for translating some of the physical quantities into
mathematical objects.
 Time. Time is a one-dimensional continuum, modeled by the line of real numbers R.
We will usually denote time by ¢.
« Space and Position. We live in a three-dimensional Euclidean space', modeled as R>.
Often, it will also be necessary or convenient to consider spaces of different dimension,
such as R (for motion confined to a straight line), R? (for motion in a plane), or R"

"When taking into account relativity, one has to change this point of view and consider a four-dimensional
Lorentzian manifold instead.



for somelarge n € N, forinstance n = N -d for describing the positions of N particles
in R4,

Sometimes we will also consider systems in which particles are confined to an (typi-
cally open) subset U C RY. The space U of all possible positions is called the config-
uration space.

The physical significance of vectors x € U is to specify the position of a particle (at
a given time, see below). We will write x = (xy, ..., Xq) for the components of d-

dimensional vectors, and ||| = 4/ x} + ... + x3 for their Euclidean norm (length).
Particles and curves. A particle is an idealized object which has no spatial extent and
hardly any structure. It thus occupies a specific position x(¢) € U at any given time ¢.
The function t — x(t) is called the trajectory of the particle. This is a curve from a
(bounded or unbounded) interval I C R into the configuration space U C R¢ which
will typically be smooth, i.e. an element of C*(I, U).

In classical mechanics, the only additional datum that a particle has is its mass, a posi-
tive parameter m > 0. This has a dual role: It measures how much the particle resists
to forces acting on it (see Newton’s Equation below), and it also measures how much
itis influenced by gravitational force. This latter aspect will not be considered in these
lectures. In quantum mechanics, we will see that particles can also carry another da-
tum, called spin, in addition to mass. Spin is not visible in classical mechanics.
Velocity, Momentum, and Acceleration. When a particle moves along some trajec-
tory (according to alaw / ODE to be specified), there are several other interesting quan-
tities (“observables’, i.e. quantities you could measure by performing an experiment),
prominent examples being the velocity, momentum and acceleration of the particle.
The velocity is the temporal change of the position. In mathematical terms, this is the
(first) derivative of t — x(t), and it is common notation to write it as

Lo dx(t)  (dxy(t) dx,4(t)
() = — _< dlt T ) (1.1)

Instead of the velocity, we will work with a closely related quantity, the momentum p.
It also incorporates the mass m of the particle, and is simply

p(t) := mx(t). (1.2)

Similarly, the acceleration is the temporal change of the velocity, and thus the second
derivative of t — x(t). It is also written as

. d?x(t d?x,(t d?x,(t
0 L0 (20 £2g0)

Clearly not every trajectory has velocity/acceleration (i.e., is once or twice differen-
tiable), but in the situations we will encounter, these derivatives will always exist and
hence also form curves in R,

Even if the position x(¢) is confined to a non-trivial configuration space U C R, the
momentum space, namely the space of all possible momenta p(t), will always be R¢,
Phase space. In Hamiltonian mechanics, it will be convenient to collect the position
and momentum variables in a single vector

E(t) = (;Eg) = (r:;(ct()t)) € UxR? c R¥, (1.4)

(1.3)



The space
M :=UxR? c R (1.5)

in which these vectors live is called phase space. The letter M indicates that this is a
manifold. General treatments of classical mechanics work with more general phase

space manifolds, but we will always restrict to phase spaces of the form (1.5).

Force. From everyday experience we know that a force has both, a direction (push/pull)
and a “strength”, both of which can vary with the position at which you experience the

force. (Think of a wind that is blowing at different angles and speeds through a city.)
We thus model a force as avector field, i.e. amap F : U C R¢ — R that associates to

every point X in the configuration space U a vector F(x) € RY, indicating the force

pulling at the point x in the direction of F(x), with strength ||[F(x)||. We will write
L(U) = C*(U, R%) (1.6)
for the space of all smooth vector fields on an open set U C RY.

These basic concepts allow us to talk about quantities of interest in mechanics in math-

ematical language and provide the tools to describe their time dependence.

Definition 1.1 (Newton’s Equation). Let U C R%be open, F € L (U) a smooth force
field and m > 0 (mass). Newton’s Equation is the second order differential equation

mi(t) = F(x(t)) (1.7)

for trajectories t — x(t) € U. Equivalently, the phase space formulation of Newton’s
Equation is the first order differential equation

o -1
ED) = VR(E®), Vp:M-R¥ v (z) = (”;(xg’), (1.8)

for curves t — &(t) € M in phase space.

In Newton’s Equation, the vector field FF and the parameter m are given, and one is search-

ing for smooth curves (trajectories) X : I - U (or & : I - M) defined on a time interval I.
The role of the force field F is to describe how the given force F pushes the particle, and the
role of the mass m is to describe how inert the particle is, i.e. how much it resists to its motion
being changed by forces acting on it.

Example 1.2 (Free particle). The simplest possible situation is that in which no force
acts (also called the “free” particle), i.e. F : R4 - R4 F (x) =0forallx € RY. Then
Newton’s Equation reads

mi(t) =0 < £(t) =0. (1.9)

“More generally, a force can also depend on time (wind picking up / slowing down) and/or on the velocity

of the particle it is acting on (friction). For the purposes of this quick review of classical mechanics, we will

ignore these more general situations.



By integration, we easily see that it has the unique solution

t
X(0) = X(0) + — - p(0) <= £(1) = ((1) le) £(0), (110)

where 1 denotes the (d X d) unit matrix.

As Newton said: In the absence of forces, a particle at rest (p(0) = 0) remains at
rest(p(t) = Oforallt € R), and a particle moving at constant velocity remains moving
at constant velocity (X¥(t) = 0, i.e. moving in a straight line at constant speed).

This simple example shows that we can only expect to find a unique solution to Newton’s
Equation once we have fixed an initial condition of the form®

(x(0) = x9, mx(0) = py) <= §(0) =&, :=(xp,po) EM (1.11)

for some x, € U, py € R The initial condition (1.11) fixes the position of the particle at
time O to be X, and the momentum of the particle at time O to be py. Once these data are
fixed, the whole trajectory is uniquely determined.

One therefore considers the ODE £(t) = V (&(t)) in combination with an initial con-
dition £(0) = &,. The general mathematical setting consists of an arbitrary vector field V
defined on an open subset O C R". In the example of Newton’s Equation, we have V = Vg
and O =M = U x R? c R,

Definition 1.3 (Initial value problem). Let O© C R" be open, V € I (O) a smooth
vector field, and §, € O. The initial value problem consists in finding smooth curves
& : I > O defined on an open interval I C R containing ¢t = 0, such that

ED=VE®D), tel,  &0)=&. (1.12)

These curves are called (local) solutions. A local solution & : I — O is called maximal
if there exists no local solution extending it to a larger interval J 2 I. A global solution
is a local solution with I = R.

Every local solution can be extended to a maximal solution, which may be global or not
depending on the initial condition &, see Exercise 1.1 for an example. This phenomenon
can occur in two ways: either a solution runs into the boundary of O, or it escapes to infinity
in finite time.

Let us recall a main theorem from the theory of ordinary differential equations in the
general setting of an arbitray smooth vector field on an arbitrary open set in R". We formulate
it for smooth vector fields, but note that there exist other versions for Lipschitz continuous
vector fields or just continuous vector fields (Peano’s Theorem, which only gives existence
but not uniqueness) [Heu95; Chi99].

Theorem 1.4 (Picard-Lindel6f). Let O C R" be open and V € L (O) smooth.
a) Existence of local solutions: For every &, € O, there exists a local solution of the
initial value problem given by V and &,.
b) Uniqueness of maximal local solutions: Every local solution can be extended to a
maximal local solution. Maximal local solutions are unique.

30f course, we could also use a different time t, € R instead of t, = O to formulate the initial condition.



¢) Global existence criterion: If O = R" and there exist ¢y, c, > 0 such that

VI <er+elél, §eR, (1.13)

then every local solution extends to a global solution.
d) Smooth dependence on initial data: Let I be the interval on which the maximal
solution & with £(0) = &, is defined. Then

D := U Iey X {50} = {(t,50) ERX O : tE€I;}CRXO (L14)
§o€0

is open, and the flow of V, i.e. the map

¢V : D - R", (t, &)~ V(1. &) 1= @7 (&) 1= &) (1.15)

that maps (t, &) to thevalue &(t) of the unique solution with initial condition §(0) =
&, at time t, is smooth.
e) Properties of the flow: The flow ¢Y satisfies

b0 (€o) = &o» € €0, (1.16)
andforall§y € O andt,s € Rwith (t, &), (s, &), (t + 5, &,) € D,
¢f (@Y (€o)) = plis(&0) = ¢3 (97 (§0))- (1.17)

This theorem follows essentially from the Banach Fixed Point Theorem. In Exercise 1.2,
you are asked to prove part of it.
¢ The sufficient condition in c) is satisfied for the vector field V g coming from a force
F € L(R%) (1.8) that satisfies a bound of the form |[F(x)|| < ¢} + c5|x||. Thus, at
least for force fields that are linearly bounded and defined on all of R, all solutions
are global. In this situation, one calls the flow global.
« A global flow defines a one-parameter group of diffeomorphisms ¢ € Diff(O), i.e.

¢V : R — Diff(O), t @) (1.18)

is a group homomorphism. In detail, this means that every ¢! isa diffeomorphism of
O (i.e. smooth, bijective, with smooth inverse), and

¢7 o4y = $lis. (1.19)

In particular, ¢§ = idg and (¢7)~! = ¢Y,. All these properties follow directly from
part e) of the theorem.

« The flow ¢ of the vector field V can be seen as a time evolution: It maps the solution
at time t = 0, i.e. the initial condition &, to the solution at time t, i.e. £(t). Equa-
tion 1.17 then simply says that first evolving by time s and then by time ¢ amounts to
evolving by time ¢ + s.

* For a vector field Vg (1.8) coming from a force field F and a point mass (particle)
m > 0, we will attribute properties of solutions of £(t) = V g(£(t)) to the particle
described by it. For example, we will speak of the position, momentum, energy, etc.,
of the particle.



Figure 1: Two vector fields on the phase space R2. The left one is the linear zero force vector field
(1.20), the right one a more interesting non-constant vector field. To solve the ODE § (t) = V(&)
means to find the curves tangential to the vector field. An initial condition £(0) = &, fixes the starting
point of the curve, and the length of the vectors from the vector field indicates the velocity of the
particle at that point.

* In Example 1.2, the vector field is linear,
-1
v R¥ - R, ij:Clpy (1.20)

see Figure 1, and its (global) flow is
1 11
¢! (&) = m | &. (1.21)
0 1
In this case, smoothness of ¢ and the group property (1.17) are easily verified. For a

more interesting example, see Problem 1.2.

Having specified the general setting, we now specialize to so-called conservative force
fields, defined as follows.

Definition 1.5 (Conservative forces and potentials). A conservative vector field F €
X (U) is defined to be a gradient field, i.e. F is conservative if and only if there exists*’
V € CR(U) such that

x € U. (1.22)

F(x) = —VV(x) = — <5V(x) 6V(x)),

0x; 0x,,

The function V is called a potential of F.

“Attention with the notation: V denotes vector fields, i.e. vector-valued maps O — R4, and IV
denotes potentials, i.e. scalar (number-valued) maps U — R.

bA subscript R on Cr(U) or C® (U) means that these are spaces of real-valued functions, whereas
C(U), C*(U) are the corresponding spaces of complex-valued functions.

Note that in case a vector field F € X (U) has a potential V, then also V + ¢, withc € R
an arbitrary constant, is a potential for F. If U is connected, all potentials of F are of this form:
Given two potentials V, W for F, we have V(V — W) = 0 which implies V(x) = W(x) + ¢
by connectedness of U.

o]
Writing 0) = . for partial derivatives, conservative fields can be characterized as fol-
Xk

lows.



Proposition 1.6 (Characterization of conservative fields). Let U C R? be open and
simply connected. A vector field F € I(U) is conservative if and only if

6kFl :ale, k,le {1,,d} (1.23)
In particular, in dimension d = 1 every vector field is conservative.

Proof. LetV € CR’(U) be a potential for F. Then, by Schwarz’ Theorem from analysis 2,
6kFl = —dkalv = —dlakV = ale. (1.24)

Conversely, assume (1.23), pick a point X, € U, and for every x € U, a continuously differ-
entiable curve y, : [0,1] — U with y,(0) = X and ¥,(1) = x. The line integral

V(x) :=/y‘

X

1
F-di= f (FO(). 7(0) d (1.25)
0

does not depend on the explicit choice of ¥y, and is a potential for F (see analysis 2, or anal-
ysis 3 with Stokes’ Theorem). [l

Example 1.7 (The Coulomb Force). This example is the vector field

X

F : RN\{0} - RY, F(x)=c-—=,
[l x|

(1.26)

where ¢ € R is a constant which can either be positive (repulsive force) or negative
(attractive force). It is readily verified by differentiation that

[ 1

d d—2 d-2 d 7 2
Vi RA\{0} - R, V(x) ={d-2 Il (1.27)
—clog|x|| d=2

is a potential for (1.26).

€8 The importance of the force field (1.26) and its potential (1.27) derives from the
fact that it describes two physically important situations: On the one hand, the (attrac-
tive) gravitational force between two massive particles (with c = Gm;m, > 0, where
my, m, are the masses of the particles, and G the gravitational constant), and on the
other hand, the electrostatic attraction/repulsion between two charged particles (with
¢ = k.q1q,, where qq, q, are the positive or negative charges of the particles, and k,
Coulomb’s constant).

The name Coulomb potential refers to its role in the context of electrostatic force. It
is important in the description of the attraction/repulsion of electrons and protons in
atoms, and will also appear in quantum mechanics later in this lecture.

For conservative forces, one can define an energy function (Hamiltonian function).



Definition 1.8 (Hamiltonian function). Let F € I (U) be conservative with poten-
tial V. Then the Hamiltonian function H € CX (M), M = U X R%, of F is defined as

lpl?

H:UXRY > R, H(x,p) := T

+ V(x). (1.28)

1
The first summand of the Hamiltonian, - || plI%, is called kinetic energy , and the second
m

term, the potential V(x), is called potential energy . Kinetic energy is the energy of a particle
coming from its movement (it is zero for p = 0), and potential energy is the energy of a
particle coming from its position in a force field.

A very important feature of conservative force fields is that the total energy, i.e. the Hamil-
tonian, is conserved in the following sense.

Theorem 1.9 (Conservation of energy for conservative forces). Let F € ZL(U) be
conservative and H its Hamiltonian function (1.28). LetI 2 t — Xx(t) be a solution of
Newton’s Equation. Then

H(x(t), p(t)) = H(x(0), p(0)),  teL (1.29)

d
Proof. We write (X, y) = >}, _, XiV for the scalar product in R9, and calculate

(Ilp(t)ll2
2m

:<mapm>
m

L Hex(o. p0) = +v<mﬁ

+ (40, YY)
= (50, PO} + - (p(0), ~F(x(1))
= —(ms(6) = F(x(0), p(t)

= 0.

Hence the differentiable function I © t — H(x(t), p(t)) has derivative zero, i.e. it is con-
stant. O

Note that thanks to energy conservation, every solution I 3 ¢ - x(t) € R% of Newton’s
Equation has a fixed energy E := H(x(t), p(t)) which does not depend on t. This value is
also referred to as the energy of the particle described by the solution.

Energy considerations are often useful when the solution can not be obtained explicitly
(which is the general case). The following corollary shows how the sublevel sets of the poten-
tial,

V<Wli=per! : v(n <V}, W ER, (1.30)

give information about solutions of Newton’s Equation.
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Figure 2: Two potential/energy graphs. The orange curve is the graph of the potential V. Left: all
sublevel sets of the potential are bounded. Right: For E < ||V||, the sublevel set {V < E} has two
connected components.

Corollary 1.10. Let U C R4 be open, F € L (U) conservative with potential V, and
I ot — x(t) € U asolution of Newton’s Equation with initial value (x(0), p(0)) and
energy E := H(x(0), p(0)). Then for anyt € I, the position x(t) lies in the connected
component of {V < E} that contains x(0).

Proof. Since the kinetic energy || p||?/2m is non-negative, we have E > V(x(t)), i.e. x(t) €
{V' < E}, for all t. Suppose that x(t) lies in a different connected component C than the
component Cy containing x(0). Then X is a continuous curve connecting C and Cy, so there
exists t such that x(t) & {V < E}, a contradiction. O

Example 1.11 (Potential/Energy considerations).

a) Let V be a potential that grows to infinity at infinity, V/(x) — oo for ||x|| = oo.
Then every solution of Newton’s Equation is bounded because all sublevel sets
{V < E}are bounded (Figure 2, left).

b) In dimension d = 1, let V be a potential “bump”, namely a smooth positive
function V' of compact support (Figure 2, right). Suppose x(0) lies to the left of
the support of V. Then V(x(0)) = 0, and if p(0) < +/2m||V| , the solution
will remain to the left of the support of V' for all times: Its energy is

2
Ve = B2 <),

_ py?
 2m

E

so the sublevel set{V < E}has two connected components separated by a neigh-
bourhood of x,, such that V(x,) = ||V||«. If p(0) > 1/2m||V||, the sublevel
set{V < E} consists of all of R, and Corollary 1.10 gives no restriction on x(t).
This can be summarized as: “The particle can travel over the hill only if its initial
momentum is large enough”.

See Problem 1.1 for related considerations.

These observations are in agreement with the intuition that the solutions t — x(t) be-
have like a little ball rolling friction less on the graph of the potential V, i.e. accelerating when
going downbhill, and slowing down when going uphill. In contrast to that, our later investiga-
tions of quantum mechanics will lead to counterintuitve phenomena in quantum dynamical
systems.

10



Another illustration of the usefulness of energy conservation is the following. In dimen-
siond =1, energy conservation implies

=" x(t)2 V() = Z—f = +\/ % (E — V(x(D))). (1.31)

This equation can be solved by separation of variables, resulting in

x(t)
t=f (1.32)
x(0) =+, / = (E V(y))

The problem of solving Newton’s Equation (1.7) has thus been simplified to calculating the
above integral, and inverting the resulting equation to obtain x(t).

1.2 Hamiltonian formulation

In view of the importance of energy conservation, we reformulate Newton’s Equation for
conservative systems in terms of the Hamiltonian. It will be helpful to introduce the anti-
symmetric (2d) X (2d) matrix (the canonical symplectic form on R??)

(0 1
2._.(_1 0)’ (1.33)

where every block is a (d X d)-matrix. This will be fixed for all systems in the following. In a
general treatment of Hamiltonian mechanics, the symplectic form is part of the description
of the system.

Definition 1.12 (Hamiltonian vector fields, flows, and equations). Let H € Cg’(M).
a) The Hamiltonian vector field of H is the vector field V iy € I(M) defined by

(1.34)

Vg :=XVH < VH(x,p)=( VPH)

~V,H)

where V denotes the gradient of H w.r.t. the X-variables, V), the gradient of H
w.r.t. the p-variables, and V the full gradient (w.r.t & = (x, p)).

b) The Hamiltonian flow is the flow defined by the Hamiltonian vector field via The-
orem 1.4. It is denoted ¢ := ¢pVH,

c) Hamilton's Equation is the first order ODE defined by the Hamiltonian flow,

E(t) = V(). (1.35)

So far we have based our considerations on a force field F € 2 (U) on configuration
space U, and derived a Hamiltonian function H from it in case F was conservative. The
above definition presents a change of perspective — it is based on a a general smooth real
function H € C (M) on phase space M = U x R, In case H comes from a conservative
force F = —VV (1.28), we note that

VpH=V <||p||2 + V(x)) =m~!
=m1p, (1.36)

—VH_—V<M”+V@»=HM. (1.37)

11



Comparing with (1.8), we conclude that Newton’s Equation is equivalent to Hamilton’s Equa-
tion (1.35) in this case. Hence our new point of view, taking an arbitrary Hamiltonian func-
tion H as a starting point, is a generalization of the Newtonian point of view. We introduce
some more terminology associated with this perspective now.

Definition 1.13 (Classical Hamiltonian system and observable algebra).
a) A/(classical) Hamiltonian system is a pair (M, H) consisting of a phase space M =
U x R? and a function H € CR (M), called the Hamiltonian function.
b) The (classical) observable algebra of a Hamiltonian system (M, H) is

Ay 1= C®(M). (1.38)

Elements of A, are all smooth functions on phase space U X RY, for example the com-
ponents of x (position), p (momentum), X (velocity), the potential energy V, the kinetic
energy, the Hamiltonian H, etc. In order to avoid confusion between the variables x, p and
the functions (x, p) — x, (x, p) — p, we write, k € {1, ..., d}

X, P - M - R, Xi(x, p) 1= xp, Pi(x, p) := px, (1.39)

and have X, P, € C*®(M). Note that in (1.38), we consider complex smooth functions
(no index R). Only the real functions in C*° (M) are actual observables, but we include the
complex ones in the interest of a better comparison with quantum mechanics later, which
will be based on complex functions. In our current setting of classical ODEs, complex func-
tions do not cause any problems because we can split any complex function into its real and
imaginary part.

We now discuss the structure of the classical observable algebra C*°(M). Of course,
C*®(M) is a associative and commutative complex algebra w.r.t. the pointwise operations,
and it is unital with unit element the constant function

16 =1, £ eM. (1.40)

It moreover is a *-algebra, namely pointwise complex conjugation,

F58) 1= f(©), (1.41)

is an antilinear involution C*®(M) — C*®(M) satisfying (fg)* = g*f*. A function f €
C*®(M) is real-valued if and only if f = f*.

Another important structural element of C*® (M) is its Poisson bracket.
Definition 1.14 (Poisson bracket). The Poisson bracket is the map
{-,- }:C®M)x C®(M) - C®(M), {f.g}:=(Vf,ZVg), (142)

where (-, -} is the Euclidean scalar product on C24. Explicitly,

d

{f.g} =2,

k=1

(af o _ %8 af). (1.43)

dxi Opx  9x) Opi
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Proposition 1.15 (Properties of the Poisson bracket). The Poisson bracket has the fol-
lowing properties” (f,g,h € C®(M)):

a) {:,-}is bilinear and antisymmetric,

b) The Leibniz rule holds: {f,gh} = {f, gth + g{f, h},

¢) The Jacobi Identity holds: {f,{g, h}} + {h,{f,g}} +{g. {h, f}} =0,

d) The Poisson bracket respects the *-operation: {f, g}* = {f*,g*}.

“For those who know Lie algebras: Items a) and c) can be summarized in the statement that
(C®(M),{-, -}) isa (infinite-dimensional) Lie algebra. Besides the Lie algebra structure, C® (M) also
has a commutative algebra structure which is compatible with the Lie algebra structure in the sense of b)
— one speaks of a Poisson algebra in this case.

The proof follows by straightforward calculation (Problem 1.3).
Particularly simple examples of functions in C*° (M) are the Xj, P; (1.39). Their Poisson
brackets are called canonical Poisson brackets, and given by

XX} =0, {Px, P} =0, X, P} =6, - 1, (1.44)

where 1 denotes the constant function (1.40). We will see similar expressions in quantum
mechanics later.

We next formulate the Hamiltonian flow on the level of the classical observable algebra
and study its interplay with the Poisson bracket. For simplicity, we assume the flow to be
global, i.e. all local solutions to extend to global ones.

Theorem 1.16 (Hamiltonian dynamics on the classical observable algebra). Let(M, H)
be a Hamiltonian system with global flow $*1, and define®

afl D Co(M) - (M), () i= fo gl (1.45)

Then
a) af : R — Aut C®(M) is a one parameter group of Poisson *-algebra automor-
phisms. That is, for every t € R, the map ! is an algebra homomorphism that

moreover satisfies alf (f)* = al(f*),

al' ({f, &) = {af' (), af ()} (1.46)
and
all ool =all, t,s € R. (1.47)

b) The Hamiltonian generates the dynamics in the sense

%af’(f) ={a'(f).H},  feCx), (1.48)

where the derivative is understood pointwise in § € M.
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c¢) The Hamiltonian is invariant under the dynamics,

afl(H) = H. (1.49)

“When the Hamiltonian H is clear from the context, we will drop the superscript H and write o,
instead of '},

Proof. a) all is a *-algebra homomorphism by definition, and the group law (1.47) follows
from Theorem 1.4 e). The proof of the preservation of the Poisson bracket (1.46) is left as an
exercise (Problem 1.3).

b)Let§, € M and denote by t — &(¢) the unique solution of Hamilton’s Equation (1.35)
with initial value £(0) = &,. Then

%afl(f)(&,) = %f(é’(t)) (definition of aff and ¢H)
= (£(0), VFEWD)) (chain rule)
= (V(&@), VFE®))) (Hamilton’s Equation)
= (ETVH(&()), VF(E(@))) (definition of V f)
= (Vf(E()), ZVH(E())) (symmetry of scalar product)
={f(&(),H(())} (definition of Poisson bracket)
= ol ({f,H})(&) (definition of a}?)
= {af’(f), af ()}(o)- (1.46)

Setting f = H in the last equation, we get %a{{ (H) = a{({H, H}) = 0 from the antisym-
metry of the Poisson bracket. As o} (H) = H, c) follows. Inserting this back into the above
calculation yields %ocfl (f) = {aH(f), H}. H

This theorem shows that Poisson brackets allow us to neatly express the dynamics, and
that Hamiltonian vector fields are special because they preserve the Poisson bracket. Another
way to see that Hamiltonian vector fields are special vector fields is the following fact, known
as Liouville’s Theorem, that states that the flow of a Hamiltonian vector fields preserves phase
space volume. Recall that the divergence of a vector field V € L(M), M C R*?,is divV =

Zi‘il 9¢, Vi = Tr(DV), where DV is the Jacobi matrix of V.
Proposition 1.17 (Liouville’s Theorem). The flow ¢! of a Hamiltonian vector field V

preserves phase space volume in the sense that divV gy = 0 and det D¢ = 1 for all
t € R for which the flow is defined.

Proof. For the divergence of the vector field we compute

2d d d
divVy = kZ 0e, V)i = kZ O, (Vi + kZ B (Vi kd

d d
= 0y 0 H+ D, 8, (-3, H)=0.
k=1 k=1
The proof of det D¢t = 1 will be given in the exercises. []
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It is worth noting that Theorem 1.16 says in particular that despite our generalization
from Newtonian Mechanics with conservative force fields to the Hamiltonian setting, the
important feature of energy conservation is still present in the more general Hamiltonian
formalism: H(¢H(€)) = H(E). That is, solutions t +— &(t) of Hamilton’s Equation are
confined to surfaces on which H is constant.

Part c) of the theorem suggests the following definition.

Definition 1.18 (Constants of motion). Let (M, H) be a Hamiltonian system. A con-
stant of motion (or conserved quantity) is a function f € C*(M) such that

a(f) = f, t €R. (1.50)

So a constant of motion is what the name suggests: A quantity that is invariant under
time evolution.

Lemma 1.19 (Constants of motion and Poisson brackets). Let (M, H) be a Hamilto-
nian system. A function f € C*®(M) is a constant of motion if and only if

{f,H} = 0. (1.51)

In particular, H is a constant of motion. Given two constants of motion f, g, also {f, g} is
a constant of motion“.

“That is, the constants of motion form a Lie subalgebra of C*®(M).

Proof. The first claim follows directly from Theorem 1.16 b). The Hamiltonian is a constant
of motion because the Poisson bracket is antisymmetric. The last statement is a consequence
of the Jacobi identity of the Poisson bracket. U

1.3 Symmetries

The analysis of a classical or quantum physical system often benefits from understanding its
symmetries. Here we introduce the tools to talk about symmetries in Hamiltonian mechan-
ics, but keep everything at an elementary level. Much more can be said with a background
in Lie groups.

Definition 1.20 (Symmetries). A symmetry of a Hamiltonian system (M, H) is a dif-
feomorphism ¢ € Diff(M) such that its pullback”

p* 1 COM) > COM),  ¢*(f) 1= fopTh, (1.52)
respects the Poisson bracket, namely

o*({f.gh) ={e* (. 9"} f.ge M), (1.53)

and leaves the Hamiltonian invariant, namely

¢*(H) = H. (1.54)
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“The upper index * is the usual notation for pullback, and unfortunately clashes with the equally
usual notation for *-operations. It should always be clear from context what is meant.

By Theorem 1.16, the Hamiltonian flow maps ¢} are symmetries of H. Of course also
the identity idy; is a symmetry of H. In case ¢ is a symmetry of H, also ¢! is because for
any f,g € C®(M), we have {f o 9™,go @7} = {f o @™l 0 p,g 00~ 0 0} = {f.g}.
So we conclude that the symmetries of H form a group (a subgroup of Diff(M)), called the

symmetry group of H.
We next show what can be expected from symmetries: They preserve the dynamics given

by H. In preparation, recall that chain rule D(a o b)(§) = (Da)(b(£))(Db)(§) (for differen-
tiable function b : R" - R™, g : R" — [Rk). For scalar functions f : R" — R, we have

(Df) = (Vf)T hencefor ¢ : R" - R" we get V(f o $)(§) = (D$)T(E)(V)($()).

Proposition 1.21 (Symmetries commute with the dynamics). Let ¢ be a symmetry of
the Hamiltonian system (M, H) and assume the Hamiltonian flow $*1 is global. Then the
Hamiltonian flow commutes with the symmetry,

e () = ¢t (@(©), teR, EeM, (1.55)
and the dynamics commutes with the pullback of the symmetry,
qp* o OC{_I = 0({_1 o go*, t eR. (156)

Proof. Let f,g € CR(M). Since ¢ respects the Poisson bracket, we have forany & € M

{fop,g80p}8) =(V(fop),ZV(go@))E)
= (D)E)T (V) (@(E)), Z(DP)(E)T (V) (@(£)))
=1{f, gl e($)
= ((VH(@(£), Z(Ve)(p(£)))-

As f, g were arbitrary, (D@)(§)Z(Dg)(£)T = Z follows. The invariance of the Hamiltonian,
Ho go_l = H, leads by differentiation to
(VH)(§) = V(H o 9~ 1)(£)
= (D™ ET(VH)(@7' (&) = (D)) (VH)(97'(§)).

Combining these two statements, we get the invariance of the Hamiltonian vector field,

(DP)E)Vu(§) = (DP)EZVH(E) = Z((Dp)(§)")™'VH(E) = TVH(p)(§)
= Vu(p(€)).

Now consider the function () := @(¢H(£)). At time t = 0, it agrees with ¢(£), and its
time derivative is

() = D)1 NV (©) = Vu(p(dt (€)) = V().

So by uniqueness (Theorem 1.4), it must agree with the solution with initial condition ¢(&),
namely t = ¢ (@(£)). Hence we have shown that the Hamiltonian flow commutes with
the symmetry.

The second statement follows immediately by pullback. [
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We now consider the connection between symmetries and dynamics. To that end, we
consider a function A € Cg (M) as a Hamiltonian in its own right, with associated vector
field V4 := ZVA, flow ¢, and pulled back flow af* := (¢4)*. The physical interpretation
of such a flow is not that of time evolution when a Hamiltonian H # A generating time
evolution by its flow &} is already fixed. This will become clear in the examples below. To
indicate the difference in interpretation, we typically write s for the real parameter of these
flows.

Theorem 1.22 (Hamiltonian form of Noether’s Theorem). Let (M, H) be a Hamilto-
nian system. A function A € CR (M) is a conserved quantity if and only if its pulled back
flow (assumed to be global) &%, s € R, consists of symmetries.

Proof We have seen in Theorem 1.16 that the flow maps o', s € R, always preserve the
Poisson bracket. Hence the o' are symmetries if and only if they preserve the Hamiltonian,
ie. af(H) = H,s € R. Thinking of A as the Hamiltonian and A as the observable, this is
equivalent to H being a constant of motion for the dynamics generated by A. According to
Lemma 1.19, this is equivalent to 0 = {H, A} = —{A, H}. H

Noether’s Theorem provides a link between symmetries of Hamiltonian systems and con-
served quantities. The simplest example of this is the Hamiltonian itself, i.e. A = H. Then
the corresponding symmetries are the symmetries given by the Hamiltonian flow, i.e. the
time translations.

Example 1.23 (Spatial translation symmetry and momentum conservation). Letk €
{1,...,d}. We consider the k-th component P of momentum (1.39), on the phase
space M = R??, Its Hamiltonian vector field is constant, namely

ka(x’ p) = vak = (e(;{) > (1'57)

with ey the k-th canonical basis vector of R%. By solving the differential equation
x(s) = ey, p(s) = 0, the flow of this vector field is seen to be

P (X\\ _ (X + seg
s (<p))—( > ) s € R. (1.58)

So we conclude that the k-th component of momentum generates the symmetry of
spatial translations in the direction of j.. Given a Hamiltonian H, this flow is a symmetry
of H if and only if H does not depend on X} (momentum conservation).

In particular, for the free Hamiltonian H(x, p) = Zi || pl|%, this is a symmetry for
m

all k, meaning that all components of momentum are constants of motion.

A more interesting example is given by a multi particle phase space of the form
U = RN M = RV x RN (with N € N, N > 1). We interpret its elements

£=0xW, ., xMN pM pd) (1.59)

as describing the positions x® e R? and momenta p® € RY of N particles mov-
ing in IRd, k = 1,...,N. To model a situation in which the only forces acting in the
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system act between the particles (like attraction/repulsion due to an electrostatic or
gravitational potential V, for example), one considers a Hamiltonian of the form

N p)2 . .
HGO, .., x™, p0, . p) = 3 % +VED - xD). (160)
j=1 i<j

Here V € Cp (R%)isa potential for the force between the particles, m the mass of the
particles (here all masses are assumed to be the same), and the second sum runs over
all pairs (i, j) € {1, ... ,N}* withi < j.

In this example, the spatial translations moving the individual positions xU) inde-
pendently do not preserve H (unless V' is constant). However, the collective “center of
mass” translation

x5 xU) + sep, sER, (1.61)

that moves all coordinates in the same direction e, € R?, does preserve H because the
potential term depends only on differences of positions. This symmetry corresponds to
the k-th component of the total momentum, defined as

N
Bt .., xM), p®), . pV)y = 3 pD, (1.62)
j=1

To see that the flow of (1.62) really generates the symmetries (1.61), we note

0 ek

) (N) (D) Ny 5| 0| _|ex
VP;{ot(x s, XV W pWY) =2 ee| =10
ek 0

A comparison with (1.57) and (1.58) shows that B;* generates translationsin the (e, ... , ex)
direction (leaving all momenta invariant), i.e. (1.61).

For our next example, we argue conversely and start with the symmetries.

Example 1.24 (Rotation symmetry and angular momentum). Let U C R be a rota-
tionally symmetric configuration space, i.e. RU = U for all R € SO(d) (for example
U=R%orU ={x € R? : ||x|| < r}an open ball). Then x + RX is a diffeomor-

phism of U, and
R®R: (;) i (g;) (1.63)

is a diffeomorphism of phase space M = U x RY that preserves Poisson brackets
because R @ R commutes with 2. If H is a rotationally invariant Hamiltonian, i.e.
H(x, p) = H(Rx,Rp)forall R € SO(d), then each R @ R is a symmetry of (M, H). A

18



typical form of such a Hamiltonian is

2
e p) = By v, v = ua) (164)

A potential of the form V(x) = v(]|x||) for some smooth v : R, — R is clearly rota-
tionally symmetric and called central potential. A prominent example is the Coulomb
potential (1.27).

We now restrict to dimension d = 3 and define angular momentum.

Definition 1.25 (Angular momentum). The function

X2D3 — X3D2
L: R® - R3, L(x,p) i=xXp=|x3p1 —x1D3 |, (1.65)
X1D2 — X2

is called angular momentum.

The significance of the components Lj of angular momentum is that they are the Hamil-
tonian functions generating the flows (Ry (s)®R(s))* on C*®(R®) given by rotations Ry (s) €
SO(3) around the ey-axis by angle s, i.e.

1 0 0 coss O sins
R(s)={0 coss sins |, R,(s) = 0 1 0 |,
0 —sinS coss —sins O coss

coss sins O
R;(s) = —sins coss 0
0 0o 1

This will be shown in Exercise 1.4.

These are the three most important applications of Noether’s Theorem: Time translation
invariance corresponds to conservation of energy, spatial translation invariance corresponds
to conservation of momentum, and rotational invariance corresponds to conservation of an-
gular momentum.

The following example illustrates the usefulness of angular momentum conservation.

Example 1.26 (Angular momentum conservation and planar trajectories). On the
configuration space U = R3,let V : R3 — R, V(x) = v(||x|)), be a central potential.
Then every solution t - x(t) of Newton’s Equation with force F = —VV is planar, i.e.
lies in a two-dimensional subspace of R,

Proof: Let (xo, Po) € R® be an arbitrary initial condition, and let 7 C R3 be a two-
dimensional subspace containing x, and pg (this is unique unless x and p are paral-
lel). By definition of angular momentum as a cross product, L(x(t), p(t)) is orthogonal
to x(t) and p(t), so L := L(x(0), p(0)) is orthogonal to P. Since L is conserved, it
follows that x(t) and p(t) are orthogonal to L for every ¢, i.e. the trajectory lies in P.[]

Further information on the trajectory can be extracted from the fact that the last
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component L3 of L is conserved: At any time ¢, we have

x1(0)p2(t) — x2()p1 (1) = L3(x(0), p(0)), (1.66)
where the right hand side is independent of ¢.

This explains in particular why the earth revolves around the sun in a (approxi-
mately) planar orbit: It is a consequence of the centrality of the gravitational force and
the resulting conservation of angular momentum.

1.4 Probability measures and states

In the theory of classical mechanics that we considered up to this point, all quantities take
definite values: The initial condition &y = (X, pg) € M consists of a single position x, and
a single momentum p,, and at every instance of time, the solution of Hamilton’s Equation
likewise gives a single point £(¢) in phase space. Also every other observable, like the energy
or second component of angular momentum, takes a definite value H(£(t)) or L,(&(1)).

We now want to extend the theory in such a way that we can describe situations in which
we have incomplete information about the system. For example, we want to be able to describe
initial conditions in which the position of particle is x, with probability 1/4 and y, with
probability 3/4, or randomly distributed over U in some way, and analogously for momenta.
In such a situation, to be formalized below, observables f € C*(M) will no longer have
definite values. Instead they will become random variables. Their values f(§), § € M, will
be randomly distributed over the spectrum of f, defined as the closure of its range,

o(f) 1= f(M). (1.67)

€8 There are several motivations for considering such probabilistic (or statistical) situ-
ations.

a) Inreallife scenarios, a position/momentum of a particle is never known with cer-
tainty, but subject to error and imperfections in the experiment used to measure
it. To measure an observable f accurately, one would typically set up a series
of experiments on identically prepared systems (a so-called statistical ensem-
ble, say consisting of N experiments), measure the value of f in each instance
of the experiment, and obtain measurement data fj, ..., fy € R. One would
then perform a statisical analysis of these data, i.e. consider their mean value

(fy := N7Yfi + ... + fy), their variance N1 lej:l(fk — (f))?, etc.,, and
compare these numbers with predictions from theory.

b) Another motivation is that when considering a system consisting of many parti-
cles, like for example a gas of atoms, one is not interested in the positions and
momenta of the individual atoms, but rather in their average values over the
whole gas. Statistical averages describe the macroscopic/collective properties
of the gas, such as its pressure.

c¢) In quantum mechanics, probabilistic aspects are unavoidable. Hence a proba-
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bilistic version of classical mechanics will lead to a clearer comparison with quan-
tum mechanics.

These probabilistic scenarios are adequatly described by measure theory, see Appendix M.1
for some reminders and notation. We fix a Borel probability measure

u: BM) - [0,1] (1.68)

on a phase space M, and write P(M) for the set of all these measures. For every observable
f € CR (M), we consider the pushforward measure f;u (Def. M.5) of 4 by f. This is a Borel
probability measure on R with support

supp(f.u) C a(f), (1.69)

see Proposition M.6. As these measures describe how the values of the observables are dis-
tributed, we may call f, u also the probability distribution of f under u. This probability mea-
sure determines the probabilities that the value of f lies in some (Borel) set. Other relevant
information contained in f,u are the expectation value and uncertainty of f (cf. M.4). We
collect the necessary definitions here.

Definition 1.27 (Expectation values and uncertainties of observables). Let M be a

phase space, u € P(M), and f € Cg’(M) an observable.
a) The probability that the value of f lies in the Borel set B C R is

Pr,(f € B) := (fp)(B). (1.70)

b) If the first moment of f,u exists, the expectation value of f in u is defined as

wu(f) i = E(fer) = My (fip0). (L71)

c) If the second moment of f, i exists, the uncertainty of f in u is defined as

Au(f) 1=/ V(S0 (1.72)

the standard deviation of f,u.
d) If u has compact support, w,,(f) exists for all f € Cg’(M). The map

w, : CRM) - R, [ wu(f) (1.73)
is called the state given by u.

The notation w,,(f) and A,(f) is typical in quantum physics and hence already intro-
duced here. We note that for u € P.(M), the map (1.73) is linear. We extend it to all of
C*(M) in a complex linear manner, so @, is a complex linear functional on C* (M) (typi-
cally not an algebra homomorphism). It is clearly normalized in the sense that

w,(1) =1, (1.74)
and positive in the sense that*

[>20 = w,(f)>0. (1.75)

*Here f > O means f(£) > Oforall £ € M.
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In particular, 0, (f*f) > 0 and w,(f*) = w,(f) forall f € C*(M) (real functions have
real expectation values). For the uncertainty, it is useful to note A, (f + ¢ - 1) = A,(f),
ceR.

Let us unpack these definitions: For an observable f € CR (M) and a Borel probability
measure (4 on M, the probability that the value of f lies in the Borel set B C R is

Pr.(f € B) = fR 25 () = fM 25(f(E) du(®) = f dau®.  (L76)
f~1(B)

The expectation value and uncertainty of f in u are (if they exist)

w0, (f) = E(fupt) = f AW = [ £ duc). 77)

a(f) supp 4

8P = WCF) = [
a(f)
where we have used the change of variables formula for pushforward measures (Prop. M.6).
In the first integral in (1.77), we could also integrate over R instead of o(f'), and in the second
over M instead of supp u, but this does not change anything because f,u is supported on
o(f) and u is supported on supp K.
In the language of LP-spaces, we have

wu(f) = f fdu, (1.78)
M

(2 — w (N d(fip)(A) = f (f(§) — wu())* du(®).

supp (1

Au(f) = \/wu(fz) — @, (f)? = If — o (H2m,)- (1.79)
The expectation value w,(f) exists if f € L'(M, u), and the uncertainty A, (f) exists if
ferM,uw.

These formulas clearly express that the expectation value w,,(f) is the mean value of
f(&) € a(f), averaged with the measure u. The uncertainty A,(f) captures how much
f(§) deviates from its expectation value w,(f). The integral expression for A,(f) makes
also sense for complex f € C*®(M), and we take it as our definition of uncertainty for com-
plex f. Note that the expectation value can be any real number (or any complex number for
complex f), but the uncertainty is always non-negative for real f = f*.

So far we have considered the pushforward measures f,u for single observables f :
M — R. We can however easily extend this idea to several observables.

Definition 1.28 (Joint probability measures). Let M be a phase space and u € P(M).
a) Let fi,..., f, € CR(M)and

H(§)
fiX..Xf,: M— R = sz&) . (1.80)
Ja(§)

The joint probability distribution of f1, ... , f, under i is the Borel probability mea-
sure (f; X ... X f)sp on R™,
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b) The probability measure for position under u is the joint probability measure for
the components Xj, ... , Xy of position X : M — U, (x, p) = x (1.39), i.e.

(X7 X oo X X))t = XM, (1.81)

and the probability measure for momentum under u is the joint probability mea-
sure for the components B, ... , P of momentum P : M — R4, (x,p) ~ p,ie.

(B X ... X Py)ypu = B.pu. (1.82)

The probability measures for position/momentum under u satisfy by definition
(X.p)(A) = u(X7HA) = w(A xRY), A e B), (1.83)
(Bu)(B) = w(P~(B) = (U x B), B € BRY, (L.84)

so XM, P.u are precisely the marginals of u.
If fi,.... fu € CR(M) are observables and By, ..., B, € B(R) Borel sets, their joint
probability measure under u gives on the product set B; X ... X B,

Pr(fix..xfp)uBr X . X By) = pu{€ € M & fi(§) € By, ..., fu(§) € Bu}),

the probability that f takes a value in B; and f, takes a value in B,, ..., and f, takes a value
in B,,. By the change of variables formula (M.7), we have for any (f; X ... X f,,).u-integrable
functiong : R" —» C

f gd(fy X oo X )t = f GGG (185)
Rn M

In particular, for a momonomial g(yy,...,y,) = Y1 ... yn ", with my, ... ,m,, € N,, the
integrals

f P Y A X o X ) olt() = f AE™ e O™ du(@)  (186)
Rn M

are called the mixed moments of (f1X...X f,,) 1. These are precisely the expectation values of
products of the observables f ;. They encode not only the expectation values of the individual
fj’s, but also their correlations (see Section 1.5).

Example 1.29. Let o : M — R, be a Lebesgue-integrable non-negative density with
Sy p(§)dE = 1, and consider the measure du(§) = p(§)d€ (ie. u = p€ with €y
Lebesgue measure on M, see Def. M.7). Then, f € C (M),

mfen)= [ s BeB®)
f=1B)

w0, (f) = f FEp(E)de,
M

ALY = f () = w () p(&) dE.
M
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The probability measures for position and momentum are in this case given by X, 0€; =
pxty and B,p€lp; = ppfra with the densities

e = [ pupdp e = [ plrpdx s
RrRd U

It is also very instructive to consider phase space measures concentrated at a single point.

Example 1.30 (Dirac measures). Let {§, € M = U X R%, and consider the Borel

probability measure u := ¢, (Dirac measure). Then, for every f € Cg’(M) and
B € B(R)

rayfen= [ ang@=l] KOS sy
f=1(B) °
[y = (&) (1.89)

Writing &, = (X, o), the position and momentum probability measures are in this
case

X,8: =6y, RSz, =6y, (1.90)

Expectation values and uncertainties of observables are given by

s, (1) = [ 1€ d55,®) = 5o (Lo1)
As, (PP = f (&) — f(E0) b, (8) = 0. (192)
M

Hence in this example every observable f has the definite value f(&) with zero uncer-
tainty. This example shows how the previously considered non-probabilistic situation
of initial conditions §, € M fits into the more general probabilistic setting.

We have just seen that Dirac measures are very special; they lead to zero uncertainty for
all observables. Also the converse is true: Zero uncertainty states are given by Dirac mea-
sures. This and other characterizations of these so-called pure states will be given later in
Theorem 1.35.

We have now learned how to evaluate observables in states given by probability distribu-
tions, generalizing their evaluations at phase space points §& € M. So far no Hamiltonian
or dynamics has entered. We now comment on the Hamiltonian dynamics when the initial
condition &, € M is generalized to a Borel probability measure 4.

Proposition 1.31 (Dynamics of probabilistic Hamiltonian systems). Let (M, H) be a
Hamiltonian system with Hamiltonian flow ¢™ and u a Borel probability measure on M.
Then ul! := (¢, u is a one parameter family of Borel probability measures on M, and
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for any observable f € C®(M),
() =wp()  tER (199
These expectation values exist ifand only ifal (f) € IM(M, du).

Proof. The pushforward measures uff = (¢H), u are Borel probability measures because u
is (Proposition M.6). The claimed identity (1.93) follows directly from the change of variables
formula (M.7):

oo ()) = fM FSHE) du(e) = fM 1O AEHDE) = w gty u(F):

]

The role of any physical theory is to give a mathematical model determining the expecta-
tion values of its observables and how they change with time. Formula (1.93) expresses that
in our current setting of classical Hamiltonian mechanics, there are two equivalent ways of
doing that: Either we can consider the state c,, as time-independent, and the observables f
as changing with time according to the Hamiltonian flow a(f), or we can consider the ob-
servables as time-independent, and the state (probability measure) as changing with time
according to (¢1!), 4. Both points of view give the same result (1.93). In quantum mechan-
ics, the first point of view is called Heisenberg picture and the second one Schrddinger picture.

For u = 8¢, both sides of (1.93) agree with f(&(t)), with £(t) = ¢¢' (&) the unique
solution of Hamilton’s equation with initial condition £(0) = &,. In this case, we have
> ) $H (L) = 8 ¢(r) s0 a Dirac measure ¢, remains a Dirac measure under time

evolution, concentrated at the phase space point £(¢).
For a general measure, the time evolution can however look more complicated. The fol-
lowing example illustrates this.

Example 1.32 (Spread of probability distributions under free dynamics). We con-
sider the two-dimensional phase space M = R? with the free dynamics from Exam-

2
ple 1.2, i.e. the Hamiltonian H(x, p) = 2p_m with flow

$1(x,p) = (x + =p, ). (1.94)

For the initial condition, we consider a probability measure that has a density of product
form, namely p(x, p) = p;(x)p,(p) w.rt. Lebesgue measure dx d p on R2. Here p;, o,
are non-negative compactly supported functions in L!(R) with integral 1.

The expectation value and uncertainty of position at time ¢t = 0 are

wu(X) = f xp1(X)pa(p) dx dp = f xpi(x) dx,
R2

R

w,(P) = f pp1(x)p(p)dxdp = / pp2(p) dp.
R2 R
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For simplicty, let us assume @, (X) = 0. Then we find for general time { € R

(el (X)) = 0, (X + =P) = —a,(P),
wu(af' (X?) = w,(X + —P)?)
= w,(X?) + %wM(XP) + ;—ZwM(PZ)
= 0, (X2 + S, (P?).

In the last step, we have used that X and P are uncorrelated (see Section 1.5) in y,
namely w,(XP) = w,(X)w,(P): This follows from the product form of p and leads
to w,(XP) = 0 because w,(X) = 0 by assumption.

As a consequence, (note w,(X) =0 = AIM(X)2 = coM(Xz))

2
A (@l (X)) = \/ AL (X) + #a)y(Pz) — o0 fort — +oo.

This matches our intuition coming from a statistical ensemble: The expectation value
of position moves with the average velocity w,,(P)/m, and since the statisical ensemble
of particles described by 1 has varying velocities (momenta), the distribution of X will
spread out as time progresses.

In the plots below, you see the density of the position probability measure, i.e. the
function p, ; such that X, (¢¥),u = p; ,d¢, with € Lebesgue measure on R.
The four initial densities in these examples are

x> (p—Dpo) o
a) p(x, p) = 27TO'xO'p exp(—r.% - T‘g (Gaussian in X and p),
1
b) p(x, p) = 2ap X1-aal(X) Xipy—b.po+5](P) (uniform in X and p),
1 1
c) p(x, p) = %){[—a,a](x) 7_[(1 T (- pO)Z) (uniform in X, Cauchy in p),

x2
i)

d) d,uo(x, p) = — (dépo(p) + dapl(p)) (Gaussian in X, two Diracs in p),

2\/%0,C
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(a) Gaussian in X, shifted Gaussianin p ~ (b) Uniform in X, shifted uniform in p
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Ifwe instead look at momentum P, we find that the probability measure (¢1)..(B.ut)
for momentum does not depend on time because P is a constant of motion of the free
Hamiltonian H. In particular, w 'u(oc{{ (P))and A M(octH (P)) are time-independent.

In quantum mechanics, the phenomenon described above is called “spreading of the
wave packet”, but we see that it occurs in the same way in classical (statistical) mechanics.
See Exercise 1.8 and Problems 1.7, 1.8,1.10 for more examples of dynamics with probability
measures.

1.5 Composite systems and correlations

In this section we have a closer look at states and how they behave across subsystems with
respect to their correlations. The basic definition is the following.

Definition 1.33 (Subsystems and correlations). Letu € P.(M)and f,g € C®(M)
bereal (f = f*, g = g%). The covariance of f, g in i is

COV/,{(f’ g) = w,u(fg) - w,u(f)w,u(g) (1.95)
IfA,(f) # 0and A,(g) # 0, the correlation of f, g in u is defined as

Covy(f.8)  wu(fg) — wu(flw,(g)
AHAR)  AUNALR)

Two observables are called uncorrelated in u if Cov,(f, g) = 0.

Corr,(f,8) = (1.96)
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In this definition, we have restricted ourselves to compactly supported measures 4 €
P (M) in order to guarantee existence of the expectation values and uncertainties that occur.
But as for states (1.73), Cov,(f, g) and Corr,(f, g) also exist for non-compactly supported
measures (4 for suitable f, g. For instance Cov,(f,g) is well-defined for u € P(M) and
f.8 fg € "M, dw).

Two remarks are Cov,(f, f) = A’u(f)2 and Corr,(f,g) € [—1,1]. To prove the latter,
we use the Cauchy-Schwarz Inequality:

| Covy(f, @)1 = lwp((f — (/g — wu (@)
= ‘ f (f (&) — wu(f)(EE) — wu(8)) du(§)
M

2

< f ) = (DI du() f 19(6) — (@) du(®)
M M
= Apc(f)zAu(g)zs

this implies Corr,(f,g) € [-1,1].
Any observable f is perfectly correlated with itself in the sense that Corr,(f, f) = 1.
The following example illustrates partial correlations in a physical system.

Example 1.34 (Correlations of harmonically coupled particles). We consider the phase
space M = R* and interpret its elements (X;, X5, P1, p,) as describing two particles,
one with position/momentum (x;, p;) and another one with position/momentum (x,, p,).
As state, we take

du(xq, X3, p1, p2) = p(x1)p(xz) dx;y dx, dSo(pr) dSo(p2),

with the density p satisfying o > 0, J 0 = 1, [ X10(x1)dXx; = 0, [ x20(x;)dx; >
0. This corresponds to a situation in which the momenta p; and p, are zero with cer-
tainty, and the position variables X1, X, are distributed with mean value 0 and non-zero
uncertainty.

Because of the product form of the density, we see that X; and X, are uncorrelated,

Corr, (X3, X;) = 0.
We now consider the Hamiltonian function H = i(ﬂz +PBY) + S(Xl — X,)?, that is

pi D3k
H(X{, X5, P1, Dy) = ~— + — + =(x; — x,)>. 1.97
(X1, X2, 1> P2) om T 2m 2(1 2) (1.97)
Here m > 0 is the mass, and k > 0 a parameter measuring the strength of the force.
The first two terms are the kinetic energies of the two particles, and the quadratic po-
tential corresponds to a linear force (i.e. a harmonic oscillator, see Problem 1.2) that
pulls the particles towards each other. So one may visualize this as two particles that
can move on a line and that are harmonically coupled by an elastic spring connecting

them.
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Computing the dynamics, one finds (Problem 1.11)

.2
Corr, (@ (X))l (X)) = 2(’”), v = % (1.98)

The correlation depends on time and is always non-negative in this example. One can
interpret this as follows: If the position X, is positive/negative, i.e. it deviates from its
mean in the positive/negative direction, then also X, tends to deviate from its mean in
positive/negative direction because of the force pulling the two particles together. This
leads to a positive correlation, indicating that measuring x;(t) provides information
about x,(t).

See also Exercise 1.7 for an exercise on correlations.

We will often be concerned with the question whether two observables are uncorrelated
in a state, and with correlations of whole families of observables (subsystems). As a prepa-
ration for discussing this, we first make the easy observation that for a state w,, with a Dirac
measure 4 = O, all correlations vanish. Hence Dirac measures are not only special w.r.t.
uncertainties, but also w.r.t. correlations. To collect all their properties, we note that P(M)
is a convex set, i.e. with iy, U, € P(M)and 0 < ¢ < 1, also

ui=cuy + (1 —-c)u, € P(M) (1.99)

is a Borel probability measure on M. By induction, it is clear that given uy, ... , 4, € P(M)
and numbers 0 < ¢q,...,¢, < 1suchthatc; + ... + ¢, = 1, the convex combination
ZZ:I CxMr is an element of P(M) (Exercise 1.10).

The measure ZZ:l CiMy is called a mixture of the measures iy, ... , 4. We call a mea-
sure 4 € P(M) pure ifit is not a mixture, i.e. if u = cuy + (1 — c)u, for uy, u, € P(M) and
¢ € [0, 1] is only possible in a trivial way, namely either ¢ € {0, 1} or 4; = U,. A measure
that is not pure is called mixed.

With this terminology, we obtain the following characterization of pure measures.

Theorem 1.35 (Pure states on C*°(M)).
a) Letu € P(M). The following are equivalent:
i) 4= O¢forsome§ € M.
ii) w,, is completely uncorrelated: Cov,(f,g) = 0forall f,g € C(M).
iii) Ay(f) = Oforevery f € C°(M).
v) M ispure.
b) Letu € P.(M). Then there exists a sequence (U, )nen € P (M), such that every
Uy, is a convex combination of Dirac measures, and

lim @y, (f) = wu(f), f€CM), (1.100)

Proof. a) will be proven in the exericses.
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b) For each n € N, choose a finite partition

Ny
supp 4 = |_| Bjn
j=1

of the compact set supp u into disjoint nonempty Borel sets Bj , of diameter at most 1/n.
. Np .
For each j, pick a point §; , € Bj ,, and define u,, = ijl H(Bj,n) 8¢, ,» a convex combi-

nation of Dirac measures. Then we have for any f € C*®(M)

Np

2

j=1

|y, (f) = wu (P =

(M(Bj,n)f (&) — f f(© d/«f@))'
Bjn

Ny
<> 1f (i) = FE du(é)

P LIV FllooI€,n— 1S 11V f oo
1
< IV flleos
which converges to 0 for n — 0. []

The first part of the theorem says in particular that Dirac measures are precisely pure
measures, i.e. the extremal points of the convex set P(M). The second part of the theorem
says that while not every 4 € P.(M) is a convex combination of extremal points (convex
combinations, just as linear combinations, are always finite, so convex combinations of Dirac
measures only produce measures with finite support), we recover all of P .(M) when we allow
for “infinite convex combinations”, i.e. limits of convex combinations.

In Example 1.34, we considered a phase space of product form M = M; X M, (in that
case, with M; = M, = R?), with the phase space variables (x j» pj) referring to M, j = 1, 2.
Hence we may regard M;, M, as subsystems of M, and M as the product of M; and M,. The
observable algebras C®(Mj) can then be regarded as subalgebras of C*°(M) by promoting
a function f; € C*(M;) to a function in C*°(M) that is constant in the (x,, p,) variables.

This motivates the following definitions.

Definition 1.36 (Subsystems and composite systems). Let M, M, M, be phase spaces.
a) A subsystem is a unital *-subalgebra A C C*(M).
b) Given two subsystems A, B C C®(M), the bipartite system generated by A
and B is the smallest subsystem (A, B) of C*°(M) that contains A and B.
¢) The product (or composite system) of C*®(M;) and C*®(M,) is C*°(M; X M,).
d) The uncoupled product (or interaction-free product) of two Hamiltonian systems
(M, H,) and (M,, H,) is (M; X M,, H; + H,), with the Hamiltonian

(Hy + Hy)(§1,65) = Hy(&) + Hy(&y). (1.101)

Several remarks are in order here.

Remark 1.37.
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a) Our notion of subsystem is quite general. Note however that we demand subalgebras
and not just subsets or subspaces. For example, if an observable f belongs to a sub-
system A, then also f" belongs to A for all n € Ny (this is necessary in order to
formulate higher moments of the measures f,u entirely in terms of functions in A),
with f, g € A, also linear combinations ¢ f + ¢,g and products fg lie in A (this is
necessary for correlations), and with f, also f* lies in A (this is necessary to be able
to split f € A into its real and imaginary parts in A).

b) The name bipartite system indicates that it consists of two parts, i.e. two subsystems.
These parts can relate to phase space variables of different particles as in Example 1.34,
or to two different observers (typically called Alice and Bob in (quantum) information
theory) who have access only to certain subalgebras of observables. For example, Al-
ice/Bob might only have access to observables in certain regions of configuration space
(see Example 1.40).

c¢) The uncoupled product of two Hamiltonian systems is the most boring way in which
two Hamiltonian systems can be combined into a single one. In the uncoupled prod-
uct, one can solve Hamilton’s Equation in both subsystems separately, i.e. the two
dynamics do not interfere in any way. Physically speaking, this means that the total
energy of the product system is simply the sum of the two subsystem energies (1.101).
In Example 1.34, we have a more interesting coupling in which the total energy de-
pends on the relative position x; — X, of the two particles.

Let us consider the product of two systems C*°(M;) and C*°(M,) from the point of view

of (algebraic) tensor products®.

Lemma 1.38. Let M, M, be phase spaces. The algebraic tensor product C*°(M;) ®
C®(M,) embeds into C®(M; X M,), i.e.

1 C®(M;) @ C®(M,) = C®(M,; X M,), (1.102)

i(f ® 8)(é1.82) = f(§1)g(&2) (1.103)

extends linearly to an injective homomorphism of unital *-algebras.

Proof. Recalling that the tensor product is bilinear, and that products and conjugates in C*(M;)®
C®(M,) are given by (f; ® 81) - (, ®82) = f1/2®@8182and (f @ 8)* = f* ® g", respec-

tively, we see directly that ¢ is a *-algebra homomorphism. Furthermore, it is injective. We
may choose the (f;,) as linearly independent, and the (g,,,) as linearly independent. If

N
Z n1)gn(§) =0 V& eMy, & EM,,
n=1

then, for fixed but arbitrary £ € My, wehave 0 = >} Cppmfr(€1)gm € C*(M,). As the

(gm) are linearly independent and &; was arbitrary, we conclude 0 = ) 1 Cnm Jn for all m.
Hence

N
Z Crm Jn @ 8m = Z (Z Cnmfn) ®8m =0.
n,m=1 m n

5C®(M;) ® C*(M,) is a unital *-algebra in the following manner: The linear structure is given by

bilinearity of ®, the product by (f1 ® &1) - (f2 ® &2) = f1/2 ® g18>, the *-operation by (f ® g)* =
S* ® g*, and the unitis 1p7, ® 1py,.
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An unsatisfactory feature of this definition is that the product C®° (M X M,) of C*(M;)
and C®(M,) is different from the bipartite system generated by the subsystems C*(M;)
and C*(M,). This is the case because the term “generated” refers to being generated as an
algebra, whereas the product is not formulated in terms of the observable algebras C*(M;),
but rather in terms of the underlying spaces M;. This problem disappears when equipping
our observable algebras with suitable topologies and demanding that all systems (observable
algebras) are complete in these topologies®.

The smallest subalgebra of C*(M; X M,) containing C*(M;) and C*®(M,) is the al-
gebraic tensor product C*®(M;) © C*(M,), consisting of all polynomials in functions that
depend only on the variables of M or M,, respectively. Closure in a suitable topology gives
the topological tensor product C®(M;) @ C*®(M,) = C®(M; X M,).

Given two subsystems, i.e. a bipartite system, it is often interesting to study the correla-
tions between these subsystems, generalizing the notion of correlations of individual observ-
ables.

Definition 1.39 (Product states, classically correlated states, entangled states). Let
(A, B) be a bipartite system in C*°(M), and w,, a state on C*(M).

a) w, is called product state over (A, B), or uncorrelated in (A, B), if f is uncorre-
lated to g in u for any f € A and any g € B. States that are not product states
are called correlated.

b) A correlated state w, is called classically correlated (or separable) over (A, B) if
it is a pointwise limit of convex combinations of product states.

c) A correlated state @, is called entangled over (A, B) if it is not separable over
(A, B).

The name product state is easy to understand: By definition, e, is a product state over

(A, B)if

w,(fg) = w,(NHw,(g), feEA geB. (1.105)

According to Theorem 1.35, pure states of C*® (M) are uncorrelated for any bipartite system;
they are even uncorrelated for A = B = C®(M).

Example 1.40 (Alice and Bob in classical mechanics). In the phase space M = R% x
R9 we consider two open disjoint subsets U, Ug C R< of position space. We think of
U4 and Ug as the laboratories of two scientists called Alice and Bob that are far apart.
As subsystems of C® (M), we take

A={feC®M) : f(x,p)=0ifx & Uy} + Cl, (1.106)
B={feC®WM) : f(x,p)=0ifx ¢ Ug}+ Cl. (1.107)

50n C* (M), consider the family of seminorms pg , indexed by compact subsets K C M and n € Ny,

Pk i COM) > Ry,  pra(f) := max sup [0%f(§)]. (1.104)
lel<n gk

Here @ € N(Z)d is a multiindex, || = ot + ... + 4, and 8% = 6?11 . a?jd. The initial topology of these

seminorms is a good choice of topology on C*® (M).
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So functions in A are supported in U4 in X up to a possible constant part, and analo-
gously for B and Ug. The constant functions are included in order to make sure that
A, B are subsystems in the sense of Definition 1.36.

In Exercise 1.11, you will study the correlations of such subsystems. In particular,
you will find that A and B are correlated.

Whereas correlations naturally appear in classical bipartite systems, entanglement does
not appear.

Proposition 1.41 (Absence of entanglement in classical mechanics). Let M be aphase
space, (A, B) a bipartite system in C*®(M), and u € P(M). Then w,, is separable over
(A, B).

Proof. According to Theorem 1.35 b), the state @, can be written as a pointwise (in observ-
ables f) limit of convex combinations w,, of states given by Dirac measures. According to
Theorem 1.35 a), each Dirac measure is completely uncorrelated, so in particular a product
state for (A, B). Hence w,, is separable over (A, B). O

This proposition says that entanglement is an empty concept for classical mechanics. In
quantum mechanics, we will however find many examples of entangled states and discuss
this phenomenon.

To conclude our brief tour of classical mechanics, we take anotherlook at the expectation
value functionals of classical mechanics. We have seen that given any compactly supported
u € P.(M), the linear functional

w, 1 C¥(M) - C (1.108)

isnormalized (1.74) and positive (1.75). It is natural to ask whether there exist more positive
normalized linear functionals on C*®°(M) than those given by compactly supported Borel
probability measures. Riesz’ Representation Theorem (Theorem M.2) tells us that positive
linear functionals w : C(M) — C on the algebra C(M) of continuous functions M — C
are in bijection with compactly supported Borel measures via

o= [ fu (1109)
M

and normalization of w clearly corresponds to ¢ being a probability measure. This result
can be extended to the smaller algebra C*° (M) (larger dual): The positive linear normalized
functionals of C*(M) are also in bijection with compactly supported Borel measures via
(1.109) because any such functional can be extended from C*(M) to C(M) [BW00]. We
record this result here without proof.

Theorem 1.42 (The states of C*®(M)). The positive linear normalized functionals on
C*®(M) are in bijection with the compactly supported Borel probability measures on M
via (1.109).

Conceptually, this is an important step: We now realize that the states (measures) are a
structure that is intrinsic to our observable algebra and does not have to be put in by hand.
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Review of structure of classical mechanics

Let us review the structure of the theory of classical mechanics: A Hamiltonian system (M, H)
consists of a phase space M and Hamiltonian function H. The role of the phase space is to
define the classical algebra of observables C*° (M), which contains in particular the com-
ponents of position and momentum, etc. Due to the splitting of M into position and mo-
mentum space, we have a symplectic form (the antisymmetric matrix X), which defines the
Poisson bracket on C®(M).

The Hamiltonian H is a real function that is picked from CR(M). Typical examples
are sums of kinetic and potential energy terms, but in principle, any choice works. The
role of the Hamiltonian is to generate a dynamics: It defines a one-parameter group of au-
tomorphisms (af);cg of C*®(M) that preserves all algebraic structures and in particular
the Poisson bracket. The equation of motion, Hamilton’s Equation, takes the simple form

%a{i (f) = {af(f),H} for any f € C®(M). Its solution describes how the observable f

changes with time, i.e. how f varies along the flow defined by the Hamiltonian.

In case f does not change at all with time, we call it a constant of motion; this is equiv-
alent to {f,H} = 0. Constants of motion are in bijection with one-parameter groups of
symmetries preserving the Hamiltonian (Noether’s Theorem).

In a probabilistic setting, one considers states of C*°(M), i.e. positive linear normalized
functionals w : C*®(M) — C. The space of all states (state space) can be identified with
the space P.(M) of all compactly supported Borel probability measures on M, and w(f)
has the meaning of expectation value of f in the state with a given measure. This also leads
to the concept of uncertainties, and the special pure states that have no uncertainties at all
(Dirac measures). These pure states are also free of correlations, whereas other states (which
are always realized as limits of convex combinations of pure ones) do exhibit correlations.
Across subsystems, all correlations that we find are classical, the concept of entangled states
is not realized in classical mechanics.

1.6 Exercises and Problems

Exercise 1.1 (Local solutions). Solve the initial value problem for the one-dimensional
smooth vector field V € Z(R), V(§) = £2, i.e. find all smooth curves (functions)
£ : I - Rsuch that £(t) = £(¢)? and £(0) = &, for some prescribed £, € R. Show
that only one initial condition yields a global solution.

Exercise 1.2 (Picard-Lindelof Theorem). Prove part a) and b) of Theorem 1.4. Let V
be smooth vector field on an open subset U C R" and §; € R" and proceed in the
following steps:
a) Show that for a smooth curve § : I — R" with I an open interval containing O,
the following are equivalent:

E() = V(EWD)),E0) = & and &) — & = f V(EGs)ds, forallt € I.
0
(1.110)
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Consider a compact subset K C R" s.t. §, € K. Define the set
C(I,K,&,) :={y : I - K : yiscontinuous and y(0) = £,} (1.111)

of continuous curves from I to K which take the value &, at 0. Equip this space with
the metric

d: C(,K,§) X C(I,K,§;) = [0,00), d(y1,72) := StuII) 71 (®) — 72 (D

(1.112)

You may use in the following that (C(I, K, &), d) is a complete metric space. Let more-

over€,d > Oandset] := (—¢,€)and K := Bs(§,) C U for § sufficiently small.
b) Show that there exist C, D > 0s.t. | V(x)—=V(y)| < C||x—y| and |V(x)| < D

forall x,y € K. Then show for € < % that the map

t
L: CULK.&) = CULK. &), L) =& + f V(y(s)ds (1.113)
0

is well-defined.
c) Letnowe < min{B, %} Show that L is a contraction.
d) Recall the Banach Fixed Point Theorem and show part a) of Theorem 1.4.
e) Prove partb) of Theorem 1.4 by the Lemma of Zorn.

2
Exercise 1.3 (Stationary Particle). ConsiderM = U X R" and H = f—m + V(X) for

a potential V' . U — R. Show that a solution of Hamilton’s equation § : I — M
satisfies 0 = &(t) for all ¢ € I if and only if x(t) is constant and —VV(x(¢)) = 0 for all
tel

Exercise 1.4 (Angular momentum). Show that the component Ly, k = 1,2, 3, of an-
gular momentum L (Def. 1.25) is the Hamiltonian function of rotations around the e-
axis, i.e. of the flow (Ry(s) @ Ry(s))* on C®(R®).

Exercise 1.5 (Symmetries of the Coulomb potential). Consider the phase space M =
(R3\{0}) X R3 and the Hamilton function

2
H:MoR, Hexp) =2l _ @

2m - ||x|

for some m, @ > 0. Consider the vector valued functions L, R : M — R3 given by

X2D3 — X3D2 x 1
L(x,p) :==xX p=|Xx3p1 —x1p3 |, R(x,p) 1=m+%L(X’P)XP
X1D2 — X2P1

(1.114)
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called angular momentum and Runge-Lenz-vector with components L;, R;,i = 1, 2, 3.
a) Compute the Poisson brackets

{Li,H}, {R;,H}, {L;Lj}, {LiR;}, {RyRj} (1.115)

and show that L and R are constants of motion.

b) Show that [ := Spang{L;, L;, L3} C C*(M) form a Lie-subalgebra of C*°(M)
ie. {f,g} € Lforall f,g € L. Does the same hold for Spang{R;, R;, R3}?

c) Let&(t) = (x(t), p(t)) beasolution of Hamilton’s equation for H with R(£(t)) #

: (x(1),R(x(1)))
0. Denote th le bet t)andR(&(t))by b, i.e. o(t)) = ——————.
enote the angle between x(t) and R(£(¢)) by 6, i.e. cos(6(t)) RO

Show that it holds
1 L3
IOl = — ——F— , (1.116)
amy 4+ =2 cos(6(t))
mk
where Ly := ||L(§(0))|| and Ry := ||[R(£(0))|. What happens in the case
R(§(1)) = 0?

Hint: Tt might help to introduce the Kronecker delta 6, ; and the Levi-Civita symbol

+1, if jklis an even permutation
Ejkt = 1—1, if jklisan even permutation ,

0, else

3
which satisfies the relations (a X b); = ¢jiaib; fora,b € R3 and Dikey EijkEkim =
5i15jm - 5im5jl-

Exercise 1.6 (Integral formula of pullback measure). Let i be a Borel probability mea-
sure on X; and ¢ @ X; — X, Borel measurable. Show the following (Proposition M.6):
a) ¢.M is a Borel probability measure on X,.

b) supp(p.u) C @(supp 1). And if ¢ is continuous, show that equality holds.
c) A measurable function g : X, — Risintegrable w.r.t. ¢, ifand onlyifgo ¢ is
integrable w.r.t. 4. In this case,

f g d(@.) =/ (gop)du. (1.117)
X, X,
d) Show that
. o )0, xgQ
® :[0,1] = [0,1], ¢(x) := {x, <0 (1.118)

is a Borel measurable function and that € = & for the Lebesgue measure.
Show that supp(@.u) # @(supp ).
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Exercise 1.7 (Correlated Gaussian measures). Consider the phase space M = R? and
ameasure du = p4(&)d& with densitypy = e~6A fora symmetric positive-definite
matrix A € M,(R) with det(A) = 72.
a) Show that u is a probability measure.
b) Compute the probability measures X, u and B, u and their first and second mo-
ments.
c) Compute the probability measure for || X|| and ||P|.
d) Compute the probability measure L, u for L(x, p) = xp and its first and second
moment.
e) Compute the covariances in u of the following pairs

X,P and X,L and P,L. (1.119)

Hint: You may use that the function
Z(A) :=f e=§"AL g (1.120)
Rn

ontheset{A € M, (R) : A symmetric and positive definite } is smooth and its deriva-
tives w.r.t. the entries of A are given by

07 (= fun2Ei&je78A0dE, i # j,
0A — Jrn & e SA0dE, =

ij

Exercise 1.8 (Particle density onacircle). Consider a particle ona circle, i.e. the phase
space M = (—L,L) X R, with L > 0 a length parameter, and periodic boundary
conditions identifying L and —L. That is, all functions of position x are 2L-periodic in
this example.

- ~<

The free Hamiltonian flow on the circle is
H — L
#(x, p) = (x+ =p.p),

understood as a 2L-periodic function in its first argument. We consider a phase space
density p € C.((—L,L) X R) (also understood as a 2L-periodic function in its first
argument), i.e. p(x, p) > 0 for all (x, p), and f_LL Jr Pp(x,p)dxdp = 1, and the
phase space Borel probability measure du(x, p) = p(x, p) dx dp.

Given an arbitrary observable f € C*®((—L, L) X R) (2L-periodic in its first argu-
ment), discuss the long time asymptotics of @ ﬂ(ocfl (f)), and explain the result.
Hint: Expand f(-, p) and p(+, p) in Fourier series.
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Exercise 1.9 (Probability distributions and dynamics). Let (M, H) be a Hamiltonian
system and f € CR (M) be an observable. Show that for any 4 € P(M) it holds

fertt? = (@ ()t (1.121)

where uH := (®H), u. Conclude that if f is a constant of motion then

fubtd' = fupt. (1.122)

Exercise 1.10 (Convex combinations). Let V' be a real vector space. A subset C C V'
is called convex if

V1,0, €C,1€[0,1] = cv;+ (1 —c)v, €C.

Show that a convex set C C V satisfiesforalln € N

n n
U1 eesUp € C A1,y 4y, 20, =1 = D A v € C.
k=1 k=1

Exercise 1.11 (Alice, Bob, and classical correlations). (See Example 1.40.)
Consider the phase space M = R?? and let U C R? be an open subset. Define

AU)={f e C®M)| f(x,p) =0ifx ¢ U} + C1 (1.123)

and show that A(U) C C*(M) is a subsystem.
Let now Uy, Ug C R9 be disjoint open bounded subsets and consider the subsys-
tems A := A(U,) and B := A(Ug) and the bipartite system (A, B).
a) For u € %,(M) characterize whether w, is uncorrelated in (A, B) in terms of
supp . Show that there exist states cw,, that are correlated in (A, B).
b) Let w, be an (A, B)-correlated state. Let € > 0 and show there exist y4 € A
s.t.

w,(xa)>1—¢ = Pry(X € Uy)>1—¢ and Pry(X € Up)<e.
(1.124)

Interpret this result.
c) Let w, be a correlated state over (A, B) and choose y4 € A and yg € B asin
b) . Show that
Covy(xa> xg) <0 and Corr,(xa, xp) <0 ifitexists.

Interpret this result.

I Problem 1.1 (Particle bouncing off a wall). Ind = 1 dimension, consider the poten-
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tial

1 1
V :(0,00) - R, V(x) := 2% (1.125)

Sketch the graph of V and then prove the following for an arbitrary solution R > ¢ —
x(t) € [R of Newton'’s equation with energy E.

a) —— < E < 0.

b) ForE < 0, the solution is bounded.

c) For E > 0, the solution is unbounded.
d) What happens for E = 0?

e) Inall cases, discuss lim x(t).
t— o0

It might be useful to investigate points with vanishing momentum. It is not necessary
to solve Newton’s or Hamilton’s equations.

Problem 1.2 (Harmonic oscillator). Ind = 1 dimension, consider the potential

k
V:R->R, V(x) := Exz’ (1.126)

where k > 0 is a parameter. Explicitly compute the flow 7 : R x R? — R?,
(t, xg, po) = (x(t), p(t)) = &(t) of the Hamiltonian vector field

-1

vt ="y P).

Problem 1.3 (Properties of the Poisson bracket). The Poisson bracket is defined as
{-,- }:CM) x C®M) = C*(M),  {f.g}:=(Vf,ZVg). (1.127)

Prove the properties of the Poisson bracket stated in Proposition 1.15 and Theorem 1.16
(1.46).

Problem 1.4 (Dirac measures on C®(M)). Let u € P(M). Show that the following
are equivalent:
a) u = O is a Dirac measure for some EeM.

b) A,(f) = Oforevery f € C°(M).

Problem 1.5 (Liouville’s Theorem). Let (M, H) be a Hamiltonian system. Show that
det D¢ = 1forallt € R for which the flow is defined.

Problem 1.6 (Center of C*°(M)). Let A be in the center of C*°(M) w.r.t. the Poisson
bracket, i.e. {A, f} = Oforall f € C*®(M). Show that A is a constant function.
Hint: Consider the Hamiltonian system (M, A).
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Problem 1.7 (Measure and densities). Let (M, H) be a Hamiltonian system. Consider
u € P(M) given by the density p € L}(M, d&) (w.rt. the Lebesgue measure d&). Show
that the measure (¢H), u has density (¢X)*p.

Let now p(§) = F(H(§)) for a smooth compactly supported function F : R —
[0, 00). Show that (¢),u = uforallt € R s.t. the flow ¢ exists.

Problem 1.8 (Tunnel effect?). Consider the Hamilton function

2

H:R*S R, H(x,p)= p—+V(x)

where the potential V' is a non-negative smooth function with compact support and
global maximum V(0) = V; > 0 with VV”(0) < 0. Consider u € P(R?) with density
p, satisfying p(x, p) = 0 for all (x, p) € R? with H(x, p) > V. Show that

Prigity, (X € (0,00)) = (BH).42)(1X > O] (1.128)

is independent of ¢.

Problem 1.9 (Pure and mixed states on C*(M) (2)). Prove the remaining parts of
Theorem 1.35 a).

2
Hy : RS R, Hy(x,p) = p— +VN(X), Va):i=xN, NeN,.

Let 4 € P.(R?) and denote Fy(x) := —(VV n)(X).
a) Using the algebraic properties of the Poisson bracket derive

iocfl(P) = afl(Fy(X)) and —oct Hoo) = —oct H2(p).
b) Show that the functions
B = 0,@l00) and O =@l @) (1129)
are differentiable with derivatives
SHO= 0GP and SIEO = 0, FyCO). (1130
¢) Show that for N € {0, 1,2}

fiR=R2 f(t) = (fL0), f5(©) (1.131)

‘ Problem 1.10 (Classical Ehrenfest Theorem). Consider the Hamilton function
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solves Hamilton’s equation. Why does the same not happen for N > 3 for gen-
eral u € P.(R?)?

Problem 1.11 (Harmonically coupled particles). Let U,V C R" be open sets. A dif-
feomorphism ¢ : U X R" — V X R" is called canonical transformation if

(DHZ(DD)T =%

for the canonical symplectic form Z.
Consider the Hamiltonian function

1 k
H:R*> R, H= E(Pf + B?) + E(Xl —X,)?

and the state dﬂ(xl, X2, P15 pz) = p(xl),o(xz) dx1 de d50(p1) déo(pz) with the
density p satisfying p > 0, fi o = 1, Ji xp(x)dx = 0, fi x*o(x)dx > 0.
. 1 1
a) Consider X, (x1, X5, p1, P2) i = E(XlixZ)andPi(xlaxZa D1, P2) = ﬁ(pli

p») and show that
¢:R*> R4, ¢=(X,,X_,P,P) (1.132)
is a canonical transformation. Show moreover that any canonical transformation
satisfies
9*(),¢* (@) = ¢*(f.8), [f.g€C®(V xR, (1.133)
b) Show that (R*, Ho¢) is the uncoupled product of (R?, Hy) and (R?, H; ), where
2 2
_ P _ P ke
Hy(x,p) = T and H,(x,p) = >m + 5 X" (1.134)
c) Show that
.2
sin“(vt) k
Corry(af’ (X)af (X,)) = > vi=g/o. (1.135)
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2 Finite quantum mechanical systems (matrix mechanics)

In the late 19th and early 20th century, various problems with classical physics were noted:
For some experimental observations, like the black body radiation or the photoelectric effect,
classical physics gave wrong predictions. Other phenomena like the stability of atoms or dis-
crete lines in atomic absorption spectra could also not be explained with classical physics,
and the search for a new theory going beyond classical mechanics began. This theory was
coined “quantum mechanics” because several observable quantities that could vary continu-
ously in classical mechanics occured only in discrete smallest portions or quanta in the new
theory.

Asin classical mechanics (and as in any theory of physics), also quantum mechanics talks
about states and observables, modelling the states a given system can be in and its observ-
able (measurable) quantities. Given a state cw and an observable A, one is still interested in
describing the expectation value w(A) and uncertainty A,,(A) of A in the state o, the prob-
ability Pr,(A € S) that the value of A lies in some (Borel) subset S C R, etc. When a
dynamics is specified, one also still wants to describe how these quantities change with time.

In contrast to classical mechanics, states, observables and dynamics will no longer be
given by probability measures and smooth functions on phase space, but rather take a quite
different form that however also share structural similarities. We will therefore stick to the
familiar symbol w for states, A for observables (and e.g. X for position, P for momentum,
H for Hamiltonian, L for angular momentum), and w(A) for the expectation value of an
observable A in a state w. Typographically this looks exactly like in classical mechanics, but
the mathematical objects w, A, etc are of a different nature to be specified. From context, it
will however always be clear what is meant.

The passage from classical mechanics to quantum mechanics can of course only be ac-
complished by comparison with experimental findings — to find the “right” mathematical
model for quantum mechanics means to find a model that is build in such a way that its
predictions match the experimental findings. It is therefore impossible to give mathemat-
ical proofs that a given framework is “the right quantum mechanics”. In the mathematical
approach taken here, we will take as a guiding principle the so-called Heisenberg uncertainty
relation, according to which the uncertainties of position and momentum (say, in one dimen-
sion for simplicity) satisfy a bound of the form

A (X) - Ay (P) > g >0, (2.1)

where 7 & 1073 Js is a constant of nature (called Planck’s constant), a small’ but positive
number. The remarkable feature is that this inequality should hold in every state w, and the
bound on the right hand side is independent of w.

A mathematical setting in which such an inequality holds can therefore in particular not
admit any zero uncertainty states. Clearly classical mechanics is not compatible with (2.1).

In this chapter, we will first briefly look at a vast generalization of the setting of classical
mechanics to general unital *-algebras, replacing the specific unital *-algebra A = C*(M)
of classical mechanics. As explained in Section 2.1, this setting naturally leads to uncertainty

"For dimensionful quantities like 71, the number value depends on the choice of physical units and hence
“small” has only meaning in comparison to other quantities of the same physical dimension. 7 has the units of
action, and is small in comparison to actions that we are used to from everyday experience.
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relations. The rest of the chapter will then be spent by looking at a simple but instructive ex-
ample, the algebra M (C) of complex (N X N)-matrices: In Section 2.2 we study the states
of Mn(C) and learn how they connect probability measures with eigenvalue problems, and
in Section 2.3 we learn what the right substitute for Poisson brackets and Hamiltonians are in
this context. In particular, we will find Heisenberg’s and Schrodinger’s Equations as the quan-
tum replacements for Hamilton’s Equation. Section 2.4 introduces spin, partially in analogy
to angular momentum in classical mechanics, and in Section 2.5, we look at composite sys-
tems and find that for states on matrix algebras, entanglement does exist.

While this “matrix mechanics” is insufficient to fully describe quantum mechanics, it pro-
vides a simplified and instructive framework for learning the fundamentals of quantum me-
chanics before moving on to a deeper and more general analysis in the next chapter.

2.1 *-Algebras and their state spaces

The basic concept in the following is that of a unital *-algebra.

Definition 2.1 (*-algebra). A *-algebra is a complex associative algebra A together
with an antilinear involution A — A* such that (AB)* = B*A* forall A,B € A.
If A contains a unit element 1 for multiplication, A is called unital.

We emphasize that A is not required to be commutative, i.e. in general the commutator
[A,B] := AB—BA (2.2)

of two elements A, B € A will not vanish. We will extensively work with noncommutative
algebras in quantum mechanics. Mathematically speaking, the transition from the commu-
tative algebra C*°(M) to a noncommutative one is the most important difference between
classical and quantum mechanics.

Example 2.2.
a) Let J be a complex Hilbert space. Then the algebra of all bounded operators,
A := B(H), is a unital *-algebra with 1 = idg, and A* the adjoint of 4, i.e.

¥, Ap) =AY, ¢),  Y.pE I (2.3)

b) For 7 = CN, the first example is isomorphic to B(F) & My/(C), the unital
*-algebra of complex (N X N)-matrices. Here the unit 1 is the (N X N) identity
matrix, and the *-operation is conjugate transposition, (A*);; = A

¢) Asinthe previous chapter, C*° (M) for a phase space M, or C(X) for a topological
space X, are unital *-algebras with the pointwise operations.

In the case of A = C*®°(M), the actual observables were the real functions f € CR (M),
characterized by f = f*. This will be the same in general unital *-algebras, and we introduce
some standard vocabulary now.

Definition 2.3. Let.A be a unital *-algebra, and A € A.
a) Ais called selfadjoint iff A = A*.
b) Ais called unitary iff A is invertible and A~! = A*,
c) Ais called (orthogonal) projection iff A = A* and A*> = A.
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d) A is called partial isometry iff A*A is an orthogonal projection.
e) Ais called normal iff AA* = A*A.
f) Ais called trivial iff A = c1,c € C.

The commutator [+, -] of a *-algebra has properties analogous to that of the Poisson bracket
of C*® (M) (see Proposition 1.15, also for the definition of the Jacobi Identity and the Leibniz
rule):

Lemma 2.4 (Properties of the commutator). Let A be a *-algebra. Then
—i[,-] t AXA - A, (A,B) » —ilA, B] (2.4)

a) is bilinear and antisymmetric,
b) satisfies the Jacobi Identity,
c) satisfies the Leibniz rule,

d) respects the *-operation: (—i[A, B])* = —i[A*,B*], A,B € A.

The simple proof is carried out in the exercises. We have here rescaled the commuta-
tor by a factor —i in order to get compatability with the *-operation. Also any other purely
imaginary factor would do this, but —i will turn out to be convenient later. The first three
properties listed in the lemma also hold without the prefactor —i.

For A = C*®(M), the expectation value functions (1.73) induced by states on M were a
crucial aspect of the theory. In Theorem 1.42 we have seen that they can be identified with
the positive linear normalized functionals on C*®°(M). This suggests the following definition.

Definition 2.5 (States on unital *-algebras). Let A be a unital *-algebra. A state is a
linear functional

w:A-C (2.5)

that is normalized in the sense w(1) = 1 and positive” in the sense w(A*A) > 0 for all
A € A. The set of all states of A is denoted S(A).

“This purely algebraic definition of positivity is not adequate for all *-algebras, but will be the right
choice for the ones that we consider in these lectures.

While states on a general *-algebra are defined completely independently of probability
measures, still various concepts that we learned in classical mechanics carry over immedi-
ately:

As in the special case of A = C*®(M), one sees directly that the state space S(A) of a
unital *-algebra is a convex set. Hence also the concept of pure and mixed states carries over.

Definition 2.6 (Pure and mixed states on unital *-algebras). Let.4 be a unital *-algebra.
A state w € S(A) is called pure if it cannot be written as a non-trivial convex com-
bination of other states, i.e. if w = cw; + (1 — ¢)w, with w;,w, € S(A) and
0 < ¢ < 1 implies either ¢ € {0, 1} or w; = w,. The set of all pure states is denoted

Spure(4) C S(A). A state that is not pure is called mixed.

Also the definitions of uncertainties, correlations and covariances of selfadjoint elements
transfer to the general setting without changes.
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Definition 2.7 (Uncertainties, covariances and correlations). Let w € S(A) be a
state on a unital *-algebra,and A = A*, B = B* € A.
a) The uncertainty of A in w is

Ay(A) 1=V w(A2) — w(A)? = V(A — w(A)1)2). (2.6)
b) The covariance of A, B in w is
Covy(A, B) 1= w(AB) — w(A)w(B). (2.7)
c) IfA,(A) # 0and A, (B) # 0, the correlation of A, B in w is defined as

Cov,(A,B)  w(AB) — w(A)w(B)
Ay(A)Ay(B) — AL(A)A,(B)

Covy(A,B) := (2.8)

Two observables are called uncorrelated if Cov,,(A, B) = 0.

These formulae are essentially identical to the ones from classical mechanics, up to the
notational difference that we now index uncertainties, covariances and correlations with the
state w instead of the phase space measure y because there is no phase space measure here.

The name uncertainty suggests that this quantity measures a kind a statistical deviation
from the mean value. We will see later that this is indeed the case. However, at first sight it
is not even clear that uncertainties as defined here are non-negative. To show that we need
the Cauchy-Schwarz Inequality.

Proposition 2.8 (General Cauchy-Schwarz Inequality). Let A be a unital *-algebra,
w € S(A) astate,and A, B € A. The map

s: AXA—C, S(A,B) := w(A*B) (2.9)

is apositive semi-definite sesquilinear form on A. In particular, the general Cauchy-Schwarz

Inequality holds,
|w(A*B)|? < w(A*A)w(B*B), (2.10)
holds, and w is hermitian in the sense
w(A*) = w(A). (2.11)

Proof. 1tis clear that s is sesquilinear and positive semi-definite. Let A, B € AandA,u € C.
Then the positivity of s implies

0 < w((AA + uB)*(AA + uB))
= |1)2w(A*A) + Auw(A*B) + Aiw(B*A) + |u|*w(B*B)

/(A A __ [w(A*A) w(A*B)
= <(u) M(u)>’ M= (w(B*A) w(B*B))’

with (-, - ) the canonical scalar product on C2. This shows that the matrix M is positive
semidefinite. In particular, M = M is selfadjoint, which implies (2.11) (set B = 1). Fur-

45



thermore, M has non-negative determinant,
0 <detM = w(A*A)w(B*B) — w(A*B)w(B*A) = w(A*A)w(B*B) — |co(A*B)|2.
This shows the Cauchy-Schwarz Inequality (2.10). [l

As a consequence of this proposition, we see that also in the general setting of unital
*-algebras, selfadjoint elements A = A* have real expectation values and non-negative un-
certainties: For A = A*, we have (A — w(A)1)* = A — w(A)1, and therefore

Au(A) = w((A = w(A)1)"(A - w(A)1))"? > 0.
What is also true in the general setting is the shift invariance of the uncertainty,
Ay(A —cl) = A,(A), A€ A, ceC,we SA). (2.12)

Another consequence of the Cauchy-Schwarz Inequality is that the correlation coeffi-
cient still lies in [—1, 1]:
| Covey(4, B)| = |w((A — w(A))*(B — w(B)))|
1/2 1/2
< (w(A = w(A)P) " (@B = w(B)?) " = Ay(A)Ay(B).

The most important consequence is however the uncertainty relation.

Proposition 2.9 (General uncertainty relation). Let.A be aunital *-algebra, w € S(A)
astate,and A = A¥, B = B* € A two selfadjoint elements. Then the general uncertainty
relation

Au(A) - By(B) 2 3 a([A, BI) (213)

holds.

Proof. Both the left and right hand side of (2.13) does not change when shifting A and B by
multiples of the identity, hence we may assume w(A) = w(B) = 0 without loss of generality.
Then

Ay(AYAy(B) = w(A*)w(B?) = w(A*A)w(B*B) 2 |w(A*B)* = |w(AB)P?,

where the inequality follows from the Cauchy-Schwarz Inequality. Using that |z| > |Im z|
and Im z = %(z —Z) (for z € C) as well as w(AB) = w(BA) (2.11), one concludes

1 1
|w(AB)|? 2 |5;0(AB — BA)|* = Z|w([A, BDI.
The uncertainty relation follows by taking the square root. []

This proposition tells us that in any noncommutative algebra A, there are lots of uncer-
tainty relations. Whenever A, B are two non-commuting elements, there is alower bound on
the product of their uncertainties. If A has sufficiently many states so that for each non-zero
element C € A there exists a state @ with w(C) # 0, then we also see that S(A) does not
contain any zero uncertainty states as in the classical case.

Regarding the more specific Heisenberg Uncertainty Relation (2.1), we see that a unital
*-algebra will realize it once we find elements X, P € A such that [X, P] = chl withc € C,
|c| = 1. We will come back to these so-called canonical commutation relations later.
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2.2 The state space of matrix mechanics

In this section we study the states of the specific finite-dimensional unital *-algebra A =
Mp(C) (Example 2.2 b)) of (N X N)-matrices (with N € N fixed in the following). On the
one hand, this is mathematically quite simple and only involves linear algebra. On the other
hand, this example is already rich enough to illustrate various phenomena and furthermore
of direct relevance to certain physical systems (spin and lattice systems).

We refer to Appendix M.2 for some reminders about linear algebra and our notation. For
example, for our first definition we rely on the concept of a positive matrix (Prop. M.10) and
the matrix trace (M.33), see Problems 2.1 and 2.2 for some exercises relating to these con-
cepts.

Definition 2.10 (Density matrices). A density matrixin M (C) s a selfadjoint positive
matrix 0 € Mpy(C), p > 0, such that Trp = 1. The set of all density matrices in
Mp(C) is denoted Dy;.

The significance of density matrices is that they parameterize all states on M (C).
Proposition 2.11 (The state space of My (C)). Let N € N. The map

DN — S(Mp(O)), p = @, w,(A) 1= Tr(pA), (2.14)
is a bijection.

Proof. We first check that w,, is a state on M (C): Indeed, A — Tr(pA) is linear and nor-
malized because w,(1) = Trp = 1. Itis positive because for A = B*B > 0,

wo(A) = Tr(oB*B) = Tr(B\/p\/pB*) = Tr(l\/pB*|?) > 0,

where we have used the positivity of the trace. So for any p € Dy, the functional w, €
S(My(C)) is a state of M (C).

To understand that p — @, is a bijection, we have to show that this map is surjective
(every state w is of the form w = w, for some p € Dy) and injective (different density
matrices define different states). To see that, we consider the canonical matrix units Ej; =
lex)e;] € My (C) (Def. M.11). Their expectation values are

N

wp(E) = Tr(pEjq) = D (e}, pEkie;) = {er pex) = Piks
o1

the matrix entries of p. From this we learn that different density matrices define differ-
ent states (if o # o', they differ in at least one entry kl, and then the expectation values
wo(Ex) # @or(Ejq) differ). We also learn that every state is of density matrix form: Given
w e S(MN(C)), define p € MN(C) by o 1= C()(Ekl). Then

w(A) = D Ae(E) = Y, A = Y (PA)L = Tr(pA) = wy(A).
kl Kl z

It remains to check that the p defined by pj := w(E};) is a density matrix. We see that
Trp = 2, pu = X, @(En) = (1) = 1, s0 p has unit trace. To check that it is positive, let
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¥ € CN and consider the rank one projection onto Cy, i.e. Py = |)X¥|. Then Py, > 0, s0
0 < w(Py) = Tr(pPy) = Y (er, p(%, e)p) = (¥, ph).
1

Thus p > 0. ]

This bijection between states of M (C) and density matrices replaces the bijection be-
tween states of the classical observable algebra C*° (M) and compactly supported Borel prob-
ability measures on M (Theorem 1.42). Hence we may view density matrices as the matrix
analogues of probability measures. In classical mechanics, we may index states by measures
M € P.(M) and hence write w = @y, Ay, etc. In matrix mechanics, we instead write
W = wp, Ay, etc., i.e. we use density matrices p € Dy to label the states.

To explain the relation between probability measures and density matrices further, we
compare finite measure spaces with diagonal matrices. Consider the finite set Xy = {1, ... , N}
with g-algebra 2XN (its power set). A natural measure on Xy is the counting measure,

Heowt 1=061+ o ¥ 0ns  Heou(S) =18,  Sc{l,..,N}.  (215)

Here &, is the Dirac measure supported at k € X, and |S| is the cardinality of S (number of
elements in S). All functions f : Xy — C are U ,,n-integrable, with integral

f f bt = F1) + oo+ FN). (216)
XN

Lemma 2.12 (Finite measure spaces and diagonal density matrices).
a) There is a bijection between functions f : Xy — C and diagonal matrices in
My (C) given by f = D(f), D(f)ia 1= S f (k).
b) All probability measures on X are of the form rid .. with normalized densities
r >0, fXN rdueoune = 1. There is a bijection between probability measures on
Xy and diagonal density matrices p € My(C), given by rid oune - D(r) =: p.
¢) For f : XN — Cand adensityr, one has

fd(rlucount) = C()D(I’)(D(f)) (217)
XN

d) Letr be adensity and p := D(r) the corresponding density matrix. Then
D(Xsuppr) = PRanp = Plﬂ;erp' (218)
Proof. a) is clear. For b), we note that a measure v on the power set of {1, ... , N} is given by
assigning non-negative numbers r(k) := v({k}) tok € {1,...,N}, and v is a probability

measure if 1 = ¥(Xy) = >}, r(k). The bijection with the diagonal matrices in Dy is now
clear. For c), we compute

N N

f [ d(lteound) = 2 FEN ko) AR = D f(R)r(k) = Tr(D(D(f)) = wp(ry(D(f))-
k=1 k=1

XN
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d) Let r be a density. Then P := D( ), ) is the diagonal matrix with diagonal entries
only 0 and 1, with P, = 1ifand onlyifk € suppr, and p := D(r) is a diagonal matrix
with pyj > Oifand only if k € supp r. This implies Py, o =P and PL, o = Pranp holds for
any selfadjoint matrix. U

As the bijection in the last part maps the density 7 to the density matrix D(r), this ex-
plains the name “density matrix”. Some important remarks are:
« In this example, we started from the special measure y ..., corresponding to the
trace Tr on the matrix algebra®. This has no analogue on our classical observable al-
gebra C®°(M) because we considered unbounded phase spaces. For compact M C
R24, Lebesgue measure £5; would be the right analogue of the trace, and normalized
Lebesgue measure €y;/€)7(M) the right analogue of the normalized trace N~ Tr.
¢ The direct correspondence between densities and density matrices explained above
works for diagonal matrices. While any normal matrix (in particular, any selfadjoint
matrix) can be diagonalized, two noncommuting normal matrices can not be diagonal-
ized simultaneously, so that w,(A) can not be brought into the simple form D 1 PlccAkckc
in case p and A do not commute. There is no bijection between probability measures
on X and the set D of all density matrices.
The last item d) allows us to capture the support of a probability measure in matrix lan-
guage:

Definition 2.13 (Support projections of density matrices). The support projection of
a density matrix p € Dy is the orthogonal projection Py,, , = 2 o

In classical mechanics, the states given by Dirac measures had many special features re-
lating to uncertainties, correlations, purity, and minimal support (Theorem 1.35). We now
want to to study these properties analogously for states on My (C), and begin by comparing
purity and support projections.

Theorem 2.14 (The pure states of My (C)). Letw € S(Mpy(C)) be a state with density
matrix p. The following are equivalent:

a) wispure.

b) p is a rank one projection.

¢) @ is avector state, i.e. there exists ) € CV, ||| = 1, such that

w(A) = (%, AD), A € My(C). (2.19)
Every state w € S(My(C)) is a convex combination of pure states.

Proof. The bijection Dy — S(My(C)) established in Proposition 2.11 respects convex
combinations: Wy (1-c)p, = CWp, + (1 = C)wy,, 0 < ¢ < 1. Thus @, is an extreme
point of S(My(C)) if and only if p is an extreme point of & y. We have to show that the
extreme points of 9 are the rank one projections.

Let p € Dy and (b )y an orthonormal basis of CN in which p is diagonal (with eigen-
values Ag). Then p = Y}, A |by)(b| gives a non-trivial convex decomposition of p into the

8The normalized trace is a distinguished state in S(Mp(C)) — it is the only state @ that has the cyclicity
property w(AB) = w(BA).
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projections |by Xby| € D unless all but one eigenvalue vanishes, i.e. 1 = 8y k. Thus p
not being a rank one projection implies o not being pure.

To prove the converse, we consider a rank one projection P and write it as a convex com-
bination, P = cp + (1 — ¢)o with p,0 € Dy and 0 < ¢ < 1. Since P = P?, this yields

1 =Tr(P?) = > Tr(p?) + (1 — ¢)* Tr(0?) + 2¢(1 — ¢) Tr(po). (2.20)

We have Tr(pz) <1, Tr(O’Z) < 1, and by Cauchy-Schwarz

Tr(p0) = Noyn(p°0) < Ny wyn(p2)oyn(0?) = VT Tr(e?) < 1.

Inserting this into (2.20) gives
1=cTr(p?) + (1 —¢)*Tr(o?) + 2c(1 — ) Tr(po) < 2 + (1 —c)* + 2c(1 —¢) = 1,

and we conclude that we must have Tr(pz) =1, Tr(O'Z) = 1 and Tr(po) = 1. The first two
equations imply that p, o are one-dimensional projections, say o = Pg, 0 = B,. Then the last
equation reads 1 = Tr(P¢B)) = [(£,7)|%, which implies ¢ = az forsome o € C, |a| = 1,
and hence Py = E;. So we conclude that the convex decomposition of Py, is necessarily trivial,
i.e. Py is an extreme point of D .

A this point we have proven the equivalence of a) and b). A rank one projection P is
always of the form P = Py, = [1))(3)|, and

N
CQP1,L,("4) = Tr(Pll)A) = ;(eka PP, Aey) = (P, AY) (2.21)

shows that the states given by rank one projections as density matrices are precisely the vec-
tor states.

It remains to show that every state is a convex combination of pure states. But this is
easy: Given a density matrix p, we choose an orthonormal basis (§; ), of eigenvectors with
eigenvalues 0 < A < 1, )}, Ax = 1,and have p = ), APy, ,ie. w, = Zk/lkcopwk isa

convex combination of the pure states wp i

We remark that every rank one projection P is of the form P = Py, for some normalized
vector ¥, but 7 is not uniquely determined by P: Multiplying 1 by a complex phase a € C,
le| = 1, gives the same projection By, = Py and hence the same state. In the interest of
light notation, we will often abbreviate

Wy 1= wp,, Ay = Ap,, eV, v =1, (2.22)
when it is clear from context that 1 is a unit vector.

Example 2.15 (Some examples of density matrices). Let N = 3 and consider the
maximally mixed density matrix p = é -lando = §(|e1)<e1| + |ex)(e;]) and y =

1 .
5|91 —ey)er — ey e

1 00 1
o= 01 0}, 025
0 01

W =
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Note that w,, is pure, but w, and @, are not. A non-trivial decomposition of g into rank
one projections is clearly

o=

N

1 1 00 1 1 00 0 0O 1

5 01 0)= 5 00 O+ 01 0)= §(|el><€1| + |ez><ez|).
0 0O 0 0O 0 0O

See Problem 2.6 for some more training with density matrices.

Let us compare Theorem 2.14 with its classical analogue, Theorem 1.35. In both cases,
an explicit characterization of all pure states (by Dirac measures and rank one projections,
respectively) is provided. In both cases, pure states are states of minimal support: In the
classical setting, this means that the support of the probability measure giving a pure classical
state is minimal as a one-point set, and in the quantum setting this means that the support
projection of a density matrix giving a pure quantum state is minimal as a projection of rank
one. In both cases, there is also a statement that a general mixed state arises as a mixture (or
limits of mixtures) of pure states.

However, Theorem 1.35 has two more characterizations of classical pure states in terms
of correlations and uncertainties that are missing in Theorem 2.14. The reason for that is
that in the quantum case, pure states still exhibit uncertainties and correlations.

Proposition 2.16 (Uncertainties in states on My (C)). Letp € Dy and A = A* €
Mn(C).

a) Ap(A) = 0 ifand only if (A — wy(A))B, = 0. Ifw, is pure and p = Py, then
Ay(A) = [|AY — wy (A, which vanishes if and only if P is an eigenvector of A,
with eigenvalue wy(A).

b) The only selfadjoint A € My (C) such that Ay(A) = 0 for all pure states (vector
states) are the multiples of the identity.

c) There exists a pure state wy, (depending on p and A) such that

Ay(A) < Ay(A). (2.24)

Proof. a) Let B := A — w,(A)1. By definition of the support projection B,, we have p =
B,p = pE,. Hence

A,(A)? = Tr(pB?) = Tr(p'/2P,B2B,p"/2). (2.25)

As the matrix in the last expression is positive, we see that A,(A) = 0 is equivalent to
pl/ ZI;DBZI;,,OU 2 = (. This matrix is equal to zero on the range of PL and on the range of P,

the density matrix p and hence pl/ 2 is invertible. We conclude that A (A) = Ois equivalent
to 0 = B,B?P, = |(A — w,(A))B|, ie. to (A — w,(A))P, = 0.
In case p = Py, is pure, we have

Ay(A) = (%, (A — 0y ()P P)? = [[(A = wy(ADY. (2.26)

It is clear that this norm vanishes if and only if ¢ is an eigenvector of A, with eigenvalue

wy(A) = (P, AP).
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b) For A = c1 we clearly have A,(A) = O forall p € Dy and in particular for all
pure states. If A is not a multiple of the identity, there exists a unit vector 3 that is not an

eigenvector of A. For such ¢, we have Ay (A) = [|AY — wy(A)P| > 0.
c)Letp = ), 1 McPi be a convex decomposition of p into rank one projections. Then

Ay(A)? = w,(A%) — wp(A)? = D) Agwp, (A%) — wp(A)?
k

= A(wp, (A7) — wp, (D)) + D A(wp, (A)? — wy(A)?)
k k

=, AAp (AP + ) A(@p, (A) — @y (A))>?
k k

> " AkAp, (A)?
k

: 2
> min Ap, (A)~.

If kg is an index realizing the above minimum, the uncertainty of A in the pure state w Py, is
at most as large as the uncertainty of A in the mixed state w,,. [

These facts represent a fundamental difference between matrix mechanics and classical
mechanics: Uncertainty free states do not exist. As in classical mechanics, the pure states
are states of minimal uncertainty as described above, but even in pure states, non-zero un-
certainties show up. The same holds for correlations: M (C) does not have product states
(Problem 2.3).

€3 Hidden variable theories. Some properties of the states of My (C) are radically dif-
ferent from classical physics: Whereas in classical mechanics, all probabilistic aspects
were due to an “unsharp” initial condition and arise by mixing uncertainty free states to
model partial ignorance about the system, in quantum mechanics even in a perfectly
(pure) prepared state, our knowledge of the system appears to be incomplete. This has
led to an intense debate which is partially still active even today. In particular Einstein
initially opposed this with his famous quote that “God does not play dice”, critizing the
probabilistic interpretation of quantum mechanics.

A possible argument is that quantum mechanics (or rather matrix mechanics at this
point) is “incomplete” in the sense that there is another underlying model of classical
mechanics, but some variables are not accessible to us and we only observe statistical
mixtures due to this ignoarance. This is roughly speaking the idea of a “hidden vari-
able theory”. As we will partially see later, there are very good reasons not to believe
in hidden variable theories [Lan17, Chapter 6]. This however leads us to believe that
quantum mechanics (which will in many ways be similar to the matrix mechanics dis-
cussed here) is “complete’, i.e. that the uncertainties inherent in the quantum states are
not a consequence of ignorance or experimental imperfections, but a matter of princi-
ple. Although this leads to predictions that contradict our common sense trained on
macroscopic phenomena (we will see examples of this later), this is the widely accepted
point of view today.

From a mathematical perspective, Proposition 2.16 establishes an interesting link be-
tween uncertainties and eigenvalue (spectral) considerations: The pure states (vector states)
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in which a given observable A has zero uncertainty are precisely the ones given by the eigen-
vectors of A. To pursue this connection further, recall that in classical mechanics, a classical
state w,, (with compactly supported Borel probability measure u on M) induced measures

fepon f(M) C Rsuch that [ A" d(f.u)(4) = w,(f") foralln € Ny: The measure f,u
describes all moments and the probability distribution of f in the state co,,.

In matrix mechanics, the analogy is the following. (We write E2 for the spectral measure
of normal A € My(C), see Appendix M.2).

Proposition 2.17 (Probabilistic interpretation of matrix mechanics and the Born rule).
Let A € Mn(C) and p € Dy Then there exists a unique Borel probability measure ,u"g
such that fp A" d,u"g(/l) = wo(A"), n € Ny. This measure is

wh= 3 w,(BAL) 6, (2.27)
Aec(A)

the spectral measure of A in the state w,,. Its support is contained in the spectrum o(A)
of A, and for any function f : R = C,

w,(f(A)) = fR f) dup () = . fQ) dup D). (2.28)

In particular,
Ap(A) = o(f)(a — wp(A))? dug (D), (2.29)
Pry(A € S) = w,(EA(S)) = fs du5(A).  (Bornrule) (2.30)

Proof. The expression (2.27) is a Borel measure on R because it is a linear combination of
Dirac measures and the coefficients cop(EA (1)) are non-negative because EA(1) > 0 and
@, is a positive functional. Furthermore,

Mé(R) = Z wp(EA(/l)) = wp( Z EAQD) = wp(l) =1,
Aec(A) A€a(A)

s0O ,u’,;‘ is a probability measure. Its moments are

M) = f A= Y wp(EAR) fR " 8 (s)

R Aeao(A)

= > w(BAM) = w,,< > /I"EA(A)) = wp(A"),

Aea(A) Aea(A)

as claimed.
Let now i be any Borel probability measure on R such that fi; A" du(1) = w,(4"),
n € Ny. Then fp A"du(d) = [ A" d,u’;,‘(/l) for all n, so integrating any polynomial p
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against u or ,ué gives the same result. We consider the polynomial

p(s) := [] s—=22>0.

Aea(A)

Then [, pdu = Jp P dﬂ‘g = 0, so p = 0 u-almost everywhere because p is non-negative.
The polynomial p takes values larger than zero on the set R\o(A), which ist therefore a
u-zero set, UW(R\a(A) = 0. Thus suppu C 0(A). As in Lemma M.3, this implies u =
Z/lea(A) 0, with coefficients c; > 0. Fix A € 0(A) and consider a polynomial q; with
q/l(/l’)A= S A € 0(A). Thency = [qidu = [q, d,u’g = cop(EA(A)), which shows
H=HMp.

The statement about the support of ,u’g is clear. The other claims follow by integrat-
ing against the measure ,Lté of by inserting the functional calculus of A, namely f(A) =
> Aeo(A) F(DEA(Q), into @), for instance for the expectation value

w(fA) = D, fwp(BAA) = f f(s)dug (s).
Aea(A) R
U

Further information about the connection between the spectrum and expectation values
and uncertainties is contained in the following lemma.

Lemma 2.18. Let A = A* € My(C). Denote by lﬁax/min € R the maximal/minimal
eigenvalue of A, by diam o(A) := %(/1;313}( — A4, the diameter of the spectrum of A, and

by Conv o(A) 1= [A4,., A4 ] the convex hull of the spectrum of A.
a) The possible expectation values of A in arbitrary states are

{w,(A) @ p€ Dyt ={wy(4) : D E CN, ||9|l = 1} = Convo(A). (2.31)
b) The uncertainties satisfy

sup Ay (A) = diam(a(A)) < [|A]. (2.32)
PED4

The proof will be given in Exercise 2.2.

Example 2.19 (A particle on a one-dimensional lattice). In this example we discuss a
toy model of a particle moving on a one-dimensional finite lattice consisting of N sites.
The position of the particle can take the N distinct sharp values 1, ..., N,

and hence we choose the diagonal matrix

N
X :=diag(1,...,N) = ) kEjx (2.33)
k=1
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as the observable describing the position of the particle. The canonical orthonormal ba-
sis of CV consists of eigenvectors (¢ ) of X, namely Xej, = ke, and we have EX (k) =

N
Ej.. Hence the spectral representation of X is X = zk:l k Eyx.
Given a density matrix p € Dy, the probability measure for position in this state
is

N N
us = Tr(Ei)8k = D, Pkic Sk

In the special case of a pure state, i.e. p = P¢, for some unit vector 3 € CN, we
have oy = |(¥,ex)|?. So in this case, the absolute squares of the basis expansion
coefficients of 3 are the weights of the delta measures.

See problem 2.4 for further investigations of this example.

Example 2.20 (Projection observables and transition probabilities). Let us consider
an orthogonal projection P = P* = P?> € My(C). Then o(P) C {0,1}, with the
trivial cases o(P) = {0} and o(P) = {1} only occuring for the trivial projections P = 0
and P = 1, respectively.

Hence the possible expectation values of non-trivial P form the unit interval [0, 1],
and the possible sharp expectation values (those with zero uncertainty) are the end
points O and 1. The observable P may be interpreted as a “true/false” observable, like a
coin flip or logical proposition.

As the spectral projections of P are EP(1) = Pand EF(0) =1— P =: P,

Pr,(P € {1}) = w(EP(1)) = w(P)  “true’,

Pr,(P € {0}) = w(EF(0)) = w(Pt) “false’, (2.34)

are the probabilities that the proposition described by P is true/false in the state w.

In particular, given a unit vector ) € C, we may consider the rank one projection
P = Py. Asaproposition, this projection has the meaning “Is the state of the system 1 ?".
In a (say, pure) state w with density projection Py, the transition probability

Prp,(Py € {1}) = (¢, Py) = (¢, P)I (2.35)
is the probability that the state of the system is 1) when it was prepared in the state ¢.

Up to this point, the probabilistic setting of classical and matrix mechanics exhibit strong
similarities: Given a state w and an observable A, there exists a unique Borel probability mea-
sure on the spectrum of A that describes the distribution (expectation values, uncertainties,
probabilities) of the values of A in this state. A difference between classical and matrix me-
chanics is that in matrix mechanics, we do not have any zero uncertainty states.

Another difference shows up when considering several observables instead of a single
one. Recall that in classical mechanics, given fi, ..., f, € CR (M) and any state, we had
found joint probability measures describing the joint distribution of these observables (Def. 1.28).
This had the property that for any m,, ... ,m,, € Ny, the multinonomial q,,,(4, ..., 4,,) :=
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A7 --- An'™ integrates against f, U to the expectation value of the product f;"* «-- fy ™,

f G ACfott) = @, (8 - fi, (236)
Rn

The analogue of this result in quantum mechanics is best formulated in terms of joint
spectra (Proposition M.16).

Proposition 2.21 (Incommensurable observables). Let Ay, ..., A, € My(C) be self-
adjoint. The following are equivalent:

a) For every density matrix p € Dy, there exists a Borel probability measure {1, on
R" such that

m m m m
./ S1 Lo Sn " d:u,o(sla aSn) = CU,O(Al ! o+ An n)’ my,...,my € NO’
RrR7

(2.37)

b) [Ax, Al =0forallk,l €{1,...,n}
If this is the case, the measure [, is given by the expectation value of the joint spectral
measure,

Hp(S) = wy(BATAn(S)) = ) EAL---An(2). (238)
AES

Proof b) => a) According to Prop. M.16, we have the joint spectral measure EA1>+-4n =
Z/lea(Al,...,An) EA(2,) - EAn(A,,) 6, where 0(A) C R" denotes the joint spectrum of
(Aq,...,Ap). Then

Ho(S) 1= Tr(pEAr-An(S)), S € B(R") (2.39)
is a Borel probability measure on R", and

cup(A?’“ e APy = Z AT Tr(p EA (1) ...EAn(/'[n))
AEG(Al,...,An)

mg m
=f 5] ---sn"d,up(sl,...,sn).
Rn

a) = b)Letk,l € {1,...,n}, with k < I. Then

AadunD = [

R

Tr(pAkA)) = f

LAk duy(A) = Tr(pAA),
R n

ie. C 1= [Ay, A] satisfies 0 = Tr(oC) for all p € Dy. Picking p = Py with an arbitrary
unit vector 3, this condition implies 0 = Tr(Py,C) = (¢, Ct), and hence C = 0. Thus Ay
commutes with A;. ]

This observation represents another drastic difference to classical mechanics: Whereas
in classical mechanics, states are given by probability measures on phase space and induce
probability measures for all classical observables f € Cg’(M), and joint probability mea-
sures for arbitrary families (fi, ... , f;,) of classical observables, in quantum mechanics a state
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is given by a density matrix that induces probability measures on the spectrum of each sin-
gle observable, and also of joint spectra of families (A1, ..., A;) of commuting observables.
However, as M y(C) is noncommutative, there exist also families of observables given by non-
commuting matrices (called incommensurable in the physics literature), the joint moments
of which are not given by a joint measure as above.

Note, however, that even for noncommuting Ay, ..., A, there might exist some density
matrices o such that (2.37) holds.

€8 Selective Liiders measurements. Let A,B € M ~n(C) be selfadjoint and not nec-
essarily commuting (for simplicity, we restrict ourselves to two observables here), and
p € Dy. Then

po"B(S) 1= D7 w7 B (A4, 4,),
AES

1o =B, A2) 1= Tr(pEA(A)EP(1,)EA (L)) (2.40)

is a Borel probability measure on R?, with support contained in c(4) X o(B) (this
is easy to check). Its marginals are ,u‘;,‘_’B (SxXR) = ,ué(S) and ,uf,‘_’B (RxS) =
,ug (S), i.e. fully compatible with spectral measures. In case A and B commute, we

have ,LL‘;,‘_’B (S) = Tr(pE(A’B)(S)).

However, for noncommuting A, B, the measure ,u’;,‘_’B in general depends on the
order A, B, in contrast to the integrals (2.37). It is usually interpreted as follows:

The possible values of measurements of A are the spectral values of A. There is
no definite prediction about what happens in a single measurement, only statistical
information — the probability of obtaining A € o(A) as measurement outcome in the
state p is cop(EA(/l)), and this fixes the expectation value and the whole probability
measure.

If the measured outcome is A (with non-zero probability, i.e. pEA(1) # 0), then
the state changes from p to the post-measurement state

1

WEA@)PEA(/U € DN,

which is a density matrix because E4(1)p0E4(Q) is positive and has trace Tr(pEA(/l)).
The interpretation is that the measurement has disturbed the system and changed its
state. If one measures A again, one will again obtain the outcome A4, with probability 1,
because

1 A A n\_ n
Tr(—Tr(pEA 5 P WREAD) A )_/1, (2.41)
Bt paiyopay@) =0, (2.42)

T(PEA®)

If one measures B after the A-measurement, the probability measure for B is S +—
pA~B({2} x S), explaining the significance of the measure % for conditional prob-
abilities, and the asymmetry in A <> B in case A and B do not commute.

We refer to Exercise 2.3 for further discussion of this, and to the book [BLM96] for
a thorough analysis of measurements in quantum mechanics.
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For operations on density matrices, we have so far considered convex combinations, i.e.
mixing. For vector states, there is another possibility: Given two normalized vectors ¥, § €
CN we can form a linear combination and normalize to get another normalized vector, and
hence another vector state. This is called superposition.

Definition 2.22 (Superpositions). Let,& € CN, ||| = €] = 1, withpp # —&. A
superposition of the vector states ., w¢ is a vector state w, withn = ctp+c’§, ]| = 1.

Note that the superposition of two vectors &, 1 gives a vector state that is different from
a mixture of the vector states given by £ and ¢! In contrast to mixtures, superpositions have
no analogue in classical mechanics and lead to wave-like interference phenomena. This will
be investigated in examples in Problem 2.6 and Example 2.34.

The following table collects similarities and differences between the states and observ-
ables in classical and matrix mechanics.

2.3 Dynamics and symmetries in matrix mechanics

We now move on from our kinematical discussion of states in matrix mechanics to dynamics
(time evolution). Our guiding principle is again classical mechanics: In classical mechan-
ics, we had considered a Hamiltonian function H € Cg’ (M), which defined a Hamiltonian
flow ¢, and, more importantly, induced a dynamics

all : C®(M) - C®(M) (2.43)

on the classical observable algebra C*°(M) such that

Lol () = (el (), 1) (2.44)

The maps alf were automorphisms of our classical observable algebra and formed a one-
parameter group, namely atf o aff = afl .
In the following, we will investigate the analogous structures in matrix mechanics. We

begin by recalling what an automorphism is.

Definition 2.23 (Automorphisms of unital *-algebras). Let A be a unital *-algebra.
An automorphism of A (or unital *-automorphism for emphasis) is a bijective linear
map a : A — A satisfying forall A, B € A

a) a(AB) = a(A)a(B),

b) a(A*) = al(A)",

c) a(l) = 1.
The set of all automorphisms of A is denoted Aut .A.

Note that Aut A is a group, the automorphism group of A. The automorphism group of
My (C) can be described quite explicitly:

Proposition 2.24 (Automorphisms of My (C)).
a) Let U € U(N) be a unitary matrix. Then

ay - MN(C) - MN(C), au(A) .= UAU*, (245)

is a unital *-automorphism of M (C), i.e. ay € Aut My(C), and U — ay isa
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Aspect

Classical mechanics

Matrix mechanics

Observable algebra

C*®(M) (commutative unital

*-algebra)

Myn(C)  (noncommutative
unital *-algebra)

Real observables f=fec®M) A =A* € My(O)

States compactly supported density matrices p € Dy
Borel probability measures
u € P(M)

Mixtures Convex combinations of prob- Convex combinations of den-
ability measures sity matrices

Superposition — vector state given by normal-

ized linear combinations of
other vectors

Pure states

Dirac measures ug, & € M
(zero uncertainty in all obser-
vables)

vector states 0 = Py, € CcN,
||l,b|| =1 (not zZero uncertainty
in all observables)

Expectation value of
observable in a state

wu(f) = Spr F(§) du(§)

w,(A) = Tr(pA)

Uncertainty of
observable in a state

Au(f)? = wu(f?) — wu(f)?

Ap(A)Z = wp(Az) - wp(A)z

Prob. measure on R of
observable in state

fat(B) = u(f~1(B))

5 (B) = T(pEA(B))

Spectrum of observable

o(f) = f(M)

0(A) = {eigenvalues of A}

Joint probability measure
of several obs. in a state

always exists, (f; X ... X fi): 4

exists only for commuting
Ay, ..., Ay,. In this case, given
by cop(EAl""’A”)

Table 1: Similarities and differences between states and observables (kinematics) in classical
mechanics and matrix mechanics.
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group homomorphism, i.e.
Ay ° Ay = Ayy, U, Ve U(N) (246)

b) Let U,V € U(N). Thenay = oy, < U = zV forsomez € C, |z| = 1.
¢) Letax € Aut M (C). Then a = ayy for some U € U(N).

Proof. a) follows easily by checking the properties of automorphisms. For b), we note that
ay = ay is equivalent to UAU* = VAV* < [(V*U),A] = Oforall A € My(C),
hence to V*U being a multiple of the idenity.

c) Let &« € Aut M(C) and consider Fy; := a(E};) be the images of the matrix units.
Because « is an automorphism, the F'y; form a system of matrix units, and in particular, the
F i are mutually orthogonal rank one projections. Thus F . = | f1){fk| form an orthonor-
mal basis (f) of CN.

The unitary U defined by Uey := f, k =1,..., N, satisfies

ay(Ex) = UEU™ = UlexXe|U* = |fi)Xfil = Fiu = a(Ex).
As (Eyp)y,1 is a basis of My (C), this implies & = ay;. O

We thus see that all automorphisms a of My (C) are “inner’, i.e. given by unitaries U
according to a(A) = UAU™. However, U is determined by o only up to a phase (part b)).
Denoting the unit circle in the complex plane T, the content of Proposition 2.24 can therefore
be summarized by saying that we have an isomorphism of groups

Aut Mn(C) = U(N)/T =: PU(N), (2.47)

where in the quotient group U(N)/T, unitaries that differ by a multiplicative phase in T are
identified. The group PU(N) is called the projective unitary group. We will say more about in
Section 2.4.

Automorphisms a preserve all algebraic structure of My(C), i.e. they are linear, carry
products into products, adjoints into adjoints, the identity into the identity. They also pre-
serve commutators, &([A, B]) = [a(A), a(B)], and positivity: A > 0 = a(A) > 0
(this is the case because A > 0 is equivalent to A = B*B for some B € M(C)). Thanks to
the description of automorphisms by unitaries in Proposition 2.24, @ = ay;, we also see that
automorphisms preserve traces, namely Tr 2(A) = Tr A forall A € My (C).

A direct consequence of these observations is that any automorphism a maps density
matrices to density matrices,

pE DNy <= alp) € Dy, (2.48)
and
W (U(A)) = wg-1()(A), A € MN(C), p € Dy, a € Aut My(C). (2.49)

We now consider one-parameter groups of automorphisms of My (C) as models for dy-
namics in matrix mechanics, i.e. maps

a: R - AutMy(C), Qs 0 Qg = Oty (2.50)
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This immediately implies &y = id and a; ' = a_;. It does however not imply regularity in
the time parameter ¢. In the following, we will therefore assume that « is continuous in the
sense that

RSt a,(A) € My(C) (2.51)

is continuous for every A € My(C). We call a differentiable or analytic in case the maps
(2.51) are differentiable or converging powerseriesint € CforallA, i.e. a;(A) = Z:;o Bn(A"
with 3,,(A) € My(C) such that the series converges in norm, respectively.

In the context of the classical observable algebra C*°(M), the Poisson bracket with the
Hamiltonian gives the derivative of the dynamics (2.44). To discuss analogous structures on
My (C), we identify two relevant properties of Poisson brackets in the following definition
(cf. Proposition 1.15):

Definition 2.25 (Derivations). Let.A be a *-algebra. A derivation of A is a linear map”
d . A— AsuchthatforallA,B € A,

0(AB) = 6(A)B + AS(B) (Leibniz rule),

2.52
5(A*) = 5(A)* (compatability with adjoints). (2:52)
“It is customary to denote derivations by &, not to be confused with Dirac measures.
In Exericse 2.1, you have already shown that for H = H* € My (C), the map

is a derivation of M (C). The following proposition claims that all derivations of M (C)
are of this form.

Proposition 2.26 (The derivations of M (C)). Let § be a derivation of My (C). Then
there exists H = H* € Mpn(C) such that 5(A) = —i[A, H] forall A € My(C). This
matrix H is uniquely determined by & up to an additive multiple of the identity.

The proof of this lemma uses the same kind of idea as the proof of Proposition 2.11 and
Proposition 2.24: First one considers a derivation g (A) = —i[A, H] of commutator form
and derives a formula expressing H in terms of f;. Then one uses this formula for a general
derivation ¢ as the definition of H and checks that & = —i[ -, H] holds. The details of the
proof will be given in the exercises (Problem 2.7).

Theorem 2.27 (Dynamics on My /(C)). '
a) Let H = H* € Mn(C) and U(t) := e'*H. Then

a(A) 1= UMAU(t)* (2.54)

is an analytic one-parameter group of automorphisms of My (C), with
%a{f(A) = —i[af(A), H], A € My(C), t €R. (2.55)
b) Let H = H*, K = K* € My(C). Thenal? = of forallt € R ifand only if

K = H + cl for somec € R.
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c) Let (a;)ier be a continuous one-parameter group of automorphisms of M (C).
Then o is analytic and there exists H = H* € My(C) such that o, = al, t € R.

Proof. a) In the spectral representation H = ), co(H) AEH(Q) of H, the exponential takes
the form

U@ =eH = > elEH(Q), (2.56)
Aeo(H)

This matrix is unitary, namely

U= . e MEAQ) = U@ = U(-1), (2.57)
Aeo(H)

and we have U(t)U(s) = U(t + s) by functional calculus (exercise). This implies that arff
is an automorphism of My (C) for every t € R (Prop. 2.24), and that the one-parameter
property holds. To see that a is analytic, we write

ey = 3 M EQAET @) (258)
LA €o(H)
—Ztn Y, @A=)"EFMAERQ), (2.59)
A €a(H)

and note that the second sum can be estimated according to

> A=2)"EHWAEH ()| <
AN eoc(H)

Y, QIHD™IETWAER )| < IH])"N?|A].
A eo(H)

n
Here we have used that any eigenvalue A € o(H) satisfies |[4| < ||H]|. As Z:;O %(2||H||)”N2||A|| =

eHIHIN2||A|| converges for all £, this proves the analyticity.

For the derivative of af, we find

j ltHAe—ltH i 2 (/1 _ /l/)eit(l—/l’)EH(/l)AEH(/l/)
t A Ea(H)
> 2AEREMA D) e HVEH(Y)
Aec(H) A eo(H)
—i Z pitd EE()A Z /l’e—‘”'EH(/l’)
Aeo(H) A'eo(H)
=iHU(t)AU(-t) — iU(t)AU(—-t)H
— _i[U()AU(~1), H]
= —i[af(A), H].

b)IfK = H + cl,c € R, then aX = aff by Prop. 2.24 b). If af = ak for all ¢, their
derivatives at t = O coincide,

d d

—|  of(4A) = —i[A,H] = —i[A,K] —| af(4), A e My(0).
dt t=0 dt t=0
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Hence H — K commutes with all elements of My (C), which implies that it is a multiple of
the identity. The multiple must be real by selfadjointness.

c) Let us first assume that R 3 t — a,(A) € My(C) is differentiable (for every A €
My (C)). Then the derivative at t = 0,

54) 1= & @), AEMy(©)

defines a derivation of M (C) (exercise). According to Proposition 2.26, there exists H =
H* € Mp(C) such that §(A) = —i[A, H]. This is the derivation of the one-parameter
group ol investigated in part a), and we claim & = . To prove that, let A € My (C) and
consider the matrix-valued function f : t = aff,(a;(A)). We have f(0) = A and want to
show f(t) = A for all t; this then implies ol = a,. So we have to show that the derivative
of f vanishes. To that end, we consider ¢, £ € CN, an orthonormal basis (b ;) of CN, and
compute

S f09) = ST (et )

N
= % ; (e"™HE b;)bj, a(A)b)(by, eHip)
Jj,l=1

N

=, ((iHeitHg, bjXbj, ot (A)by)by, e )

jl=1
— (. by)by. 1A HIby)br,e1) + (M€, by )byt (AYor) . iFe )

= (iHeM £, (A)e" ) — (€T E, i, (A), H]e ) + (€7 E, o, (A), iHe )
= (Mg, (~iHa,(A) — iloq(A), H] + o, (A)H)eHp)
= 0.

As &, 1 were arbitrary, this shows that f is indeed constant.
It remains to show that the differentiability assumption on & was not necessary. We de-
fine

€
I, :=f ag ds, (2.60)
0

where the integral is carried out in the finite-dimensional linear space End M (C). By con-
tinuity of a, we see that € > I is differentiable. Since I, = 0, this implies e 1I; — id as
¢ — 0. The identity is of course invertible, and this implies that I, is also invertible for small
|e|. We find for any t > 0

1 t+e
ap = I La, = I / Appsds = I / agds = I (Iye — 1),
0 t

which implies differentiability of & because I is differentiable. [l

This theorem allows us to formulate more correspondences between matrix mechanics
and classical mechanics: Every dynamics (one-parameter group of automorphisms) is given
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by a Hamiltonian matrix, just as every dynamics in classical mechanics is given by a Hamilto-
nian function. In both cases, the Hamiltonian is only determined up to an additive constant.
The infinitesimal dynamics (derivative w.r.t. ¢ at t = 0) is given by the Poisson bracket with
the Hamiltonian function in classical mechanics, and by —i times the commutator with the
Hamiltonian matrix in matrix mechanics.

We can now define the analogue of a classical Hamiltonian system.

Definition 2.28.

a) A matrix mechanical system consists of a matrix algebra M y(C) and a selfadjoint
matrix H € My (C), called the Hamiltonian.

b) Asymmetry of amatrix mechanical system (My(C), H) is an automorphisma €
Aut My (C) preserving H, i.e. a(H) = H.

c) The dynamics defined by the Hamiltonian H is the one-parameter group of auto-
morphisms aff : A - eHAe"H € Aut My (C), t € R.

d) In a matrix mechanical system (M (C), H), Heisenberg’s Equation is the differ-
ential equation

%aﬁ(A) = —i[af(4), H], A € My(C), t €R. (2.61)

At this stage, we have completely translated dynamics into matrix mechanics. However,
it should be noted that we currently have no systematic way of building interesting Hamil-
tonians, in contrast to the situation in classical Newtonian Mechanics where we could work
with potentials of conservative force fields and kinetic energies. This will be remedied in
quantum mechanics in Chapter 3.

¢ (Solution of Heisenberg’s Equation.) Heisenberg’s Equation (2.61) replaces Hamil-

ton’s Equation (1.35) as the dynamical equation (or equation of motion); its solution
describes the time evolution of an observable A € My (C).
The solution is explicitly given by (see Prop. 2.29 for its uniqueness properties)

afl(A) = eltH Ae™tH, teR. (2.62)

As e!'H is unitary, various properties of aff (A) are time-independent, e.g. its norm,
its spectrum, selfadjointness/unitarity properties, etc. The eigenprojections of aff (A)
can however change with time, and so can its expectation values in states.

To extract more concrete information about t — af(A), e.g. expectation values in cer-
tain states of interest, one often wants to compute the matrix exponential e more
explicitly. This can either be done as a power series in H or in spectral form,

wr _ o H" itA pH
=3 ——= 2 E'Q. (2.63)
n=0 Aeo(H)

In the latter case, this requires knowledge of the spectral resolution of H, i.e. one needs
to find the eigenvalues and eigenprojections of H. Examples will be discussed below.

+ (Heisenberg and Schrodinger picture.) Exactly as in classical mechanics, we may
view the dynamics as either on the side of the observables — that is, observables A
change according to af’ (A) with time when a Hamiltonian defining the dynamics has
been fixed, and states w = w, are time independent (Heisenberg picture), or on the
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side of the states — that is, observables A are time-independent, and states w = wp

change according to a,(p) with time (Schridinger picture). Note that a, (o) is also
a density matrix, and (cf. (2.49))

wp(@(A)) = w1 () (A) (2.64)

shows that all expectation values (and hence all probability distributions) are the same
in both pictures, exactly as in classical mechanics (Prop. 1.31).

* (The Schrodinger Equation.) In the special case that p = Py is a vector state, we
have OCIjt(Pw) = e~ tH ) (yp|e!tH = |e~tH ) (eltHy| = Py(_tyy i.e. avector g €
CN describing a vector state changes with time according to 3(t) := e *Hy,. By
differentiation, we find

i%zp(t) = H(t). (2.65)

This is a linear ordinary first order differential equation for a function taking values
in CN. 1t is called the Schridinger Equation with Hamiltonian H.

€3 (Hamiltonians and Planck’s constant 7.) As in classical mechanics, the interpreta-
tion of the Hamiltonian (matrix) is that of energy. Hence its entries and its eigenvalues
have the physical dimension of energy, e.g. they are measured in units like Joule J or elec-
tron volt eV 1.6 - 1071°]. Time, on the other hand, is measured in seconds s. Hence
tH has physical units Js, and to get well-defined exponentials e*H, we need to divide
the exponent by a number of units Js. This is done by Planck’s constant 2 & 10734Js, i.e.
all exponentials e'*H should be replaced by e'*H /M We have set i = 1, which amounts

1

to measuring energy in units s, i.e. as a frequency.

Let us reformulate the existence and uniqueness properties of solutions of Heisenberg’s
and Schrodinger’s Equation.

Proposition 2.29 (Initial value problems for Heisenberg and Schrodinger Equation).
Let (H, My(C)) be a matrix mechanical system.
a) For Ay € Mn(C), consider the initial value problem for Heisenberg’s Equation,

%A(t) — _i[A(t),H],  A(0) = A,. (2.66)

This problem has a unique solution, namely A(t) = af!(A,) = e*HAje H,
b) Foro € CN, consider the initial value problem for Schridinger’s Equation,

d :
aﬁb(t) = —iH(t), P(0) = 9o. (2.67)
This problem has a unique solution, namely P(t) = e~ ",

Proof. a) The proof has basically already been given in Theorem 2.27 and just repeated for
clarity. From Theorem 2.27, we know alredy that A(t) = e“H Aje™"H is a solution of the
initial value problem (2.66). Suppose t — B(t) is another solution, and define

C(t) := e tHB(t)e!tH,
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Then (the derivative rules used here are proven precisely as in Theorem 2.27)

C'(t) = —iHe "HB(t)el!tH 4 o~ 1HPB' (1)e!tH 4 je~itHB(t)HeltH
= e~ UH (B'(t) — iHB(t) + iB(t)H) e!t®

e (B'(t) + i[B(t), H]) e*H

0.

As C(0) = Ay, we conclude C(t) = A forallt € R. This is equivalent to B(t) =
CitH A oIt

b) By differentiation, one finds directly that t — e~ 1), is a solution to the initial value
problem (2.67). Assume that ¢ +— ¢(t) is another solution, and define £(¢) := e H¢(t).
Then

E'(t) = iHe™Hp(t) + e/ (t) = ™M (iH¢(t) + ¢'(1)) = 0,

so § is constant. As §(0) = o, we conclude §(t) = o forall ¢ € R, which implies
$(t) = ey, u

The following corollary is left as an exercise (Problem 2.9).

Corollary 2.30 (Hamiltonians and unitary one-parameter groups). There exists a bi-
Jjection between selfadjoint elements H € My (C) and continuous unitary one-parameter

groups (U(1))ser in Mn(C), given by

Hw Uy(t) i= €2, (U0))er ~ H 1= —i % U(). (2.68)
t=0

At this point we have found the quantum (matrix) analogues of states, Hamiltonians, and
dynamics. In view of the commutator with H times —i appearing as the derivation of the
dynamics given by H, we also see that this should be considered the analogue of the classical
Poisson bracket.

As in classical mechanics, it is now meaningful to consider properties that do not change
with time. As we may consider the dynamics either in the Heisenberg or the Schrodinger
picture, we have reason to define two dual concepts: Constants of motion (time-independent
observables in the Heisenberg picture) and stationary states (time-independent states in the
Schrodinger picture).

Definition 2.31 (Constants of motion and stationary states). Let (My(C), H) be a
matrix mechanical system.
a) A constant of motion is a matrix A € M (C) such that

al(A) = A, t ER. (2.69)
b) A stationary state is a state w, such that
wyoal =w t €R. (2.70)
P t o o

In stationary states, the expectation values of al/ observables are time-independent, hence
the name “stationary”. In non-stationary states, some observables have time-independent
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expectation values. This is in particular true for the constants of motion, which have time-
independent expectation values in all states.

The first parts of the following proposition are almost identical to its classical counterpart
Lemma 1.19. We also include a version of Noether’s Theorem (Theorem 1.22) in part d).

Proposition 2.32 (Constants of motion in matrix mechanics). Let (M (C), H) be a
matrix mechanical system.
a) A € Mn(C) is a constant of motion if and only if

[A,H] = 0. (2.71)

b) H is a constant of motion.

¢) The constants of motion form a unital *-algebra.

d) A selfadjoint matrix A = A" is a constant of motion if and only if the unitary
one-parameter group (€")scp defines symmetries al(B) = e*ABe™4, B €
Mp(C).

Proof. b) follows because H commutes with e~

OC{_I(H) — eitHHe—itH — eitHe—itHH = H.

, namely

a) We consider Heisenberg’s Equation and rewrite it with the help of the automorphism

property and b) as
%ocfl(A) = —i[af(A), H] = —iaH([A, H]). (2.72)

In this form, we see that { — oc{{ (A) being constant is equivalent to [A, H] = 0, as claimed.
c) is only saying that in case A and B commute with H, then also all polynomials in
A, B, A*, B*,1 do so.
d) As in our discussion of dynamics, it follows that (e"4) e is a one-parameter group of
unitaries. These unitaries induce symmetries of (M (C), H) if and only if 4 He™4 = H
foralls € R,i.e. 0 = [H,A] by parta). O

Stationary states can be characterized analogously, as we show next.

Corollary 2.33 (Characterization of stationary states). Let (Mn(C), H) be a matrix
mechanical system and w,, a state, p € Dy
a) w, is stationary if and only if p is a constant of motion.
b) Ifp = Py is a rank one projection (Le. if w, is vector state), then it is stationary if
and only if ) is an eigenvector of H.

Proof. a)Since w0 all = WH () the state w,, is stationary if and only if a(p) = p, which
is equivalent to [0, H| = 0 by Proposition 2.32 a).

b) Let p = Py be a rank one projection. If § is a normalized eigenvector of H with
eigenvalue A, then aff (Py) = B-iay = Py (here we have used Py = By forz € C,
|z| = 1), s0 wy is stationary. If, conversely, @y, is stationary, then we have 0 = [Py, H] and
in particular

0= [Pz[)’H]zp = (Y, HY)yp — Hy,
which shows that 1) is an eigenvector of H, with eigenvalue wy(H) = (¢, H)). H

67



Example 2.34 (A particle hopping on a one-dimensional lattice). In this example we
revisit Example 2.19 of a particle on a one-dimensional finite lattice consisting of N

N
sites. In addition to the position observable X = >}, _, kEyj, we now add a dynamics
by selecting a Hamiltonian H. The idea is to choose H in such a way that the particle
can “hop” with non-zero probabilities on the lattice.

e~

o—o—o—e
1 2 3 4

w O«

O O O
6 7 8

We impose periodic boundary conditions as in Problem 2.4, i.e. we identify e, =
e; and label the orthonormal basis mod N, and consider the “discrete rotation”

N-1
V= lexs ekl (2.73)
=1

As shown in Problem 2.4, V' is unitary and satisfies Ve; = e, ;. Its eigenvalues are
c(V)={v,...,vnt, v =k, =N, (2.74)

and the vector
1 ik
§ = —= ) w /% (2.75)

is anormalized eigenvector of V with eigenvalue V.. Hence the spectral decomposition
N-1
of VisV =37 _, @®|E (k|- Furthermore, it was shown that

VXV =X+1 —NE, < [X,V]= V —NVE, = V — NleyXen| (2.76)
holds.

We now choose

N-1
Hi=V+vi =Y (edecn] + lecn)ed) (2.77)
k=1

as our (selfadjoint) Hamiltonian matrix and consider the time evolution af (X) of the
position observable X.
a) We have

[X,H] =[X,V + V*]
=[X,V]-[X,V]*
=V —Nle;Xen| — V* + Nlen)Xe;|
=V —=V* = N(le;Xen| — lenXe1D),
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which is different from 0. Hence X is not a constant of motion, so there exist
states o such that w(aX! (X)) is not constant in t.

Since H = V + V™, we see directly by the spectral mapping principle that the
spectrum of H is

27k
o(H) = {2Red : A€oV} ={Ay, ..., AN}, Ap= 2cos%, (2.78)
with the same eigenvectors & as V' (here we have used that V is normal (even

unitary)). In other words, H = le\il Al )&k | is the spectral decomposition
of H.

We claim that the time evolution of X is
N
N+1 . wk=1
H _ it(Ap—=4p)
ocX——1+Ee k=M — . 2.79
t ( ) 2 e Q)k_l 1 |gk><§l| ( )
k#l

The proof is a direct calculation. We first calculate

| — = AL
(€ X&) = Nzw_ka_nl<ej’Xel> =N > jebi=d 2 :
Jn Jj=0 wk—1_1 k ;é l

Inserted into

afl (X) = et XeItH = 3" el )| & ) &, XENE,
Il

this yields the claimed formula.

In the following plots, you see the probability distribution for position X at times

t =0,t = 2,t =5, in different vector states  (for N = 40). On the horizontal axis,
you see the spectrum of X, i.e. the set {1, ..., 40}, and at position k, the probability

Pry(af’ (X) = k) = [|(af EXF)PI? = lle P lex)ex, e P> = [(ex, e )

is plotted.
(row 1) 3 = e,y, an eigenvector of X. The distribution is initially a Dirac measure at

21 and then spreads with time, similar to the behaviour found in Example 1.32
in classical mechanics.

(row 2) 1 = &g, an eigenvector of H with eigenvalue A¢. As explained in Corollary 2.33,

the vector state given by & is stationary, so the plots of the probability distribu-
tions look identical at different times. In more detail, we have

ek L 3 w Ye;
VN 2

i.e. a time-independent uniform distribution over {1, ..., N'}.

2
. 1
—itH 2 _
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1
(row3) P = E(&S + £1,), a superposition of two energy eigenstates (eigenvectors of

H) with different eigenvalues ¢ and 4;,. In this case, we obtain an oscillatory
behaviour, with frequency 1¢ — 1;,. To see why this is the case, observe that for
this vector 1,

(e.e )2 = %Kekse_mﬁ% +emithag )2
= e Ea)2 + 3 lei 61 + Re (e o ha(er, E)Ep 1)
= 2 Heio G + 3 lew £ + cos(t(g — A1) Rel(er €)1z i)
+ sin(t(de — 412)) Im({ey, §6)(612, €x))-

Such a oscillatory pattern is reminiscent of waves rather than particles. It is unex-
pected here from a classical perspective, but not in direct contradiction because
we have no classical model to compare this example with.

t=0 t=2 t=5

y ! ! . y ! ! . . ! ! .
7\ T T T \7 7\ T Mﬂl T \7 7\ e mannmdi \7
1 10 20 30 40 1 10 20 30 40 1 10 20 30 40

11072 ! ! ! 11072 ! ! ! 11072 ! ! !

T T T T T T T T
1 10 20 30 40 1 10 20 30 40 1 10 20 30 40

|-1072 ! ! ! 11072 ! ! ! 11072 ! ! !

T T T T T T T T T T T T T T T
1 10 20 30 40 1 10 20 30 40 1 10 20 30 40

On StudOn, you can find an animated version of these plots.

The following table continues Table 1 with a comparison of classical and matrix mechan-
ics w.r.t. dynamics and symmetries.

2.4 Rotational symmetry and spin

In classical mechanics, Noether’s Theorem (Theorem 1.22) gave us a correspondence be-
tween geometric symmetries, like spatial translations, and conserved quantities, like total
momentum (Example 1.23). While we have no good model of continuous translational sym-
metry or momentum in our current finite-dimensional matrix mechanics, the example of
rotational symmetry and angular momentum conservation (Example 1.24, Definition 1.25)
can be investigated in matrix mechanics.
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Aspect Classical mechanics Matrix mechanics

Dynamics one-parameter group of auto- one-parameter group of auto-
morphisms aff generated bya morphisms o} generated by a
Hamiltonian function H Hamiltonian matrix H

Equation of motion Hamllton S equation Helsenberg S equation
—Oft 2 ={al (), H} —Oﬁt H(A) = —i[af'(A),H]

In Schréd. pic.: Schrodinger’s
d .
eqn. Ez,b(t) = —iHY(t)

Lie bracket Poisson bracket { f, g} commutator —i[A, B]
Constants of motion characterized by {f,H} = 0 characterized by [A, H] = 0
Automorphisms symplectic diffeomorphisms PU(N), ay;(A) = UAU*
(as a unital Poisson *-algebra)
Dynamical system Hamiltonian system (M, H) matrix mechanical system
(Mn(C), H)
Symmetry of dyn. system  Auto. @ with «(H) = H Auto. o with a(H) =

Table 2: Similarities and differences between classical mechanics and matrix mechanics: Dy-
namics.

We therefore consider the rotation group (special orthogonal group)

G=S03)={ReM;(R) : RT =R™!, detR=1}. (2.80)

Lemma 2.35 (SO(3)).
a) Letx € R3, |x|| = 1, and 6 € (=, 7). Choose an orthonormal basis (y, z) of
the orthogonal complement {x}* = R2. Then the linear map R,(0) : R® - R3
that in the orthonormal basis (X, y, z) is given by

1 O 0
Ry(6) =10 cos® —sinf (2.81)
0 sin@ cos6
is an element of SO(3).
b) Every R € SO(3), R # 1, is of the form described in a), with unique X and 6 €
(0, 7).

Proof. a) It is easy to check that (2.81) is orthogonal and has determinant 1. As these prop-
erties are stable under change of orthonormal basis, it is also an element of SO(3) when exp-
resed in the canonical basis of R3.

b) Let R € SO(3). We begin by noting that since R is real, its characteristic polynomial
is real and hence its zeros (the eigenvalues of R) occur in conjugate pairs A, 1. Thus the spec-
trum of R has the form o(R) = {1, A, u}. As R is in particular unitary, we have |1| = |u| = 1
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and
1 =detR =Adu = p, (2.82)

i.e. R has eigenvalue 1. We also see that in case the multiplicity of 1 is larger than 1, then it is
3,i.e. R = 1. Soup to the case R = 1, the eigenspace with eigenvalue 1 is a line, and contains
two unit vectors X and —Xx. Since R is orthogonal, it preserves the orthogonal complement
{x}' = R2, and acts in this two-dimensional plane by an SO(2)-matrix, say

A= (CC’ Z) € 50(2). (2.83)

Then detA = ad — bc = 1, and

r_(a ¢\ _ ., 1 d -b _(a b 2, 2
A _(b d>—A _detA(_c a>=>A—<b L) @HbP =1 (284)

There exists unique 8 € (—, 7] such thata = cos 6, b = sin 6. There is aslight redundancy
in this description: If we choose —x instead of x as our basis vector, and rotate by the negative
angle —6 instead of 6, we obtain the same transformation. Hence restricting the angle to
(0, 7] but allowing all axis (x and —x) yields a bijective description of SO(3). O

The eigenvalue 1 eigenvector X plays the role of the axis of rotation, and 6 the angle by
which R rotates around x. Note that in this parameter description, we may think of SO(3) as
theball B={y € R : ||y|| < 7}, where y € B corresponds to rotation axis x := y/||y||
(unless y = 0, which corresponds to R = 1), and ||y|| = 6 to the rotation angle. However,
since rotations around a fixed axis are 277-periodic, we have to identify the antipodal points y
and —y for ||y|| = 7. This gives a more complicated looking topological space B/~= SO(3),
which in particular is not simply connected.

The rotations R,.(6), 0 € R, around a fixed axis X, form continuous ((27)-periodic)
unitary one-parameter groups and are hence of the form R,(6) = e®Lx for some L, =
L% € Mj;(C) (Corollary 2.30). In particular, if we take the rotation axis to be one of the
canonical basis vectors ey, then we have

1 0 0 cos@ 0 —sinf
R,(6) = (0 cos@ sin 9) , R,(6) = ( 0 1 0 ,
0 —sinf@ cosb sin@ 0 cosB
cos@ sinf 0
R;(0) =| —sin® cosf 0
0 0 1

(2.85)

Example 2.36 (Spin 1). As explained above, we have Ry (8) = eIk for some Lj =
Ly, € M3(C). To determine them, we take the derivative at angle 8 = 0 of the matrices
(2.85), and obtain
0 O
L,=—-il0 0
0

-1

0 00 -1 0 10
1|, Ly=—i[0 0 0], Ly=—-i[-1 0 0}. (2:86)
0 10 0 0 00
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Figure 3: One-parameter groups of rotations around the coordinate axes.

A direct calculation shows that each L i has spectrum {—1, 0, +1}, and the equations
Ly = —i[Ly, L,], Ly = —i[L,, Ls], Ly = —i[Ls, Ly] (2.87)
and
L3+I13+13=2-1 (2.88)
(2 times the identity matrix) hold.

We note that the equations (2.87) are precisely analogous to the classical Poisson brack-
ets of the components of angular momentum (Exercise 1.5). In classical mechanics, angular
momentum was a vector observable. In that analogy, L% + L3 + L3 corresponds to the length
(squared) of the angular momentum vector, the “total angular momentum”. In the example

above, total angular momentum is \/5 times the identity. In general, we make the following
definition.

Definition 2.37 (Angular momentum in matrix mechanics). A system of angular mo-
mentum operators® in My (C) is a triple (L;, Ly, L3) of selfadjoint matrices in Mp(C)
such that

L3 = _i[Ll,LZ]a Ll = _i[L2yL3]a L2 = _i[L3aL1]a (289)
holds. The total angular momentum of this system is defined as

L := (L} +L}+ L)Y (2.90)

“For those who know Lie algebras: This is a representation of the Lie algebra of SO(3).

Of course the matrices from Example 2.36 form a system of angular momentum opera-
tors. Another example is the following one.
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Example 2.38 (Pauli matrices and spin %) In M,(C), consider the Pauli matrices

01 0 —i 1 O
01 :=(1 0), (o)) :=(l 0), 03 :=(0 _1), (291)

often also called oy, 0y, 0, instead of 7y, 05, 03.
a) Foreach j € {1,2, 3}, we have

gj =0} Tro; =0, o? =1, o(o;) ={1,-1}. (2.92)
b) The real span of the Pauli matrices is
spangp {0y, 02,03} = {X € Mp(C) : X =X*, TrX = 0}, =: i3u(2). (2.93)

As a shorthand, we write S(x) 1= X - 0 := X101 + X,0, + X303 for x € R3
and note that S : R3 — i8u(3) is a linear bijection with

det(S(x)) = —||x|. (2.94)
c) The Pauli matrices satisfy the commutation relations
—i[O'l, 0'2] = 203 (295)

and the corresponding cyclic rearrangements of this. This does not quite match
(2.89) because of the factor 2. But the rescaled matrices

L; : o

j .= 5 Jj? ] = 1,2, 3, (296)

do form a system of angular momentum operators in M,(C). As sz = 1, the
total angular momentum of this system is

I? = % -1 (2.97)

We now consider general features of angular momentum operators and first derive some
commutation relations.

Lemma 2.39 (Properties of angular momentum operators). Let (L, L,,L3) be a sys-
tem of angular momentum operators.

a) [LZ,LJ-] = 0 foreach j € {1,2,3}.

b) DefineLy := L, £iL,. ThenL} = L and

[Ly,L.] = L., (2.98)
[L,,L_] =2Ls, (2.99)
L_L+ = L2 — L3(L3 + 1), L+L_ = L2 - L3(L3 - 1). (2100)
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Proof. a) We show the argument for j = 1:

[I2,L,] = [L}, L] + [L3, L] + [L3,Ly]
=0+ Ly[Ly,Ly] + [Ly, Ly )L, + L3[L3, Ly ] + [L3, Ly | L5
= —iL2L3 —_— iL3L2 + iL3L2 + iL2L3 = 0

b) Li = L+ is clear by selfadjointness of L, and L,. The other equations follow from

[L3,Ly] = [L3, Ly] £ i[L3,Ly] = iL, £ i(—i)Ly = £(Ly £iL,) = *L,,
[Ly,L_]=[Ly +iL,,L, —iL,] = —i[Ly,L,] +i[L,, L] = 2L3,
L (L]. + lLZ)(Ll + le) L% + L + lL2L1 + lLlLZ = L L3 + L3

]

The fact that the relations in b) are not symmetric in Lq, L,, L3 can be explained as fol-
lows. According to a), [? commutes with all L j- Picking one j, say j = 3, we may diagonalize
I? and L; simultaneously. But L, and L, do note commute with L, hence non-trivial com-
mutation relations with these operators follow.

In the examples considered so far, [? was a multiple of the identity. (This is a consequence
of an irreducible representation.) We now investigate what we can say about such a situation
in general.

Theorem 2.40 (Angular momentum operators in finite dimension). Let (L,,L,, L)
be a system of angular momentum operators in My (C) such that I? is a multiple of the
identity, say [* = I(l + 1) for some 1 > 0.
a) le %NO ando(Ly) = {—1, =1 +1,...,1— 1,1}
b) If(Ly, Ly, L3) is irreducible in the sense that there exists no proper subspace V. C
CN which is invariant under the three operators Ly, L,, L3 simultaneously”, then
the dimension is N = 21 + 1.

“Irreducibility implies that L? is a multiple of the identity: Since L? commutes with Ly, L,, L3, its
spectral projections EL (4) also commute with these operators. Hence the range of EL (A) is an invari-
ant subspace. As this must be trivial, it follows that L? has only one eigenvalue, namely L? = A1.

Proof. Let 3 be a normalized eigenvector of L3, with eigenvalue m € R. Using the commu-
tation relations from the previous lemma, we find

LLp=-LiL;+D)p=U1l+1)—-mm+1)-p=IU-m)(I+m+1)-3,
LLp=C-LyL;—D))p=U+m)(I—-—m+1)-9
= LYl = @, LeLy) = (I Fm) (£ m+1).

As a norm is non-negative, we see that we get — < m < L. In the same way, one sees
LiYp)=0 < m==lL
Now it is important to observe that

L3l = [L3, Lo ]9 + LiLlsp = (m £ 1)Ly 3.
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Thus either L7 is an eigenvector of L3, with eigenvalue m £+ 1, or Ly3 = 0, which is
equivalent to m = £1. If we apply L, repeatedly, we obtain eigenvaluesm + 1,m + 2, m +
3,...andm—1,m — 2,m — 3, ... unless Lil,b = 0 for some k. Since L3 has only finitely
many eigenvalues, we conclude that L% = 0 and LK+ = 0 for some k, k' € No. This

implies ] € o(L;)andm + k = ,m — k' = —I, namely m = %(k’ —k) € %Z. Asl

differs from m by an integer, we have shown | € %NO, and the raising/lowering procedure
gives o(L3) = {—1, ..., I}.

To show the second part, observe that the eigenvectors of L3 with eigenvalues m €
{~1, ..., l}arelinearly independent. Theirspan V C CV is invariant under Ly = L, +iL, by
construction, hence under Ly, Ly, L. Irreducibility implies V' = CN, hence N = dim V =

2+ 1. [
The examples discussed so far correspond to the cases | = 1 (dimension 3) and [ = %
(dimension 2). Even simpler is the situation with | = 0 (dimension 1), which is realized in

the trivial matrix algebra M;(C) = C.

We state here without proof that for any | € %NO, there exists an irreducible system
of angular momentum operators that is unique up to unitary equivalence. A system of an-
gular momentum operators with a given value [ € %No (or the corresponding (projective)

representation of SO(3), see below) is called spin [ representation.

& Angular momentum and spin. In our later investigations of quantum particles mov-
ing in R3, we will see vector states of varying angular momenta [ € Ny, (integer valued).
This angular momentum is analogous to the one found in classical mechanics and de-
scribes the behaviour of the state under rotations in space.

There is, however, a second way in which angular momentum operators occur in
quantum mechanics: Each elementary particle carries, besides its mass, a spin s, which
can be thought of as an inner degree of freedom. As a rough analogy, one may picture
the particle as spinning around like a top. But there is no classical explanation of spin
and hence no convincing illustration of it. Nonetheless, without the assumption of spin
the predictions of the theory would deviate from experimental data, so that spin is now
a universally accepted concept.

This “internal angular momentum” (spin) can take integer and half-integer values
and depends on the type of particle considered. There are many particle types of spin %,
like electrons, protons, neutrons, neutrinos, quarks. The Higgs boson has spin 0. Pho-
tons and gluons have spin 1 (one actually needs to speak about helicity rather than spin
because these are massless particles, but we do not into this further), the massive W
and Z bosons mediating the weak nuclear force have spin 1, a hypothetical graviton
particle is thought to have spin 2 (if it exists), and composite particles can have higher
spin values.

Because of the frequent appearance of spin 1/2 (all known matter particles have
spin 1/2), this is a particularly important case. The mathematical description of spin
1/2 particles involves the Pauli matrices from Example 2.38. As an analogy, one may
think of a spin 1/2 particle as spinning around the e3-axis in two possible directions:
spin up, i.e. eigenvalue +1/2 of L5 respectively eigenvalue +1 of 03, and spin down, i.e.
eigenvalue —1/2 of L5 respectively eigenvalue —1 of 03. This also explains the physics
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notation

S spin up, (2.101)

=:1l) spin down, (2.102)

P
o O M=
\—/\_/

for the eigenvectors of 3.

Particles with half-integer spin s € Ny + L are called fermions and particles with
integer spin s € N are called bosons. Bosons and fermions behave in a fundamentally
different way that is however only visible when considering multi-particle systems (next
section).

In general, angular momentum describing motion in R and spin combine into
more complex angular momentum phenomena. We will see this later.

After this discussion of angular momentum and spin, we come back to the rotation group
SO(3) and have another look at Example 2.38 with the Pauli matrices. In this example, the
relation to SO(3) is not obvious. But just as in Example 2.36, we may look at the unitary one-
parameter groups generated by the angular momentum operators, %2 6 e R. Aso jis
i@Uj /2

selfadjoint with eigenvalues +1, the matrices e +i0/2 and

in particular with determinant 1. Hence they are elements of the group

are unitary with eigenvalues e

SUR)={U eM,(C) : U*=U"", detU=1}. (2.103)

It is easy to see that every element of SU(2) has the form

a p
u=( - 2|, al* + (812 =1. 2.104
(55 e+ (2108
Clearly & and f3 are uniquely determined by U, and any a, 8 € C with |a|*> + |3|> = 1 fixes
aunique U € SU(2). As a topological space, we may therefore identify SU(2) = S3, the 3-

sphere in R* (here we read a, § in terms of their real and imaginary parts). This description
shows in particular that SU(2) is connected and simply connected.’

For the further developments, it is very helpful to understand the relation between SU(2)
and SO(3).

Proposition 2.41 (SU(2) and SO(3)). We consider the linear bijection S : R® — i3u(2),
X = x -0 =: S(x) (Example 2.38), and the map p defined by

0 : SU(2) = SO(3), S(p(U)x) := US(x)U*, x € R3. (2.105)

a) p is a well-defined continuous group homomorphism with ker p = {+1, -1}, i.e.
p(U)=p(V) < U==V.
b) p is surjective.

90ur discussion of topological groups is quite rudimentary here — if you want to learn more about this, you
should attend a lecture on Lie groups.
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Proof. a) For x € R3, the matrix S(x) is selfadjoint and traceless (this means it has trace
zero). These properties are preserved under conjugation with a unitary U € SU(2). As S is
a bijection, we see that (2.105) defines amap p(U) : R3> — R? which is linear because S is
linear.

We next show that p(U) € SO(3) for U € SU(2). Recalling det S(x) = —||x||? (exam-
ple 2.38), we find

—[Ix|I* = det S(x) = det(US(x)U*) = det(S(o(U)x)) = —[lo(U)x]P?,

and conclude that p(U) is an isometry, i.e. p(U) € O(3). The map p is continuous'’, and
(1) = 1 has determinant 1. As SU(2) is connected and R € O(3) can only have determi-
nant +1 or —1, it follows that p(U) has determinant +1, i.e. o maps SU(2) into SO(3).

For the homomorphism property, note that for any x € R, U,V € SU(2),

S(eW)p(V)x) = US(p(V)x)U* = UVS(x)(UV)* = S(p(UV)x),

namely p(UV) = p(U)p(V).

It remains to establish ker p = *1. Indeed, let o(U) = 1. Then US(x)U™* = S(x) for
all x € R3, i.e. for all matrices of trace zero. As U also commutes with all multiples of the
identity matrix, this implies that U commutes with all matrices and must therefore be trivial,
U =cl.Now1 = detU = c? implies ¢ = *1.

b) is shown in the exercises (Problem 2.10). [

The map p : SU(2) — SO(3) is called covering homomorphism. It covers the non-simply
connected group SO(3) ina 2 : 1 fashion by the simply connected group SU(2). While the
angular momentum operators of SO(3) and SU(2) satisfy the same relations, meaning that
these groups look the same locally, they differ in their global structure.

After this digression on SU(2) and SO(3) we come back to rotational symmetry in matrix
mechanics. Given a matrix algebra M (C) (for now, we do not fix a Hamiltonian H), we
would like to describe how rotations act by automorphisms of My (C), i.e. we want to study
group homomorphisms SO(3) — Aut M (C) - or, as we shall see, group homomorphims
SU(2) — Aut My(C). We therefore write G to denote either SO(3) or SU(2) and consider
homomorphims G — Aut M (C) = PU(N). This is equivalent to studying maps

U: G- UN), U(g1)U(g2) = 2(g1,82)U(g182)s (2.106)

where z(g;,8g,) € T is a complex number of absolute value 1. Such a map U is called a pro-
Jjective unitary representation of G, and a unitary representation'' in case z(g;, g,) = 1 for all
g1,8> € G. As a group homomorphism, a representation is easier to work with than a pro-
jective representation and we may wonder whether the study of projective representations
can be reduced to the study of honest representations.
Since we are working in the projective unitary group, we can freely change the matrices
U(g) by multiplicative phases c¢(g) € T (continuous functionsc : G — T), i.e. switch from

'0This is for example checked with the explicit form p(U) jx = % Tr(o ;U U*) (exercise).

l1Sometimes we also say “honest” (unitary) representation to emphasize that the phases z(g;, g,) are all
trivial in this case.
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U(g) to c(g)U(g), without changing the action A — U(g)AU(g)~! on observables. This
might make it possible to eliminate the factors z(gy, g,), because in

c(818>)

UEDUE) = (3 een

z(g1,82) - U(g182) (2.107)

c(g182)

c(g1)e(g2)
projective representation U can be lifted to the honest representation cU. Whether this is

possible or not depends on simple connectedness, as we sketch now (a full argument is best
done with the help of covering theory from topology, and not given here).

Any unitary matrix U has determinant det U € T. We now would like to choose ¢ :
G — Tsuch thatc(g)N = (det U(g))~! forallg € G, which then implies det(c(g)U(g)) =
1. The problem is to choose ¢ in a continuous manner. Modifying U(e) by a factor if nec-
essary, we may assume U(e) = 1, and choose c(e) = 1. Now locally (for g varying in a
small neighbourhood of e), the function g — det U(g) does not cover the full circle T and
hence we find a continuous branch of the logarithm on its range; this gives a continuous

the factor z(g, g,) might be 1 for a clever choice of c. In this case, one says that the

c(g) = exp —% log det U(g) locally. Continuing this function along a continuous curve y
in G, passing through an arbitrary element g, and back to e in a continuous closed loop, we
have continuous g — c(y(g)), possibly up to a discontinuity at the end point: We might
not arrive back at the value c(e) = 1 that we started with. But, if G is simply connected, we
can contract ¥ continuously to a point, which rules out this possibility. Hence a continuous
¢ : G — Twithe(g)N = (det U(g)) ™! exists.

Once this is done, the modified projective representation V(g) := c(g)U(g) satisfies
detV(g) = 1forallg € G, and taking determinants in V(g;)V(g,) = z(g1,82)V(g:18>)
implies z(g1,8,)N = 1forall g;,8, € G, i.e. z takes values in the discrete set of the N-th
roots of unity. If Z is continuous (we do not explain here why a continuous choice of z is
possible as a consequence of G being simply connected), it must be constant. Looking at

g, = &, = ethengives z(g;,8,) = 1.

Theorem 2.42. Any continuous projective unitary representation of SU(2) lifts to an hon-
est representation.

See [Var06, Chapter 7] for a proof. The argument sketched above suggests that simple
connectedness of G is crucial. Indeed, in the non-simply connected group SO(3), there exist
projective representations that can not be made into actual representations by multiplying
with phase factors.

To see this explicitly, we now consider continuous unitary representations of SU(2) or
SO(3) (and not just projective ones). These define angular momentum operators as in Exam-
ple 2.36 and Example 2.38:

Lemma 2.43.
a) LetU : SO(3) — U(N)beacontinuous unitary representation. Then the matrices

LYV = —j 4 U(R,.(8)) € My(C), j=1,2,3, (2.108)
J dé 6=0 J

form a system of angular momentum operators, with

o(LY)c z. (2.109)
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b) LetU : SU(2) — U(N) be a continuous unitary representation. Then the matrices

LU =

=i —|  U@E®)eMy©), j=1,23  (2110)
J d6ls_o

form a system of angular momentum operators, with

1
o(LY) c 5Z. (2.111)

Proof. We only give a brief sketch of some parts of the proof. The details are carried out in
Problem 2.11.

The proof that the LJU defined by the representation U form angular momentum oper-
ators is similar to the one used in Examples 2.36 and 2.38 but less direct because the repre-
senting matrices are not explicitly specified. In the case of SO(3), one uses the fact that

TR(8)T™ = Ry (6), T € S0(3). (2.112)

6(x- lgs . .
(x-0) _ ez () can be used instead of the rotation

i
In the case of SU(2), the matrices e2
R, (6) with axis x and angle 6.

For the claims about the spectra of L3, note that a rotation around the e3-axis with angle

0 = 27 is the identity in SO(3), so
1= U(R,,(27)) = e¥™L5
By the spectral mapping principle, this implies e’ = 1forall 1 € o(LY),ie. 1 € Z
In SU(2), the matrices eée03 play the role of rotations around the e3-axis. Because of the
factor %, we need to set © = 47 to reach the identity, namely
1 = U(e?™i%3) = ALy ’
which only implies o(LY) € %Z. Il

We conclude that the spin [ angular momentum operators from Theorem 2.40 can be of
the form described in Lemma 2.43 a) (with an SO(3) representation) only if [ is an integer.
We also state without proof that for any system of angular momentum operators in My (C),
there exists a continuous unitary representation U : SU(2) — U(N) such that L; = LJI-J
(Lemma 2.43) [Hal03, Thm. 3.7]. For an irreducible representation of integer spin [ € Ny,
this representation factors through SO(3), i.e. is given by an honest representation of SO(3).

Summary

Rotational symmetry in matrix mechanics amounts to having SO(3) act by automorphisms
of the observable algebra M (C), which is equivalent to studying projective representations
of SO(3). Any projective representation U of SO(3) can be regarded as a projective represen-
tation U := U o p of the simply connected covering group SU(2):

SU(2) — s0(3)

%lu,

PU(N)
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and any projective representation of SU(2) lifts to an honest representation of SU(2) (Thm. 2.42).
By passing to generators, SU(2)-representations can be described by angular momentum op-
erators. In the case of an irreducible representation, the angular momentum operators are
also irreducible and are labelled by their total angular momentum [ € lNO. From here, it is
easy to see whether U lifts to an honest representation of SO(3): This is the case if and only
if| € Ny is integer. For half-integer spin | € Nj + %, a rotation by (27) is represented by
—1 € My(C), and only a rotation by (47) is represented by the identity matrix 1. This is in
particular the case for the important spin % representation which describes the spin of many

elementary particles.

2.5 Composite systems and entanglement in matrix mechanics

We continue our exploration of similarities and differences between classical and quantum
mechanics by considering composite systems and correlations, as described in Section 1.5
for the classical setting. We have already observed that the definitions of covariances and
correlations directly carry over to matrix mechanics. Also regarding subsystems and compos-
ite systems, little changes, in particular when taking into account that product systems had a
connection with tensor products (Lemma 1.38). The following definition is therefore directly
analogous to Definition 1.36. For the time being, we will be concerned with subsystems and
bipartite systems and ignore part d), which is related to Hamiltonians and dynamics.

Definition 2.44 (Subsystems and composite systems in matrix mechanics). Let My (C)
be a full matrix algebra.
a) A subsystem is a unital *-subalgebra A C My (C).
b) Given two subsystems A, B C My(C), the bipartite system generated by A
and B is the smallest subsystem (A, B) of M (C) that contains A and B.
¢) Theproduct (or composite system) of My, (C) and M, (C) is My, (C)@M,, (C).
d) Theuncoupled product (or interaction-free product) of two matrix mechanical sys-
tems (My;, (C), Hy) and (My, (C), H,) is the matrix mechanical system

(Mn,(C) @ My, (C), H; ® 1y, + 1, ® Hy). (2.113)
For some reminders about algebraic tensor products, see Appendix M.2.

Example 2.45 (Subsystems of M (C)). There are a number of subsystems (unital *-
subalgebras A) of My (C) that one sees immediately:
a) The system itself, A = M(C), and the trivial subsystem A = C1.
b) LetNy, ..., Ny € Nsuchthat N; +...+ N} = N and consider matrices of block
form,

Ay
Ay
A=A DA ®D...®A = . : (2.114)
Ay
where A; € M N; (C)isan (N X N j)-matrix. It is clear that matrices of the form
(2.114) form a unital *-subalgebra®, the algebra A = My, (C) @ ... & My, (C).
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For k > 1, this is not isomorphic to a full matrix algebra because it has central
elements, namely all elements of the form ¢;1y, @ ... @ cxly,, with 1 N; the
identity in MNJ- (C),and¢; € C.
One can show that any unital *-subalgebra A C My(C) is essentially of this
form, namely there exists « € Aut M (C) such that A = a(My,(C) @ ... &
My, (C).

c) Aspecial subalgebra contained in the previous general example is the case N; =
... = N} = 1, i.e. the algebra of diagonal (N X N)-matrices. It is commutative
and behaves in many ways like a classical mechanics system.

“It is an unsatisfactory feature of our definitions that a subsystem of a matrix mechanical system
can have a more complicated structure than a matrix mechanical system. In order to avoid this, we
should have defined a matrix mechanical system not based on a full matrix algebra Mp(C), but on
a general finite-dimensional unital *-algebra. This introduces some changes in the formalism because
such algebras can have central elements, and has been avoided here to keep the presentation simple.

In the following, we will be mostly interested in bipartite systems consisting of two matrix
algebras

A = MNl(C), B .= MNZ(C), (2115)

where N1, N, € N are arbitrary. In the interest of concise terminology, we call such a bipar-
tite system a full bipartite system (tensor product of two full matrix algebras). The algebra
they generate is the tensor product matrix algebra

A ® B = My, (C) ® My, (C) = End(CM ® CN2) = My, n, (C). (2.116)

To prove that, it suffices to note My, (C)®MNp;, (C) C End(CN1@®CN2) (Appendix M.2), and
equality holds because My, (C) @ M, (C) contains the (N;N,)? many linearly independent
matrix units Ey ; ® E; j, k, 1 € {1,....N1},i,j €{1,....,Ny}.

The two matrix algebras A, B can be regarded as subsystems (subalgebras) of A @ B by
identifying

A2A2AQR1€eAQB, (2.117)
B>5B=1®B e AQ B, (2.118)

where 1 = 13 denotes the identity in B in the first line, and 1 = 1 4 denotes the identity in
A in the second line.

We begin our analysis of full bipartite systems with an elementary remark about tensor
product operators.

Lemma 2.46 (Tensor product matrices). Let A € A, B € B be normal. Then (A @
1)1®B)=AQ®B=(1Q®B)A®1). Inparticular, A ® 1 and 1 Q B commute and

hence have a joint spectral resolution, which is given by
EA®LI®B) (¢ 8) = FA(a) ® EB(B), a € o(A), B € a(B). (2.119)

The joint spectrum is (A ® 1,1 @ B) = a(A) X a(B).
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Proof. The equation(A®1)(1®B) = A®B = (1®B)(A®1) is a consequence of general
tensor product facts (Appendix M.2). Fora € (A), 8 € o(B), the operator E4(a) @ EB(B)
is an orthogonal projection,

(E4(a) ® EP(B))* = E4(a)* ® EP(B)?
= E4(a) ® E(B) = EA(@)* ® EP(B)* = (E*() ® EP(B))*.

Furthermore,
>, EYO®EE@) = ), EA@® ), R =1,01s=1,
aeo(A),Bea(B) aea(A) Bea(B)

and E4(a) ® EB(B) is orthogonal to EA(a’) ® EB(B’) for (o, B) # (a’, ). Therefore
(a, B) = EA(a) ® EB(B) is a projection-valued measure on R2. Its support is 5(A) X o(B),
and

ABEA@ R EFB) = ) aBA@® Y PEE(B) =A®B,

aeo(A),Bea(B) aea(A) Bea(B)
which proves the claim. []

As for vectors, we emphasize that a general element of A ® 3B is not of the form A @ B,
but only a linear combination of such simple tensors.

Note that since A ® B = My, n,(C) is also a full matrix algebra, its states are described
by density matrices in A @ 3B, i.e. positive elements of unit trace. The following definition
and lemma describe how states of a full bipartite system restrict to its two factors.

Definition 2.47 (Reduced density matrices). Let o € D(CM ® CN2) be a density
matrix in My, @ Mp;,. The reduced density matrices of p are

p1 = (idMN1 ® Tr,)(p), p2 = (Tr ®idMN2)(P)’ (2.120)
these are elements p; € @j,j =1,2.

To compute the reduced density matrices of o, write it as a linear combination of simple
tensors, i.e. p = Z]. 1 Cj1Xj @ Y, and take the trace in just one of the two tensor factors'?,

p1 =2, T(YDX;, =, cuTn(X)Y . (2.121)
Jol Jjol

Here the index 1 or 2 on the trace functional indicates that the trace runs over CN1 or CN2,
As this is clear from the argument of the trace (the X are elements of A = My, (C), and the
Y | are elements of B = M, (C)), we will mostly drop these indices in the following.

The claim made in Definition 2.47, namely the claim that the p; are density matrices,
can be checked directly. We will see it a bit later indirectly (comment after Lemma 2.49).

2For this reason, reduced density matrices are also called partial traces.
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A decomposition p = Zj’ 1 Cj1 Xj®Y jisnotunique. One canalso compute the reduced

density matrices via their matrix elements. Indeed, for any v, w € CN1 and any orthonormal
basis (by)k=1,....N, of CV2, we have

(v, p1w) = Y (v, X;w) Tr(Y )
7l
= > ¢ji{v, Xjw)by., Y 1by)
k il

=22, ® b, (X @ Y Jw ® by)
k jl

= Z(U X bk,,O(w ® bk)>’
k

and analogously for the matrix elements of p,. This method is illustrated in the following
example.

Example 2.48. Let N; = N, = 2 (i.e. A = B = M,(C)) and consider the superposi-
tion vector
1
p=—(, Qe +e,Qe,) € C2 R C2 (2.122)

V2

We have ||| = 1 because the two tensor product vectors have norm one and are or-
thogonal to each other w.r.t. the canonical scalar product on the tensor product.

We want to compute the reduced density matrices of the density matrix (projec-
tion) p 1= PlP € M, ® M,. By definition of pq, forv,w € C2, we have

(v, prw) = (v, (idy, @ Tr)(P)w)
= (Ve p(w®er)+ (Ve p(wey))
= <U ® el’ ¢><¢’ w ® e1> + <U ® 62, ¢><¢’ w ® €2>

- % (v, e1)(er, w) + (v, e2)es, w))
1/2 0
= <”< 0 1/2) w>’

1/2 1/2
from which we read off p; = ( (/) 1(/)2)- Similarly one computes p, = ( (/) 1(/)2)

in this example.

Lemma 2.49 (Reduced density matrices). Letw,, p € D(A @ B), be a state on a full
bipartite system A @ B. Then,A € A,B € B,

wo(A®1) =Tri(p1A),  w,(1® B) = Try(0,B), (2.123)

with 01, 0, the reduced density matrices of p.
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Proof. We give the proof for the first subsystem. Write p = Zﬂ cjiXj ® Y as a linear
combination of simple tensors, and let A € A be arbitrary. Then

Wp(A®1) =D c; TH{(AX; ® Y )
Jsl
= ¢j Tr(AX;) Te(Y )
Jl
= Tr(A Z Cji Tr(Yl)Xj> = Tr(p,A).
Jsl
[l
As A = w,(A ® 1) is clearly a normalized positive linear functional (state) on A =
My, (C), and states are in bijection with density matrices, it follows that p; is indeed a den-
sity matrix, as claimed in Def. 2.47. The same holds for p,.
The role of o and p, is to describe the restriction of the state w,, of the bipartite system to
its two defining subsystems. Note that, as shown in Example 2.48, a pure state of the bipartite

system may restrict to mixed states of its two defining subsystems, in contrast to the situation
in classical mechanics.

We now consider correlations of states of bipartite systems. As in classical mechanics, we
call a state w of a bipartite system A @ B uncorrelated, or product state, if

WA®B) =wA® Dw(l1®B), A€cABE3B, (2.124)

and correlated otherwise. The state w being a product state is equivalent to all covariances
Covy(A, B) = 0 vanishing when A is taken from the first and B from the second subsystem.
Product states can be characterized easily.

Proposition 2.50 (Product states on matrix bipartite systems). A state w = w, of the
Sull bipartite system A @ B is a product state if and only if its density matrix p satisfies

P =p1® P2 (2.125)

wherepj € D N; are the reduced density matrices of p. Givenany pj € D Nj the density
matrix p 1= p; @ p, defines a product state on A @ B.

Proof. Consider two arbitrary density matrices p; € 2 N; and their tensor product p :=
Pl ® pz. Then

p=r1"p1? ® P30 = (01 ® Py (1 ® py) 2 0,
so p is positive. Furthermore (cf. Appendix M.2)
Tro=Trp;-Trp, =1-1=1, (2.126)

i.e. p has unit trace. Hence p is a density matrix and defines a state of the bipartite system.
Givenany A € A,B € B,

wp(A® B) = Tr(p(A ® B))
= Tr(01A ® p,B) = Tr(p1A) Tr(0,B).
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As
Tr(p14) = Ti(p(A ® 1)) = w,(A ® 1),

and similarly Tr(p,B) = w,(1 ® B), the claimed equation

wp(A ® B) = wp(A ® l)wp(l ® B)

follows. This shows that the tensor product of two density matrices defines a product state.
Consider now conversely a product state wp onA @ B. Then,A € A, B € B,

Wo(A® B) = (A ® wy(1 ® B) = Tr(p14) Tr(0,B)
= Tr((p1 ® p2)(A ® B)) = Wy, gp,(A ® B),

where we have used Lemma 2.49. Since every element of M, ® My, is alinear combination
of simple tensors AQB, it follows that w, = w,,, gp,, whichisequivalenttop = p;®p,. [

Example 2.51. The pure state considered in Example 2.48 is not a product state: Its
1 1 1 1
reduced density matrices are p; = p, = 51], but 51] ® 51] = Zﬂ is different from Py,

1 1
(2.122). For example, Py is a rank one projection, but Zﬂ is not (has eigenvalue Z)'
Note, however, that a density matrix that does not look like a simple tensor might
still be one. For example, given density matrices o1, 05,

1 3 3 9
6P ®P1+1—6f31 ®P2+1—692®91+EP2®92

might not seem to be of tensor product form, but coincides with the tensor square

(ipl + ZPz) 02y (ipl + sz) and therefore defines a product state.

The following definitions are the same as in classical mechanics but a bit simpler because
due to the finite dimensionality of the observable algebras considered here, we do not need
to consider limits of convex combinations.

Definition 2.52 (Classically correlated and entangled states). A correlated state w on
a bipartite system A @ B is called classically correlated or separable if it is a convex
combination of product states, and entangled otherwise.

In the case of pure states, entanglement can be characterized directly: Pure states on full
bipartite systems are either product states or entangled (in contrast to mixed states).

Lemma 2.53 (Entanglement of pure states on full bipartite systems). Let w be a pure
state on a full bipartite system A® B, given by aunit vectorp € CN@CN2viaw = wp »
Then w is a product state ifand only if i is a simple tensor, i.e. P = 1 @1, forunitvectors
Y; € cNi. If w is not a product state then it is entangled.

Proof: We know already that w is a product state if and only if its density matrix Py, isa simple
tensor, Py, = p; ® p, for density matrices o1, p, on.A and B, respectively. This is equivalent
to

1= Tr(l-zpz) = Tr(p% ® p%) = Tr(p%) Tr(p%).
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As Tr(pjz-) < 1, this implies Tr(p%) = Tr(p%) = 1,i.e. p; and p, are rank one projections.
Hence pure product states are necessarily tensor products of pure states.

Now suppose that w = wp , isapure separable or uncorrelated state, i.e. a convex com-
bination of product states, namely

Py =21 ® P2,
7

for coefficients 4; € (0, 1) with Zj A; = 1,and density matrices oy j, 0 j. Asany Py, j®p>,j
defines a state, purity implies that the convex combination must be trivial, namely P, =
01 & p, defines a product state. [l

The observation made in this lemma that pure states on full bipartite systems are either
product states or entangled is not true for mixed states. For pure states, this lemma however
clarifies the structure of entangled states and in particular, we see that in matrix mechanics,
many entangled states exist. For instance, the pure state from Example 2.48 is entangled: In
Example 2.51 it was shown that it is not a product state, hence it is entangled by Lemma 2.53.

Another way of verifying that a given state is entangled is by using the entanglement
entropy defined below. This quantitiy is based on the information function

f :]0,0) - R, fA) :=—21log4, (2.127)

where f(0) := 0 is understood. By functional calculus, we may define f(p) for a density
matrix 0, and the von Neumann entropy

S(0) 1= Tr(f(p)) = —Tr(plog p). (2.128)

Definition 2.54 (Entanglement entropy). The entanglement entropy of a pure state of
a full bipartite system is
E: S (A — R, E(P):=SB)=-—Tr(RlogR), (2.129)

pure

where B is the first reduced density matrix of the rank one projection P.

Equivalently, E(P) = S(B) = S(B) can be defined via the second reduced density
matrix of P. In Problem 2.12, you are asked to prove this, together with some other important
properties of the entanglement entropy, which are summarized here.

Proposition 2.55 (Properties of entanglement entropy). The entanglement entropy of
the full bipartite system My, (C) ® My, (C) has the following properties: For any rank
one projection P, one has

a) 0 < E(P) < logmin{N;, N,},

b) E(P) = 0ifand only if P defines a product state,

¢) E(U; @ U,)P(U; @ U,)*) = E(P) (invariance under local operations)

The idea of the entanglement entropy is that it not only gives a definite way of testing
whether a given pure state is entangled or not (compute E(P) and check whether it is zero),
but also a measure of “how much” entangled it is. States for which the entanglement entropy
matches the upper bound log min{Nj, N, } exist, they are called maximally entangled states.
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The state Py, in Example 2.48 has reduced density matrix (Py); = %1], and hence entan-
glement entropy

E(Py) = —Tr(%ﬂ log(%ﬂ)) = —log<%> = log 2. (2.130)

This shows that not only Py, is entangled, but even maximally entangled.
For mixed states, the entanglement entropy defined here is not a good entanglement
measure, and more complicated methods have to be used [Hor+09].

€3 (Experiments, data analysis, and joint probabilities.) At this point, entanglement
is only surprising insofar that it is a kind of correlation that we did not see in classical
mechanics. To understand better what it means, we have to discuss hidden variable
models.

For the time being, we do not think about theory, but only experiments. We con-
sider a bipartite system formed of two parties (experimental physicists), usually called
“Alice” and “Bob” that work in separate locations/laboratories. We think of a state of
this system, which experimentally speaking means a preparation of the system in a cer-
tain way. For example, we might consider a machine in Erlangen which produces pairs
of black and white marbles (always one white and one black marble), packs them into
boxes and ships one box to Alice (in her subsystem in Alicante) and one to Bob (in his
subsystem in Boston). Then Alice and Bob can make measurements on their respective
subsystems, for instance they may look into the box they have received and observe the
color of the marble in it. Unsurprisingly, when Alice finds a white marble she knows
that Bob will have received a black one, i.e. there will be correlations. Another exam-
ple would be a machine producing a pair of spin é particles from a spin O state — in
this case, a spin conservation law would demand that when the measurement of Alice
shows spin up then Bob must find spin down (if the system is not disturbed).

In general, we have a state w describing the preparation of the system, and the physi-
cists Alice and Bob may choose which observables A, A,, ... (Alice) and By, B,, ...
(Bob) they measure. To perform statistics on the measurement data, the experiment
will be repeated often and Alice/Bob take note of which observables they measured in
runn € {1, ..., N}, and what the outcome was in each case (e.g. Alice writes down “in
run 1 I measured the observable A and the outcome was a € R”).

After the experiment is finished, Alice and Bob communicate, compare their exper-
imental data, and compute statistical averages. The interesting quantities to consider
are the joint probabilities Pr,,((A, B) = (&, §)) € [0, 1], i.e. the probability that in the
state , Alice’s observable A has the value & and Bob’s observable B has the value (5. In
an experiment with N iterations, this is the fraction (number of runs with A = a and
B = B)/N.

Alice and Bob have now finished their experimental work and begin to think about
theoretical explanations for the results they found. For example, they could wonder
whether classical mechanics is in agreement with the experiment. To that end, they
need to identify the correct mathematical description of their setup, i.e. a phase space M,
a compactly supported probability measure ¢ on M (to describe the state w = @),
and for each observable A, B, a smooth function on phase space (they acquire this in-
formation by asking a theoretical/mathematical physicist with experience in classical
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mechanics). Then (see Def. 1.28 and the discussion below it)
Pro, (A, B) = (&, B)) = u({§ € R* @ A(§) = a, B(§) = 8})
~ [ ra @) ducd
M

is the theoretical prediction of classical mechanics for the joint probability that A has
value ¢ and B has value .

In case the predictions of classical mechanics do not match with experiment, the
task is to find a better theory. Instead of developing a full-fledged theory, one could also
make only some basic assumptions about it — as we shall see, already this can lead to
interesting statements.

Definition 2.56 (Local hidden variable models). Joint probabilities of a state w as dis-
cussed above admit a local hidden variable model if there exists a measure space X with
probability measure v, and for every pair of observables A (for Alice) and B (for Bob)
integrable functions f4 : 0(A) X X — [0,1], fg : 0(B) X X — [0, 1] such that

Pr,((A,B) = (@, f)) = / fa,0(a X) fp0(B, X) dv(x). (2.131)
X

Here 0(A), 0(B) C R denote the sets of possible values of A and B, respectively.

It should be noted that this is a very general setting. No detailed assumptions about the
underlying theory, i.e. the way in which the joint probabilities Pr,((A,B) = (a,3)) are
computed, are made. The space X and the measure v is not fixed. The idea is that x is a
“hidden variable”, i.e. a quantity that we have not yet discovered or cannot observe, and the
observed probabilistic features arise as a consequence of our ignorance of x € X, hence
the average (integration against ) over the hidden variable. We interpret f4 o (a, X) as the
probability of outcome « for the observable A in the state w given the hidden variable x, and
likewise for B and f3.

In particular, we could consider the more specific deterministic scenario in which the
functions fy , and fg 4, take only values in {0, 1}. In that case, they would only function to
select for which hidden variables x the observable A has value & and for which not. This
is basically only saying that we assume that all observables have some values a, 3, .. (this
assumption is called realism), and due to our lack of complete knowledge of the system, we
see probabilistic features.

While this seems tautological to the classically trained mind, there is one assumption that
does enter the local hidden variable model, namely that the probabilities f4 o (a, X) of A do
not explicitly depend on B or 8. This is justified in a setup in which Alice does not know
which observables Bob is measuring, and the measurements on the two subsystems do not
influence each other in any way. If the laboratories of Alice and Bob are sufficiently far apart,
and the measurements take place in a short period of time, this will always be the case in a
theory complying with a maximal speed of communication (speed of light). Hence models
of the form (2.131) are called local hidden variable models.
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Example 2.57 (Separable states admit local hidden variable models). Of course, in
classical mechanics, any two observables and any state admit local hidden variable
models. Here the phase space point X = £ can be regarded as the hidden variable.

In matrix mechanics, let us consider a full bipartite system A @ B and a separable
state p = 23'1:1 Ajp1,j ® p2,j (convex combination of product states). Then we may
consider X := {1, ..., n} with the probability measure »(x) := 4, € [0,1], as well
as fa,p(ax) 1= Tr(pl’xEA(oc)), IBp(B,X) 1= Tr(pZ,xEB(,B)). This gives

f (@ X) f. o (B, x) dV(x) = D A, Tr(py 2 EA (@) Tr(p2 < EZ(B))
X

x=1

=Tr (Z Ax(p1x ® p2)(EX () ® EP (/5’)))

x=1

= Tr(pEA®LI®B (g B)),

which is precisely the expectation value of the joint spectral projection of the two com-
muting observables A ® 1,1 ® B corresponding to the joint spectral value (, ) €
0(A ® 1,1 ® B), and hence coincides with the matrix mechanical prediction for the
joint probability Pr,((A, B) = (@, 8)) (Proposition 2.17).

We conclude that separable states on full bipartite systems admit local hidden vari-
able models, in agreement with the idea that the classical correlations in such states
are reflections of our partial ignorance of the preparation of the state.

We refer to [WWO1] for a more detailed review of hidden variables and entangle-
ment.

So far we have seen that local hidden variable models are very natural from a classical
point of view, and always realized in classical physics as well as in separable states of matrix
mechanics. For entangled states, we are not sure at this point of our discussion. In general, it
is also not clear how to decide in a given theory whether local hidden variable models exist.
In this context, it is important to learn that the existence of local hidden variable models
leads to certain inequalities — so-called Bell Inequalities and their generalizations — that can
be checked in theory and measured in experiment.

We restrict ourselves to a simple version in which the considered observables can only
take the two values +1. Such observables are called binary. The following definition again
takes place on the level of the experimental/statistical data collected by Alice and Bob and
will be compared with the matrix mechanical setting afterwards.

Given the joint probabilities Pr,,((A, B) = (a, 8)) (with a, § € {£1}), we introduce the
averaged quantities

Ew(A,B) := Y. aBPry((4,B) = (a,p)). (2.132)

a,B==x1

90



In classical mechanics, we have'®

EAB= Y af f X (AE) 251 (BE)) du(&)
M

a,B=%1

= / (xp(A©) — x—13(AE)) (xy(B(E)) — xi—13(B(£))) du(&)
M

- f A©)B(E) du(®)
M
= w,(AB),

the expectation value of the product of both observables. In a full bipartite system in matrix
mechanics with two observables A @ 1,1 @ B, we have

F,A®L1®B) = D, afw(BA®M®E((a,p)))

a,B==%1
= >, afa(EA(x) @ EB(B))
a,B=*1

= w(A® B),

the expectation value of the product of both observables. In general, E,(A, B) plays the role
of expectation value of the product observable AB also when we have no observable algebra
at our disposal.

Definition 2.58. Consider a bipartite system with binary observables A, A, for Alice
and By, B, for Bob. In a given state w, the Bell correlation (in CHSH form®) is

b.,(A1,Ay, By, By) = E,(Ay,By) + E,(Ay, By) + Ey(Ay, By) — Ey(Ay, By).

“CHSH stands for the names Clauser-Horne-Shimony-Holt.

Theorem 2.59 (Local hidden variable models imply Bell Inequalities). LetA;,A,, B, B,
be binary observables of a bipartite system, and let w be a state on this system. If w admits
a local hidden variable model, then the Bell Inequality holds, namely

| b,,(A;,A,, By, B,)| < 2. (2.133)

Proof. Using the assumption of alocal hidden variable model, there exists a measure space X
with probability measure v and integrable functions f Ao {+x1} x X - [0,1], fBj,w :
{1} X X — [0,1],j = 1, 2. We write ff}ﬁ) 1= fAj,w(il,x), f;kxw = fB (£l x)asa
shorthand, and note that for fixed hidden variable x € X, the expectation value of A jis

. s +, I
EX(A) 1= D afie = fajew — fajw € [F11],

a=%x1

13Note that the idealization to observables taking only the two values £1 is extremely restrictive for smooth
functions A,B : M — [R. But one can extend this part of classical mechanics easily to functions in
L (M, u), where i is the measure describing the state under consideration.
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and similarly E7,(B;) € [—1, 1]. Now the hidden variable model gives

E B0 = [ 3 el = [ ESADESE do()
X

X a,ﬁ:+1

and the Bell correlation can be estimated by triangle inequality according to

E2(AD(EL(Br) + Ey(By)) + B (A)(Ey(Br) — Eyy(By))|dv(x).

| by(A1, Ay, By, By)| < j
X

Since v is a probability measure, the claimed Bell Inequality (2.133) follows once we have
shown that the integrand is bounded by 2 for every x € X. But this is elementary: Writing

aj L= w(A ) bk = ECJS(Bk) c [—1, 1], we claim |a1(b1 + bz) + az(bl — bz)l < 2.

Indeed,
lay(by — by)| = |ayb;(1 = a1b,) — ayb,(1 £ a;by)|
S |1 + a1b2| + |1 + a1b1|
=2+ al(bl + bz)
= |ay(by + by) + ay(by — by)| < |ay(by + by)| + |ay(by — b))
<2z ay(by +by) +|ay(by + by)|
= 2.

In the last line, we have chosen the sign + such that +a,(b; + b,) + |a;(b; + by)| =0. [

From our earlier discussion it is clear that the Bell Inequality holds in classical mechanics,
and for all separable states in matrix mechanics. We next show that it does not hold for all
states in matrix mechanics, and begin with a lemma about a particular state vector.

Lemma 2.60 (The singlet state). Consider the vector”
1 2 2
p=—(e;®e, - ®ey) €EC*QC

V2

Then the projection onto C can be expressed in terms of the Pauli matrices as

3
1
P¢=Z(1®1—Zlaj®oj). (2.134)
J:

“This vector has various interesting properties: for example, P is invariant under SU(2) in the sense

(U@ U)yp =y forall U € SU(2).

Proof. We define F := % (1 ®1+ ijl g; ® Uj) and claim that F is the tensor flip, i.e.
FoQ@w)=w®uvforallv,w € C2. This claim can be checked in the tensor product basis
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(ej ® ex)j k=1,
Fle; ®ey) = %(€1®31+ez®ez—€2®ez+el®el):el®e1a
Fle; ®ey) = %(e1®e2+ez®e1+ez®e1—e1®ez)=e2®e1,
Fle, ®e;) = %(32®31+31®92+91 Qe;—e; Qe) =e; ey,
Fle; ®ey) = %(e2®e2+e1®e1—e1 Qe +e;Qe) =e; Qe
The claimed formula (2.134) is equivalent to Py, = %(1 — F). As F}p = —1), we have %(1 -

F)Y =1 = Py. The three vectorse; ® e, e, ® e,, %(el ® e, + e, ® ep) complete P to

an orthonormal basis of C* ® C? and are invariant under F (symmetric). Hence %(1 —F)
maps them to zero, in agreement with the orthogonal projection Py. []

Example 2.61 (Violation of Bell Inequalities in matrix mechanics). On the full bipar-
tite system M,(C) ® M,(C), we consider the pure entangled state @y, with the vector

_ L
RE

from Lemma 2.60. The interpretation of the state ¥ is that it describes a pair of coupled

] (e;®e;—e1 ®ey)

spin : particles.

To test the Bell Inequality, we have to choose binary observables for Alice and Bob,
ie. A € M,(C) selfadjoint with eigenvalues £1. In other words, A = A* must have
Tr(A) = 0 and det(A) = —1. Recall from Example 2.38 that such matrices are always
of the form A = X0 = X,07 + X,0, + X303 with a unit vector x € R3. This observable
corresponds to a measurement of the spin along the axis x € R>.

Using Lemma 2.60 for expressing Py, in terms of Pauli matrices, recalling that all
Pauli matrices have trace zero, and that Tr(a i k) = 20 ji (this was shown in Prob-
lem 2.10), expectation values of tensor products of these matrices are

wy((x0) ® (¥0)) = Tr(Py((x0) ® (y9)))

3
= %Tr ((xa) ® (yo) — Z oj(x0) ® Gj(yU))
Jj=1
3

1
= —Z I; 1Xklel‘(O'jO'k) TI’(GjO'l)
J’ L=

= —(X, ).

Similarly, one finds wy(1 ® (x0)) = wy((xo) ® 1) = 0. In particular, spin measure-
ments in the same direction X are perfectly anticorrelated for Alice and Bob,

Covgy,, (x0)® 1,1 ® (x0)) = Corr,, (x0)®1,1® (x0)) = -1
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(the uncertainties are 1). This does however not rule out interesting correlations when
Alice and Bob choose different directions for their spin observables. Consider A; =
x0)®1,A;, = (X'o)®1,B;, = 1Q® (yo), B, = 1 ® (y'0), with unit vectors
x,x',y,y" € R3. Then the Bell correlation is

| hw¢(A1’A27Bl’B2)| = |<x’y> + <x7y,> + <x,sy> - <xl’y,>| .

To make this correlation maximal, let x = e;, X’ = e, be the canonical basis of a

1 1
two-dimensional subspace R> C R3, andy = E(el +e,),) = ﬁ(el — e,) an
orthonormal basis of the same subspace that is rotated by 77/4 w.r.t. the canonical one.
Then

1 1 1 1
bo, (A1, Az, Bi, By) = |—= + —= ——(——)‘zz 2> 2.

AN

This example shows that in matrix mechanics, there exist situations in which Bell’s In-
equality is violated. We also remark that this is the maximal possible violation of Bell’s In-

equality:

Lemma 2.62 (Tsirelson’sbound). LetA;,A,, By, B, € Mn(C) beselfadjoint with A3 =
A3 =B?=B5=1and [Aj,Bi] =0, j,k = 1,2. Then, for any state € S(Mn(C)),

by (A1, Az, By, By) = |w(A(By + B,) + Ay(B, — By))| < 2V2.

Proof. LetC := A;(B; + B,) + A5(B; — B,) = C*. Then, by explicit calculation, C> = 4 —
[A;,A,][By, B,], and therefore C2 < 4+]|[A;, A, ]|[|[By, B> ]| < 8, hence C < /8 = 2/2.
Evaluating in w proves the claim. [

From our discussion of the entangled singlet state, it is clear that the four binary observ-
ables Ay, A;, By, B, have to be chosen carefully in order to violate the Bell Inequality, i.e. for
many choices we will have | b, (A, A,, By, B,)| < 2. Furthermore, there exist mixed entan-
gled states that satisfy Bell Inequality for all choices of binary A, A,, B, B,. Examples are
the so-called Werner states, see Problem 2.14.

€ Experimental tests of Bell’s Inequality. We have seen that Bell Inequalities are satis-
fied in theories admitting local hidden variable descriptions, but violated in matrix me-
chanics. As Bell correlations can be directly computed from measurement data from
experiments, one can run an experimental test of the idea of hidden variable descrip-
tions. The first experimental test of Bell's Inequality was carried out by the team of
Aspect in 1981 (Nobel Prize of Physics 2022) in an optical experiment with entangled

polarized photons (these are not spin E particles, but their polarization behaves in the

same way). As in Example 2.61, the observables in the two subsystems measure po-
larizations along different axes that are set up in such a way that the Bell correlation
becomes maximal.

The experimental value of the Bell correlation was b, ~ 2.73, close to the ma-

trix mechanics prediction 2\/5 ~ 2.82 and certaintly larger than 2. Many later ex-
periments confirmed this. So the experimental findings rule out local hidden variable
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models and give strong support for quantum mechanics.

When accepting the local nature of physics (no faster than light communication),
this leads us to conclude that the observables of matrix mechanics do not have fixed
values before the measurement process, and can not be explained by hidden variable
theories. Only after measuring them, they acquire definite values, as described by a
“collapse of the wavefunction” or more carefully by measurement theory as indicated in
Exercise 2.3.

Although this state of affairs is a radical break from classical physics and in conflict
with what we would intuitively expect based on our everyday (classical) experience, it
is the perspective that is widely accepted today.

Nowadays, entanglement is known not only as a fundamental property of quantum physics,
but also as a computational resource of central importance in quantum information. Time
permitting, we will come back to this point later in this course.

2.6 Exercises and Problems

Exercise 2.1 (The commutator on My (C)). Verify the properties of the commutator
claimed in Lemma 2.4.

Exercise 2.2 (Numerical range and uncertainty). Let A = A* € My(C). Denote by
Aﬁax /min € R the maximal/minimal eigenvalue of A, by diam o(A) = %(/1;?1&,( -4

the diameter of the spectrum of A, and by Conv o(A4) := [14,, 24 ] the convex hull

of the spectrum of A. Show the following:
a) The possible expectation values of A in arbitrary states are

{wp(A) : p € Dy} ={wyl) : p €CY, 9] = 1} = Convo(A).
(2.135)

b) The uncertainties satisfy

sup Ay (A) = diam(a(A4)) < [|A]. (2.136)
PEDa

Exercise 2.3 (State update rule). Let A € Mp(C) be normal and p € Dy. The
non-selective state update rule of p in A is defined as

UA®) := D, EAMPEAR). (2.137)
Aea(A)

Similarly, given S C 0(A) and assuming E4(S)p # 0, the selective state update rule
ofpin S C 0(A) is defined as

UAS(p) 1= — )EA(S),OEA(S). (2.138)

Tr(0EA(S)
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a) Show that U4 (p), UAS(0) € Dy.
b) Show that if p is a rank one projection and EA(1)p # 0, then U5 (p) is a rank
one projection.
c) Let py be a rank one projection. Show that Ur’f_‘s_(pw) is a rank one projection if
and only if 1) is an eigenvector of A.
Think of the following model: Fix S C 0(A) and S’ C o(B). If a measurement of
A in the state Wp yields a value A € S, update the state wp to WirA.S (0). One may then
perform a new measurement in B.
d) Show that in general the order of updates plays a role, i.e. there exist normal

A,BE€ MN(C) s.t.
UA,S o UB,S' ;é UB,S' ° UA’S.

e) If A, B are normal and commute, show that

1

Pr (BeS)= 1o P (S x 8", (2.139)

A
Ui () #p ()

where ,u‘g and ,u’,;"B are the Borel probability measures associated to A and (A, B).

Exercise 2.4 (Schrodinger equation). On C? consider the inital value problem for Schrodinger’s

Equation for
01 1
H = (1 0) and WPg = (0) (2.140)

a) Show that e defined via spectral calculus and via the exponential series coin-
cide.
b) Show that the unique solution of Schrodinger’s equation for H, 1, is given by

P(t) =( cost ) (2.141)

—isint

Exercise 2.5 (Commuting observables). Let H = H* € My(C)and L = L* €
Mp(C) commute.
a) Show that H leaves EL(A1)CY invariant for all A € o(L).
b) Show that E¥ (u) and EX(1) commute for all 4 € o(H), A € o(L). What does
this imply for the diagonalisation of H?
c) Discuss the difference between o(H, L), o(H) X o(L) and o(H).

Exercise 2.6 (Particle hopping on one-dimensional lattice). Consider X and V' as in
Problem 5.1 and denote by (€j);=1...., v the eigenbasis of X. Recall that V' is unitary,
satisfies Ve; = ej, and its eigenvalues are

o(V)={v,.c,ont, v =0k, w =N (2.142)
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and the vector
e; (2.143)

is a normalized eigenvector of V' with eigenvalue V.. Consider now

N-1
Hi=V+V* =Y (e)ewnl + lexsn)ex]) € My(C). (2.144)
k=1

and consider the time evolution ocfl (X) of the position observable X.
a) Show that X is a not a constant of motion.
b) Show that the spectral decomposition of H is given by

N
H = Alé)ékl, oH) ={A1,....An} A = 2cos % (2.145)
j=1

c) Show that

af (X) =) et M| W&, XENE. (2.146)
ol

d) Show that Prlp(oc{{(X) = k) = |{ex, e~ ""H1)|? and discuss the result for
» 3 = ey for some k,

< Y= f{c»
. P = E(er + e;) for arbitrary r, [,

. P = %(é} + &) for arbitrary r, .

Exercise 2.7 (Dynamics of uncoupled product). Consider the uncoupled product (A, H)
of two matrix mechanical systems (M, (C), H;) and (M, (C), H,). Show that for the
dynamics it holds

=" @a2, teR. (2.147)

Exercise 2.8 (Reduced density matrices). Let My, (C) ® My, (C) be a full bipartite
system and denote for p € Dy, N, the reduced density matrices by p; € Dy, and
P2 € D,
a) Show that for p; € Dy, and p, € Dy, there existsa p € Dy, N, s.t. p1 and
0> are the reduced density matrices of p.
b) Show that the map

DN, = DNy X Dy P+ (01:02) (2.148)

is not injective for Ny, N, > 2.
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c) What happens in case N; or N, equals 1?

Exercise 2.9 (Schmidt decomposition). Use the singular value decomposition of an
N; X N,-matrix to show that any ¢ € CV1 @ CN2 can be written as

p= > AuQu;, (2.149)

i=1,---,M
where 0 < M < min{Ny, N,}, (4;)i=y,...y C CN' and (v)i=y,...ps C CN2 are

orthonormal setsand A; > O foralli =1, ---, M.

Problem 2.1 (Matrix units). A system of matrix units in My(C) is a family Ey; €
Mp(C), k,l €{1,...,N}such that foralli, j,k,l € {1,...,N},

N
EyE;j = 6;Ekj, (Ex)" = Ey, Z Exe = 1. (2.150)
k=1

Show that every orthonormal basis (b)) of CV defines a system of matrix units via
Ey = |br){by|, and every system of matrix units is of this form. Show that a system
of matrix units forms a basis of M (C).

Problem 2.2 (The trace functional on My (C)). The matrix trace is the linear func-
tional

N
Tr: MN(C) = €, Tr(A) 1= ) A (2.151)
k=1

Show that the matrix trace has the following properties:
a) Tr : My(C) islinear and positive (i.e. Tr(A) > 0 for A > 0),
b) Tr : Mp(C) is faithful: If a positive matrix A > O satisfies Tr(A) = 0, then
A=0.
c) Tris invariant under cyclic permutations of its argument,

Ti(AB) = Tr(BA),  A,B € My(C). (2.152)

d) Ift : MN(C) — Cislinear and satisfies 7(AB) = 1(BA) forall A, B € My(C),
then 7 is a multiple of Tr.

Problem 2.3 (No uncorrelated states on M (C)). Let H be a finite dimensional Hilbert
space with N := dim #€ > 1. In this exercise you show that B(') does not have any
product (or completely uncorrelated) states. Let w be a state on B(J() and assume

Cov,(A,B) =0 forall A, B € B(H).

Proceed in the following steps:
a) Show that B(() ~ Mp(C) as *-algebras.
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b) Show thatkerw = [Mp(C), M(C)] := Span{fAB — BA : A,B € Mn(C)}.
¢) Show that [Mn(C), Mpn(C)] = ker Tr the set of all traceless matrices and con-

clude that w = ¢ Tr for some ¢ € C*.
d) Conclude that no state w with Cov, (A, B) = 0 forall A, B € B(H) exists.

Problem 2.4 (Rotation on a discrete circle). Considera particle ona cyclic one-dimensional
finite lattice consisting of N sites. On the associated space CN one considers the posi-
tion observable

N
X := diag(L,...,N) = ) kEj, (2.153)

which is a diagonal matrix (see Example 2.19) in the canonical orthonormal basis (€;) =1, n-
In the identification ep, 1 = e;, consider the matrix

N
Z lej1)ej- (2.154)

a) Show that V is unitary and VY = 1.
b) Show that

N-1 .
V=2 oI5l
j=0

1
—27i

1 N
where fj =N lel Jle;and w = eN

c¢) Show that V*XV =X + 1 — Nleyx)en]|-
d) Show that there exists no invertible U € My(C)s.t. UXU™! = X + 1.

Problem 2.5 (Polynomial Functional Calculus). Denote by Poly(C) the space of poly-
nomials in one variable with complex coefficients. Let A € Mp(C) and p € Poly(C)
and define

m m
p(A) 1= cxAk € My(C), where p(d) = D) e -, (2.155)
k=0 k=0

a) Show the spectral mapping principal o(p(A)) = p(c(A)).
b) Show that if A is normal, then || p(A)| = SUP; ¢ () Ip(A)|.
c) Show that if A is normal, then the map

¢4 1 Poly(C) — Mn(C), ¢*(p) := p(A) (2.156)

is an isometric homomorphism of normed unital algebras, where Poly(C) is en-
dowed with ||p| := SUP; ¢ () |p(A)|.
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Let now A be normal and E4 its spectral measure and define for f : C — C

QA(f) 1= Y f(DEAQ). (2.157)

Aea(A)

d) Show that for any function f : C — C there exists p € Poly(C) s.t. p(4) =
f(A) forall A € g(A). Given S C 0(A), give an explicit expression for the
polynomial that agrees with the characteristic function yg of S on o(A).

e) Show that for any p € Poly(C) the definitions coincide, i.e.

@4(p) = p(A). (2.158)

f) Show that ®A(f*) = ®A(f)* = @A (f*), where f*(z) = %and f#(z) =
f@).

g) Givenastate w, € S(My(C)), show that (see equation (2.27))

W, (xs(A)) = up (S). (2.159)

Problem 2.6 (Superposition states). Leti) = e;,& = e, € C?and consider the vector

1 :
n i= —(e; + e'%ey), (2.160)

V2

where a € R is a parameter.
a) Show that 7 is a superposition vector.

—ix
b) Show that for A € M,(C), (n,An) = cupn(A) for B, = % (ell“ ¢ 1 )

c) Consider the density matrix p = 21231 + %Ezz and show that p # B,

Problem 2.7 (Derivations on M (C)). Let 6 be a derivation of My (C) and consider
a system of matrix units (E;)x; in My (C).
a) Letdy and Oy be inner derivations satisfying 5y = Jy, showthatX—-Y € C-1.

b) Define X := —i Y 8(Ey)Eyx and show that
6x(Ex) = 6(Er), k,l=1,---,N. (2.161)

Conclude that every derivation is inner.
c) Consider an analytic one-parameter group of automorphisms (&;);er. Show
that

. d
5 .= E|t=0at (2.162)

is a derivation of M (C) and that § o a; = a; o 6.
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Problem 2.8 (Spectrum and periodicity). Let H = H* € My(C) with either a)
o(H) C Zorb)o(H) C % + Z. Denote Ug(t) = eH and afl : A > eitHAe—itH ¢
Aut Mpy(C), t € R.

a) Show that Uy is periodic with period 27 for a) and 47 for b).

b) Show that ! is periodic with period 27 in both cases a) and b).

Problem 2.9 (Unitary one-parameter groups). Show that on CV, the map between
selfadjoint matrices and continuous unitary one-parameter groups, given by

Hw (e'H), g, (2.163)

is a bijection.

Problem 2.10 (SU(2) and SO(3)). In this exercise we investigate the groups SU(2) and
SO(3).
a) Show that R(0), |x|| = 1,6 € R as defined in Lemma 2.35 satisfies

R,.(0)p = cos(0)p + (1 — cos(0))(x - p)x + sin(0)(x X p), p € R3,
(2.164)

where X denote the cross product on R3. Hint: Decompose p into pj and py

Ww.L.t. X.
b) Consider L;, L,, Ly € M3(C) as in Example 2.36. For x € R? define

X - L = lel + x2L2 + X3L3 (S M3(C) (2165)

Show that e®*L g e [0, 7] is the rotation around the x-axis with angle 6.
c¢) Consider oy, 05,03 € M,(C) as in Example 2.38. Show that any U € SU(2) has
the form

—i
—0x-0

U=ez (2.166)

for some x € R3, ||x|| = 1and & € R. How unique are x, 6?
d) Show that the group homomorphism p : SU(2) — SO(3) of Prop. 2.41 satisfies

—i
—0x-0

ple2 ) =eo*L (2.167)
Conclude that p is surjective.

Hint: Use the identity (x - 0)(y - 0) = (x - y)1 + i(x X y) - 0, where X denotes
the cross product on R3.
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e) Show that in coordinates
p(U)jy = %Tr(achrkU*) (2.168)

and conclude that p is continuous.

Problem 2.11 (SO(3), SU(2) and angular momentum operators). Let U : SO(3) —
Un(C) C My(C)be a unitary representation, i.e. a continuous group homomorphism
into Uy (C).

a) Consider the maps

Ui(0) : R - My(C), 6+ UR,(0), i€{l,2,3}.  (2169)

Show that U; is a continuous unitary one parameter group.

b) Denote the generator of U; by LY. Show that (LY, LY, LY) is a system of angu-
lar momentum operators.

c) A finite-dimensional representation on CN of a group is called irreducible, if the
only invariant subspaces are 0 and CV. Show that the unitary representation U
is irreducible if and only if (LY, LY, LY) is irreducible.

d) Show thata), b) and c) hold true for a unitary representation U of SU(2) and

—i
—0x.
U9 : R—>My(C), 06Uz ), i€{l,2,3}. (2170
e) Show that for a representation U : SU(2) — Uy(C) the map

V :S0(3) = Un(C), V(p(A)) := U(A) (2.171)

is well-defined if and only if {+1} C ker(U), where p is given in Proposition 2.41.
Show that in this case V is a unitary representation.

f) Show that for a representation U : SU(2) — Upn(C), also in case {+1} ¢
ker(U), the map

a : SO(3) = Aut(My(C)), a(p(A)(X) := UAXUA™Y)  (2.172)

is well-defined and a continuous representation of SO(3).

Problem 2.12 (Entanglement and entropy). Consider the function
f:(0,0) >R, x+ —xIn(x). (2.173)

a) Show that the unique continuous extension of f to [0, 00) vanishes at 0. This
extension will also be denoted by f in the following.
For w = w,, a state on a full matrix algebra, the von Neumann entropy S(p) is defined
as

S(p) = Tr(f(p)) € R. (2.174)
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b) Show that S(o) = 0 ifand only if w,, is a pure state.
Consider now the full bipartite system A = My, (C) ® My, (C). We define the
entanglement entropy of pure states on A by

E:S, (A >R, EP):=S@®), (2.175)

pure

where B, is the 1-reduced density matrix of P. Show the following properties:
¢) E(P) = S(B) (independence of choice of subsystem),
d) E(P) = 0ifand only if P is not entangled (entanglement measure),
e) E(P) € [0, oo) (positivity),
f) supp E(P) = log(min{Ny, N,}) (upper bound),
g) E(U; ® U,)P(U; @ U,)*) = E(P) (invariance under local operations).
Hint: For c) and f) use the Schmidt decomposition. For f) use additionally that

M
In : (0, 00) — Ris a concave function, i.e. for }7,_ @; = 1 and x; € (0, )

M M
E a; ln(xi) < IH(Z ocixi).

Give an example of a pure state on A that attains the upper bound in e).
Why is E not a good entanglement measure for mixed states on A?

Problem 2.13 (Entangled states). Considerin C* ® C?

1 1
Pr=—(CE®e;+e;Q¢ey), Py= —2(e1®el—e2®e2), (2.176)

V2 V2

1
Y3 = —2 (1 ®e;—e,®e1), Py=(e;Qey). (2.177)

Compute the reduced density matrices of the following density matrices and de-
cide, which of them define entangled states.

Py,

1

, for i=1,2,3,4 (2.178)
and

p=1
4

(( Z le; ® ej)e; R ej|) +ile; @ ex)(e; @ ey] —ife; ® ex) e, @ ez|)~
i,j=1,2
(2.179)

Problem 2.14 (Werner states). Consider the singlet vector state given by
1

V2

p=—(,®e;—e;®e,) € C*Q C?
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and for a probability parameter 0 < p < 1, the density matrix
. 1 -
Pp i=DpPy+ Tl’

and the state w;, = w, € S(M; ® M,). Show the following equivalences:
a) wp,isaproductstate < p =0,
b) @y is separable <= 0 < p < i,
¢) W, isentangled < p > i,
d) w, satisfies the Bell Inequality

sup ||bwp(A1®1’A2®1’1®Bl’1®32)| SZ
Aj,A5,B1,B; binary

1
ifand only if p > Nk
Conclude that Bell correlation is no good entanglement measure.
Hints: For b), first show that ;3 is separable. To do so, consider the density matrices

1
1+ x-0) € D,, the tensor products 7, @ 7_y, and averages over X €

T =
{iel’ ieZ, ie3}.
For c), first prove that the tensor flip F satisfies w(F) > 0in every separable state w,

and then use this criterion on wj, (this is called an “entanglement witness”).
For d), follow the analysis presented in the lectures for the singlet state .
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3 General quantum mechanical systems (quantum mechanics)

Having learned many concepts and results of quantum mechanics in its finite-dimensional
matrix mechanics form, we now move on to consider general quantum mechanical systems.
Conceptually, not much changes, but on a mathematical level, we have to work with infinite-
dimensional Hilbert spaces and operators on them rather than only C™ and matrices in My (C).
Background knowledge in functional analysis, in particular about Hilbert space operators
and spectral theory, is required from now on.

See Appendix M.4 for some reminders, and [RS72; Sch12] for detailed text books. We
will also need the Fourier transform, recalled briefly in Appendix M.3.

3.1 From canonical commutationrelations to Schrodinger representations

A main problem of matrix mechanics is that it does not give us counterparts of the fundamen-
tal position and momentum observables of classical mechanics. Recall that given a phase
space M = U x R% C R??, these are the maps (1.39), k € {1, ..., d},

X2 M- R, (x, p) = Xk, (3.1)
B M- R, (x,p) ~ pPx (3.2)

where we have included the superscript “cl” for “classical” for emphasis. We have seen that
their Poisson brackets are given by (1.44), k,l € {1, ... ,d},

X, X' = o, {B, B} =0, X, B =6y, - 1. (3.3)

In matrix mechanics, we have learned that the quantum analogue of the classical Poisson
bracket is the commutator times (—i). It is therefore natural to search for selfadjoint ele-
ments X1, ..., X4, B, ... , Py of a unital *-algebra A satisfying

[ Xy, X;] = 0, [Py, P,] =0, [ Xy, ] = 6y, - 1, (3.4)

as areplacement for the classical relations. We remark that in this case, the X}, P; also satisfy
Heisenberg’s uncertainty relations (2.1) (with # = 1): For any state w € S(A),

B0 B(P) 2 2K (35)

The proof of this follows immediately from the general uncertainty relation (Proposition 2.9)
and the normalization of w.

We are therefore well motivated to analyze the relations (3.4). For a basis-independent
approach, it is best to consider the symplectic space (R??, o), with the symplectic form (bi-
linear antisymmetric non-degenerate map)

o R¥ xR¥ - R, (3.6)
€. 1= €20 = (7). o) (3)) =60 phne - @)

where we have used the canonical symplectic matrix X (1.33) and written § = (x, p), &’ =
(x', p") for the position/momentum parts of the phase space vectors &, &'.
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Definition 3.1 (CCR algebra).
a) The CCR algebra (algebra of canonical commutation relations) CCR(R??, o) over
(R%4, 5) is the unital *-algebra generated® by elements ¢(£), & € R?4, such that

[#(5), $(§)] = i0(§,§) - 1,

() = $(©), (338)

holds for all £, £’ € R?4,
b) A representation of the CCR algebra in another unital *-algebra A is a homomor-
phism of unital *-algebras CCR(R*¢, ) — A.

“That is, CCR(RZd, 0) consists of all polynomials in the ¢(&). See an algebra lecture for a more
detailed explanation of “generated algebra” (one starts from a free algebra and divides by the ideal gen-
erated by the relations).

In the CCR algebra, the elements ¢(&) are abstract generating elements, and in a represen-
tation, they are mapped to elements of A satisfying the same relations (3.8). Consider a
representation mapping ¢(&) € CCR(R*%, ) to ¢ 4(§) € A, and set Xj := ¢ 4((ex,0))
and P, := ¢ 4((0,e;)). Then

[ Xk, Pi] = io((ek, 0),(0,¢e7)) = id T,

in agreement with (3.4).
I Lemma 3.2. Let N € N. There exist no representations of CCR(R?%, &) in My (C).

Proof Assumearepresentation¢ 4 : CCR(R??, 0) = Mp(C) exists. Then X}, = ¢ 4((ex,0)),
P = ¢ 4((0, ey)) satisfy [ X}, P ] = il 4, which evaluates in the trace of My (C) to

0= Tl‘(XkPk - Pka) = TI‘([Xk,Pk]) = Tr(i) = lN, (3.9)
a contradiction. OJ

This lemma can be seen as an explanation why we did not find good replacements for
position and momentum in matrix mechanics: The finite-dimensional matrix algebras are
“too small” to allow for representations of the canonical commutation relations.

We next want to show that on infinite-dimensional spaces, representations of CCR(R??, &)
do exist. To that end, we first recall some function spaces known from the analysis courses:
We write Pol(R?) for the space of all polynomial functions R¢ — C (polynomials in d vari-
ables), C(R%) for the space of all smooth compactly supported functions, and I*(R%) for
the space of all square integrable (w.r.t. Lebesgue measure £ on R%) functions 3 : R? — C.
We will also need the slightly less familiar Schwartz space, defined as follows.

Definition 3.3 (Schwartz space). A Schwartz function on R% is a smooth function ¢ :
RY — C such that for every two multiindices” @, 8 € Nd,

sup |x%(3F)(x)| < oo. (3.10)

xeRd

The Schwartz space is the linear space & (R9) of all Schwartz functions on R4,

“A multiindex is an element & = (&1, ..., aq) € N&. Itslength is || := a; + ... + ag. For
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I x € R%, onesets x¥ 1= x}" --- x5%, and 8% := 8%} --- 85 for partial derivatives.
By definition of Schwartz space, we have
f ePl(RY), a eNg, p € S(RY) = fop € S(RY), % € S(RY).  (3.11)
Furthermore,
Ce(RY) ¢ S(RY) ¢ IX(RY), (3.12)

and we recall that C®°(R%) (and in particular S(R%)) is a dense subspace of [?(R%). Here we
of course consider the Hilbert space I?(R%) with the norm || - ||, given by its scalar product

B Py = / Pe(x) dx, (313)
Rd

namely [[9]13 = (¥, ) 12(Rd)- We will mostly drop the subscript on the scalar product when
it is clear from context that the I?-scalar product is meant.

Definition 3.4 (Position and momentum operators on S(R%)).
a) Alinear differential operator with polynomial coefficients is a map of the form

D : S(RY) - S(RY), (DP)(x) = D My, 3%, (3.14)

where the sum is a finite sum over multiindices @ € Ng, the f,, € Pol(R%) are
polynomials in Xy, ..., Xg, and My 3 = f, - §. The set of all these maps is
denoted DiffPol(R9).

b) The (Schridinger) position/momentum operators are the maps X, P; € DiffPol(R%)
givenby, k,l € {1, ...,d},

X : SRY) = S(RY),  XG)(x) 1= xxP(x),

g p o (3.15)
Pt S(RY) —» S(RY), (Pp)(x) 1= —i(dy,P)(x),

Every D € DiffPol(R?) is a well-defined linear map S(R?) — S(R?) because of (3.11).

Proposition 3.5 (The Schrodinger Representation).
a) DiffPol(R%) is a unital *-algebra with the *-operation given by

(Z Mfaa“) =Y (=Dl*la% o My,  fa€ Pol(R9). (3.16)

(04

b) For,p € S(RY), one has

(¥, Do) = (D*P, @) (3.17)

(the scalar product is the I?-scalar product).
¢) The map CCR(R??, o) — DiffPol(R?) given by

¢((e,0)) = Xk,  ¢((0,e))) = P, (3.18)
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I defines a representation of CCR(R??, &) in DiffPol(R%).

Proof. a) and b) will be proven in the exercises. For c), we have to verify the commutation
relations (3.4).

As multiplication operators, the Xj commute among themselves, i.e. [X}., X;] = 0 forall
k, l. The same holds true for the momentum operators, i.e. [Py, P;] = 0 for all k, I, because

partial derivatives of smooth functions commute. For the mixed commutator, we have by the
Leibniz rule, ¢ € S(Rd), x € RY,

([ Xk, P1p)(x) = xp - (=i(313)(x)) + i0;(xxP(x)) = i8)3h(x),

which implies

[Xk» Pl = i6 11 pigrpoi(ra) (3.19)

because ) and x were arbitrary.
It remains to show X} = X} and B = Pj. With the linear polynomial f(x) = xy,
we have Xj = My, , hence X;; = Mﬁ = X} according to the *-operation from a). For
the momentum operators, we have P, = —idj, corresponding to the multiindex a = ey, of

length |a| = 1. Hence B = (—1)!(—i)d) = idy = Py. [

The representation constructed in part c) of this proposition is called the Schrodinger
representation of CCR(R?%, ). We will see later that it is not just some representation of the
CCR algebra CCR(R??, 0), but a special one.

Every D € DiffPol(R) can be written as a polynomial in the 2d operators X3, ... , Xy,
B, ..., P;. As these do not commute, the order matters, e.g. B2X; # BX;B. In case only
position operators Xi, ..., Xy are involved, or only momentum operators B, ... , Py, the or-
der does not matter because these operators commute. In particular, we may unambigu-
ously speak about a polynomial in the X’s, say f(X) € DiffPol(R%) (and similarly f(P) €
DiffPol(R%)) for given f € Pol(R?).

In contrast to the commutative algebra C* (R??) or the finite-dimensional algebra My (C),
the state space S(DiffPol(R%)) is not easy to describe completely. Nonetheless, it is easy to
give examples of states. The following proposition partially relies on the Fourier transform
(see Appendix M.3).

Proposition 3.6 (Vector states on DiffPol(R?)). Let ) € S(R?) be [?-normalized, i.e.

I1bll> = 1.
a) The functional

wy : DiffPol(R?) — C, wy(D) := (¥, D) (3.20)
is a state of DiffPol(R?).

b) Let € denote Lebesgue measure on RY. Then the measure ||*€ with density |1p|?
(ie. d|[P|?6(x) = [p(x)|? dx) is a probability measure on R%, and

w0y (X)) = f FEOWWRdy,  fePl®D.  (321)
Rd

c) Let € denote Lebesgue measure on RY. Then the measure ||*€ (here P denotes

the Fourier transform of ) with density ||? (ie. d||*¢(p) = [P(p)|*dp)isa
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probability measure on RY, and
(@)= [ fOE@Pdp.  fera®@).  (@22)
R

Proof a) As D S(RY) ¢ S(RY) c I*(R?), the scalar product (3, D) is well-defined for
P € S(RY). It is clearly linear in D and satisfies wy(1) = (1, ) = ||P||* = 1 by normaliza-
tion of . For positivity, we use Prop. 3.5 b) and get w,,(D*D) = (Dy, Dyp) = | Dy||* > 0.
Hence wy, € S(DiffPol(R%)).

b) The function |)|? lies in L' (R9), with |[|[?[l; = [[¥]|3 = 1, hence [)]?€ is a probability
measure on RY. For any polynomial f € Pol(R%), we have f(X)i = f - ¥, and therefore

wy(FX) = (B, f - ) = f PSP dx = f FOORGOP d.
Rd Rd

¢) With 9, also the Fourier transform 3 lies in S(R%) (Theorem M.23 a)), and we have
I®ll> = |[¥ll, = 1 (Proposition M.24). Thus by the same argument as in b), we see that [1)|>€
is a probability measure on R%, and

wy(f(P)) = (@, f(P)h) = (Fh, F f(P)Y),

where F denotes the Fourier transform, and we have used the Plancherel Theorem (Prop. M.24)
again. To simplify F f(P)i, we first consider the linear polynomial f(P) = Py. According
to Theorem M.23 c), we have F P Y = X; F1. For a multinomial f(P) = Py, --- Py, , we get

FPe, - P, = Xi, TPy, - P, = X, - X, T = [ - F.

By linearity, this implies for general polynomials F f(P)) = f - 1, and therefore

wy(f(P)) = (F. FX)F ) = f FEIP)Pdp
Rd

asinb). U

As for any unital *-algebra, the state space of DiffPol(R%) is a convex set, i.e. convex
combinations of vector states are also states (mixed ones). This gives us many more examples
of states, namely

N
D~ 21 An{¥n, DYp), (3.23)

where ¥, € S(R?) have unit I?-norms, and the 4,, > 0 sum to 1. As in matrix mechanics,
we can also form superpositions (Def. 2.22) of vector states.

As explained above, the integrals (3.21) and (3.22) exist for all polynomials f € Pol(R%)
because Schwartz functions decay faster than any inverse polynomial. We therefore have two
probability measures, |1|>¢ and |§|?¢, on R? for which all mixed moments (cf. (1.86)) are
finite. We state here without proof that in case 1 decays exponentially in the sense that there
exists @ > 0 such that fpq e lgp(x)|2 dx < oo (this is not true for all P € S(R?), but
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of course in particular satisfied for ) € C(R%)), it follows that these moments uniquely
determine the measure [1)|>¢ among all Borel probability measures on R¢, and analogously
for [ip|2¢.

When considering only functions (polynomials) of the position operators (or only the
momentum operators), we are therefore in a situation quite analogous to classical mechan-
ics and interpret these measures as the probability measures for position and momentum
(cf. Def. 1.27 and Def. 1.28).

Definition 3.7 (Position and momentum probability measures). For ) € S(R9),
¥l = 1, the measure |1)|>€ is the probability measure for position, and the measure
[1|2¢ is the probability measure for momentum.

In particular, given a Borel set B C R4,

Pry(X € B) = f [p(x)|? dx (3.24)
B

is the probability that the position of the particle described by  lies in B, and

Pry(P € 5) = [ [P dp a5
B

is the probability that the momentum of the particle described by ¥ lies in B.

As in classical mechanics, we can derive expectation values, uncertainties, and correla-
tions from the state w.;, and analogously for convex combinations of such states.

Note, however, one crucial difference to classical mechanics: In classical mechanics, states
are given by probability measures on phase space. In particular, we may consider measures
Vx X Vp of product form, i.e. prescribe the probability distributions of position and momen-
tum independently. In quantum mechanics, however, the probability measures for position
and momentum, |p|?¢ and [i}|?¢, are not independent because they both derive from the
same function 1.

Example 3.8. Working in dimension d = 1 for simplicity, the expectation value of
D :=XPinwyis

0y(XP) = (p XPY) = =1 [ FE () dx.
R
Using the Fourier transform, this can also be written as

wy(XP) = (, FXPY) = —(, PXP) = i f F(0)3,(py(p)) dp

R

=i+i f #(p)p3,¥(p) dp,
R

but the expression does not simplify to integration against a measure on phase space, as
in classical mechanics. Certaintly it is typically not true that wy, (XP) = [ Xp dvy(x, p)
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and wy(PX) = Jp2 pX dvy(X, p) for some measure vy, because the integrals coincide
(the numbers x and p commute), but the operators X and P do not commute.

€ Position and momentum space. Proposition 3.6 used the fact that Schwartz space
S(R?) is invariant under Fourier transform, and led to the two probability measures
|[1]%€ and |1)|>€. As the probability for the position lying in a Borel set B C R< is given
by an integral over x +— [1)(x)|?, we should think of the argument of 3 as a position
variable, hence the symbol “x”. The probability for the momentum lying in a Borel set
B C RY is however given by an integral over p — |(p)|?, so we should think of the
argument of §p as a momentum variable, hence the symbol “p’.

It does of course not matter which symbols we use for the variables, but this con-
vention helps to keep track of the significance of the variables under consideration. In
physics, one speaks of working “in position space” or “in momentum space”, respec-
tively.

At this stage we have found quantum counterparts X and P of our most important clas-
sical position and momentum X< and P, Such a correspondence X9 ~~ X, P4 ~~ Pis
called quantization. We would of course like to go further and understand quantum counter-
parts of more, or maybe even all, classical observables. Restricting ourselfes to polynomial
observables for now, we would like to set up a quantization map Pol(R??) — DiffPol(R%)
that maps classical observables to quantum observables. We start to define such a map by

mapping
PP, X e X, 1ra2d = idg(rd) = Inipoi(rd)- (3.26)

It is natural to extend this correspondence by mapping polynomials in the X"s (or the B"s)
to the corresponding polynomials in the Xjs (or the Py’s), but things get more complicated
for products involving position and momentum factors. For example, we should not map the
polynomial f(x, p) = x; p; (this is X{'B%) to X, B, because

(X1R)* = RX; = [R. X1] + X;R = X;R — il (3.27)

is not selfadjoint. As observables must be selfadjoint in order to give real expectation values
and non-negative uncertainties, this is unacceptable. A possible way out would be to map

X¢pt = %(dePfl + BX) to the selfadjoint element %(XIPI + BX;), the symmetrization
of X1 B,. This is done systematically for all polynomials by the Weyl quantization map.

Definition 3.9 (Weyl quantization). The Wey! quantization is the linear map
W : Pol(R??) — DiffPol(R9),

(W(Hp)(x) := (2m)™@ f f elx=yp) f (x_;ryp) $(y) dy dp. (3.28)
Rd JRd

We first note that the integral (3.28) is well-defined: Any polynomial f is a linear com-

bination of monomials f,3(x, p) = x¥ pP=xt ngd pfl pgd (multiindex notation).
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The inner integral over y takes the Fourier transform of the Schwartz function 3 times a poly-
nomial in y, which is then multiplied by p# and inverse Fourier transformed. By the binomial
theorem'* and Fourier transform, we obtain explicitly

Wapp) = @27t 3 (e [ i [ ety dydp
Rd Rd

U<

= @yt Y (e [ e piia )
Rd

p<a M

=27 3 (e8P0,

Mo

namely

W(fup) = 27190 S () x-rpBxH. (3.29)

Mula

Here we have extended our multiindex notation to commuting operators, i.e. X# = Xf‘ L xt d
etc.

As (3.29) lies in DiffPol(R%) and is selfadjoint, we conclude that W maps indeed into
DiffPol(R%), and maps real polynomials to selfadjoint elements of DiffPol(R%). For example,
in dimensiond = 1,

WIPY) 1= W(fyy) = 5(XP + PX),

W(XDH2PY) i = W(fy) = %(XZP + XPX + PX?).

Example 3.10 (Some observables in DiffPol(R%)). We use the Weyl quantization map
to define some polynomial observables of interest. These observables get their names
from their classical counterparts.
a) InSection 1, we repeatedly encountered the free Hamiltonian function H§(x, p) =
1.2 2 . . .
3 (p1 + ... + p3) (kinetic energy), where m > 0 was the mass of the particle
m
(ct. Def. 1.8). Under Weyl quantization, this is mapped to the free (quantum)
Hamiltonian ((quantum) operator of kinetic energy), namely

1

1
Hy 1= W(H) = m

1
P = ﬁ(Pf +..+P})= —5-4, (3.30)

where A = 0% + ... + 3(21 is the Laplace operator.
b) In classical mechanics, a simple Hamiltonian with non-zero potential was the
1 k
harmonic oscillator HZ. (x, p) = E(p% +..+pi)+ E(X% + ... + x3), where
again m > 0 is the mass, and k > 0 the strength of harmonic force, cf. Prob-
lem 1.2 for the one-dimensional case. Under Weyl quantization, this is mapped

- . d .
HFor x,y € R and a € N, we have (x + y)* = ZuSa (Z)x“ MyH, with (Z) = szl (Zj)
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to the (quantum) Hamiltonian of the harmonic oscillator, namely

e dy_ Lo ke
H, :=W(HS,) = %P + EX , (3.31)
withX? := X7 + ... + X3
¢) In classical mechanics in d = 3 dimensions, we studied the angular momen-
tum operators (Def. 1.25). Under Weyl quantization, these are mapped to the
(quantum) angular momentum operators Lj := W(le), J = 1,2,3, which are
explicitly given by

Ly :=XoB -X3B, L, :=X3R -XiB, L3 :=Xh-X;H. (3.32)

Note that in the products appearing here, the X and P factors commute, so the
symmetrization drops out.

All of these operators will be studied later.
Weyl quantization W : Pol(R??) — DiffPol(R?) is a linear map. One can show that W
is bijective and satisfies (Problem 3.2)

W(Tpoir2d)) = Tpigpol(Rd)s (3.33)
W) = W(f)*, [ € Pol(R??). (3.34)

Weyl quantization is not an algebra homomorphism. For example,
W(X9P) = %(XP + PX) # XP = W(XHW(P).
It does match Poisson brackets with commutators for some observables, for example,
WX, PUY) = W(1) = 1= —i[X, P] = —i[W(EX), W(P)],

but does not satisty W({f,g}) = —i[W(f), W(g)] in general. Such a Lie algebra homo-
morphism property is indeed impossible in a very general sense, as will be analyzed in Prob-
lem 3.1.

Many other quantization schemes exist, some of which also preserve the *-operation
as in (3.34) (for example Wick quantization). There is no quantization scheme that is fully
“canonical”. The nonetheless often used term canonical quantization refers to quantization of
the canonical position/momentum observables of classical mechanics in terms of quantum-
mechanical operators. We refer to [Wal07, Chapter 5] for a detailed discussion of quantiza-
tion schemes.

By inspection of the formula (3.28), it is however clear that Weyl quantization can be gen-
eralized to more classical observables than just polynomials: One only has to make sure that
the integrals (3.28) exist and define functions in S(R%), for instance phase space functions
like g(x)p%, withg € C®(R?) a smooth function such thatp € S(RY) = g € S(RY)
(such functions are called Schwartz multipliers, they have to satisfy polynomial bounds on
all derivatives) pose no problem here.

113



The free Schrodinger equation

We pause the development of the theoretical framework for a moment to look at an example.
Since we now have some quantum mechanical Hamiltonians at our disposal, we consider the
simplest possibility, the free Hamiltonian

1 1
— P2 =__—A, 3.35
2m 2m ( )

HO =
where m > 0 is the mass parameter. More generally, we might consider Hamitlonians of the
form H = ZLP2 + V(X) with a potential function V' of Schwartz multiplier form, in close

m
analogy to classical mechanics (Def. 1.8), but for now we stick to H,.
Since we have concentrated on vector states on DiffPol(R?) for now, it is meaningful to
consider Schrodinger’s equation as in (2.65) rather than Heisenberg’s Equation, namely

Sp(6) = H(o), (3:36)

where %(0) € S(RY), [|[¥(0)|| = 1, is given (initial condition). Because of the free Hamil-
tonian, this is called the free Schrodinger Equation. We are looking for a time-dependent
function (t,x) — (¢, x) satisfying the above equation. It is however not clear how we

d
should interpret the derivative e Either we read it as a partial derivative d;, or we treat

t = P(t) € S(RY) ¢ I2(RY) as a function taking values in a function space. We will show
below that in this situation, both versions work.

To get an idea for the solution of (3.36), we first proceed somewhat formally and give
proofs afterwards. We start from the free Schrodinger equation in the form

l%gb(t, X) = —%Axlp(t, x), (3.37)

where A, = 6%1 +...+02 ; is the Laplace operator in the x-variables. We now carry out a
Fourier transform in the x-variables and consider )(t, p) = (277)~%/2 Jrd e~ip ’x>l,b(t x)dx.

The Laplace operator on the right hand side is transformed to multiplication by ”2p” On
m

the lefthand side, we expect the t-derivative to commute with the Fourier transform (no proof
yet) because the Fourier integral is linear and independent of t. We therefore expect the free
Schrodinger Equation to be equivalent to

0 » ilp|* -
24t,p) =~ g ), (3:39)

which is easily seen to have the unique solution

_ilpIt

P(t, p) = e 2m (0, p). (3.39)

We then expect that by inverse Fourier transform,

ipl2t

96, %) = (2m)4 f e G0, p)dp. (3.40)
R
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Proposition 3.11 (Solution of the free Schrodinger Equation). Let 1, € S(R?) and
define fort € R

ilpI%t _

Be() 1= P(t,x) = (2m)~ 2 f 006 S fo(p)dp.  (341)
Rd

Then
a) p; € SR with ]| = 1Yol for all t € R.
b) P(0, x) = Po(x) (with 1) the prescribed function)
c) P € C*®(R1), and (3.37) holds.
d) t = P, € I?(RY) is differentiable, and (3.36) holds with % interpreted as the

derivative of an [*-valued function.”

“One canalso show that t - 1, € S(R?)is differentiable in the locally convex topology of S(R%).

Proof. a) With 9, € S(R%), also 1y € S(R?) lies in Schwartz space by Fourier transform.

- l\IP\I L
The function¢p; : p —> e 2m ty(p) is clearly smooth. Its multiderivaties ap 1, are of the
ilp|2t

form Zy <5 f(ple 2m “am 35, (p), with Iy € Pol(R4) polynomlals, because derivatives of

the exponential function are of this form. Hence SUP ped |p 5p ¥.(p)| < oo for any two

multiindices @, 8, which shows 1, € S(R9). By the invariance of Schwartz space under
Fourier transform, ; € § (R9) follows.

The norm can be computed with the help of the Plancherel Theorem in momentum
space:

1902 = 12 = f
Rd

b) follows immediately by inserting ¢ = 0 and using the Fourier inversion theorem.

ilpl?t
¢) In order to prove smoothness of i), we note that the integrand (¢, x) — ePX)e™ 2m o (p)

is smooth (clear), and for each mixed partial derivative 6{9% of the integrand, there exists
a (t, x)-independent integrable upper bound. This again follows by the polynomial factors
produced by the derivatives which are integrable in p against the rapidly decreasing ¥),,.

We may therefore differentiate under the integral sign. In particular, the equation (3.37)
holds because the integrand satisfies

ilpl%¢

)| dp= [ oo dp = Iol? = 1ol
R

ilp|2t

1 . _
(iat + %Ax> ePX)e™ 2m = 0.

d) Let t, ¢ € R. We have to show that

e —wy+iHD | = 7w — v+ iH)
HE (Dr4e —P0) + Ol:bt” ”?(E Pre —P0) + 0¢t)”

1 jlpPC+e It
= —-le 2m — e 2m
Rd

g
converges to zero as ¢ — 0. The term in | - |* converges to zero for every p € R4 be-
IpII?

cause it is a difference quotient and i— is the derivative. Furthermore, it is bounded by a
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t-independent polynomial, which is integrable against the rapidly decaying function [ |.
Hence dominated convergence yields the claimed result. []

We note that the preservation of the normalization established in part a) implies that ¢,
defines vector states of DiffPol(R9) forall t € RY, in agreement of what we found in matrix
mechanics.

Furthermore, the solution (3.41) for t # 0 can be expressed in the form

d/2 . m|x—y|?
w0 = (o) [ T . (3.42)
Rd

27it

This follows from an explicit calculation (exercise). We note that as a consequence of this
representation, we have

d

/2
sup [P(6, 0] < (50=)  Iolls ¢ #0. (3.43)

xeRd

In particular, SUp, cpd [(t,x)| — Ofort - +o0. Asthe [?-norm of the solution is constant,
this means that it spreads in space, similar to what we had observed in classical mechanics
(Example 1.32). Further investigations of spreading wave packets will be carried out in the
exercises.

In classical and matrix mechanics, we observed spreading of wave packets in some states,
and oscillatory or even stationary behaviour in other states (see Example 2.34). While the
free dynamics considered above exhibits only spreading in all states, for different Hamilto-
nians all these phenomena also occur in quantum mechanics. We give an example of this
below.

Example 3.12 (Dynamics of states for the harmonic oscillator). Consider the oscil-

1
lator Hamiltonian H = E(P2 + X?) (for simplicity, we have omitted the constants
1

m,k > 0 and work in dimensiond = 1), and A := —2(X + iP), with adjoint

A* = %(X — iP). Then

i 1

1 1
A*A = 5(X —iP)(X +iP) = E(X2 + P?) + 2[X,P] =H -1,
which implies H = A*A + %1]. The Schwartz function
Po(x) 1= e ¥/ (3.44)

satisfies iPY = Py = —X1g, hence Ay = 0 and Hpy = élpo-
Hence the Schrodinger Equation with initial condition 9 is solved by

P = e 2, (3.45)

because i0,9; = %z,bt = Hy;,.
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In this case, [p;(X)| = [Po(x)| is independent of time, in stark contrast to the
spreading observed for the free Schrédinger Equation.

These observations can be explained in terms of the spectra of the free and oscillator
Hamiltonians: In the oscillator example, H has eigenvalues, and ¥, was chosen to be an
eigenvector, bnut Hy does not have any eigenvalues. In the next section, we recall the neces-
sary mathematics for that.

3.2 The general Hilbert space formulation of quantum mechanics

We now develop the general formulation of quantum mechanics. So far, we have operated
with differential operators on Schwartz space S(R?). However, we have already seen at sev-
eral stages that it might be more important to use the fact that S(R) is included in the
Hilbert space I>(R?): The normalization condition of states needs the I*-norm (Proposi-
tion 3.6), the *-operation on DiffPol(R%) is connected to the I?-scalar product (Proposi-
tion 3.5 b)), and eigenvalues of Hamiltonians lead to different dynamical behaviour than
absence of eigenvalues (Example 3.12). As the natural framework for spectral theory is given
by Hilbert spaces, this is another indication that we should consider a Hilbert space frame-
work.

We will, however, often need to go beyond the technically simplest setting of bounded
operators on Hilbert spaces, and rather consider unbounded (densely defined) operators.
This is explained at the example of the Schrodinger position and momentum operators in
the following example, which also serves to recall some notions of operator theory (see Ap-
pendix M.4).

Note that we need to pass from the maps X, P; : § (RY) - S(R?) to closed and selfad-
joint versions because the spectrum of a non-closed unbounded operator is ill-behaved (Defi-
nition M.49) and only selfadjoint operators admit a spectral resolution (Theorem M.56), and
generators of strongly continuous unitary one-parameter groups (i.e., dynamics) are selfad-
joint (Theorem M.59)

Example 3.13 (Operator properties of the position and momentum operators). We
consider the position and momentum operators

X, P 1 D :=8[RY) c IA(RY) - I*(R?)

as operators in the Hilbert space F : = I*(R%).

* The operators Xj, P; are not defined on the full Hilbert space I?(R%), and the
naive definitions (X;9)(x) = x;1(x) and (P;3)(x) = —id;$(x) do not work
for general % € I?(R%) because x — x;1(x) may fail to lie in I2(R%), and for
general p € I*(R%), partial derivatives do not exist.

However, Xj, P; are densely defined, meaning that their domain of definition

domX; = dom P; = S(RY) (3.46)
is a dense subspace of [*(R?). As a special feature of these operators, we note

that they have an invariant domain, namely they map their domain S(R%) into
itself.
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* Xj and P; are symmetric, meaning that

<¢’X]g0> = <XJ¢’ g0>’ <¢’ PJ¢> = <PJ¢’ §0>a l,b,gD € S(Rd) (3'47)

This was shown in Proposition 3.5 b).
. BothXj and Pj are unbounded, meaning that

1X;9ll
=+

1)1 =
T geswangy 191

o0, (3.48)

and similarly ||Pj|| = oo. To see this for X, consider a normalized ) € § (RY)
such that x; > n for all x € supp 9 (for given n € N). Then

X9 = f QPO dx > n? f PP dx = 2,
Rd Rd

and therefore || X;| = SUP e 5(Rd) |£]=1 IX;€ll > sup,n = co. For Pj, we
similarly obtain with the help of the Plancherel Theorem
1Pl =" sup  [B&l=  sup  [X;§]| = oo.
§eS(R9),|€]=1 £eS(R9),|§)=1

* As densely defined operators, X; and P; have adjoints X, I}* These symbols
now deviate from their previous meaning, where they denoted the *-operation in
DiffPol(R?). For clarity, we will from now on denote that operation by D ~ DT,
Recall that the domain of X" is by definition

domXj ={p € (R?) : 3c>0 : (¥, X)| < clo] Vo € SR},
and X Jfk is then defined by (using Riesz’ Lemma)

XY, 0) 1= (. X;9), P € domX;, ¢ € domX;.
By symmetry, we know dom X" O S(RY) and X smay = X}L, ie. Xi" D Xjis
an extension of Xj.
* Xj and P; are both not selfadjoint. Selfadjointness of X; would mean doijk =

domXj and X;'9 = X3 forallp € domX;. To see that, let f € I?(R9) such
that g : x = x;f(x) lies in I2(RY), for example f(x) = (1 + ||x||2)_d2 (this
function does not lie in S(R?)). Then, for any ¢ € S(R?)

> Xl = = K& @)l < llgll - llell,

f FGOx0(x) dx
Rd

where we have used the Cauchy-Schwarz Inequality. Hence g € domXJfk but
g & domJXj, which shows that Xj is not selfadjoint. The argument for P; is
similar.
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* However, X; (and P;) is essentially selfadjoint. An operator A is called essentially
selfadjoint if it is closable (symmetric operators are always closable), and its clo-
sure A is selfadjoint. This is the same as saying that A has a unique selfadjoint
extension, and is equivalent to the ranges Ran(A=+i) = {(Axi)y : ¥ € dom A}
being dense for both choices of the * sign (see Appendix M.4).

To check this criterion for A = Xj, let 3 L Ran(X; * i), i.e.

0= f P £D)f(x)dx  Vf € S(RY).
Rd

As Schwartz space is dense in LZ(Rd), for any bounded Borel set B C R% we can
find asequence (g,)) C S(R%)suchthatg, — yginI[?(R%), which implies 0 =
Jp ) (xj £Df(x)forall f € S (R%). Again by density of the Schwartz space
this implies (x; Fi)1(x) = 0 foralmostall x € B, hence §(x) = 0 for almost all
X € B. As B was arbitrary, we conclude 3 = 0 in I?(R%). Thus the orthogonal
complement of Ran(X =+ i) is {0}, which is equivalent to Ran(X; + i) C I2(R%)
being dense. The argument for P; is again similar.

o The unique selfadjoint extension )TJ of Xj is

dom)Tj = {zp e I*(RY) : ijz|lp(x)|2dx < oo},
X9)(x) = x;39(x).

Clearly the operator ()_( j» dom X j) defined above is an extension of Xj, and it
is easy to check that it is symmetric. To show that it is selfadjoint, we use the
criterion that symmetric A is selfadjoint if and only if Ran(A + i) is the whole
Hilbert space (See Appendix M.4). Thus we have to show that given f € [*(R?),
there exists g € dom)_(j such that ()_(j-i_-i)g = f.Define g(x) := (x+i)~1f(x).
Then g € I*(R%), and

x2
| gieerar= [ ZLiserars [ i5eordx <o
Rd rd 1+ X; Rd

hence g € dom)_(j. Since ()_(J + i)g = f, the proofiis finished.
Similarly one can show that the unique selfadjoint extension of P; is

dom?] = [y e @Y : [ piipo)Pdp < o,
(FP$)(p) = pi(FP)(p).

¢ Let us determine the spectrum of X j- We first note that this map is always injec-
tive: If f € domX j lies in the kernel, namely X if =Af,then(x;—A)f(x) =0
for almost all x € R, hence f(x) = 0 foralmostall x € R%. This means f = 0
in the sense of [2(R?). To investigate surjectivity, we let g € [2(R%) be arbitrary
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and search for f € dom X j such that
(5= D0 = 500 = ) = E2

For Im A4 # 0, this function f lies in dom X j because

X; Ig(X)I2 x2g(0)? _
< -2|X .|
v/R;.d |xj = f (xj —Re4)? + (Im 1)2 dx < (ImA)~1X jg||” < eo,

which implies o(X j) C R(thisis true for any selfadjoint operator). ForIm 4 = 0,
however, the above integral converges only if g vanishes in a neighbourhood of
Xj = A. Thus not every g € I?(R%) lies in the range of X j — 4, and we conclude

As a selfadjoint operator, X j is of the form X =/ 4 dEXi(X) for a (uniquely

determined) projection-valued measure E' := EXJ. We claim that this measure
is (for B C R a Borel set)

(EB)P)(x) = xp(x)p(x). (3.49)

We first note that the operators E(B) are orthogonal projections, with E(@) = 0,
E(R) = 1. For a countable family (B,,) of mutually disjoint Borel sets B, we set
B = U 1 Bn- Then we have E(B,)E(B,,) = 6, mE(B,) because the B, are
mutually dlSJOlnt and E(B)E(B,) = E(B,) = E(B,)E(B). Forany 3 € X,
this gives

N
= |EBI? - > IEB)YI?

n=1

f |¢<x>|2dx—z WGP

- f 0P
J\ Un 1

where we have set B, := {x € R? : Xj € B,}. As N — 0, the above integral
converges to 0 by dominated convergence. This shows that E is a projection-

N
> E(B,)Y —E(B)Y

n=1

valued measure.
Fory € I*(R%) and B C R a Borel set, we have

@B = [ awCplveorar = [ [ xR dx,
R B JRd-1
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where le stands for the coordinates X, ... , X4 except X;. This shows that the
measure Ey has the density 9;(x;) 1= Jpa-1 [P(x;, le)|2 dle w.r.t. Lebesgue
measure, i.e. dEy(X;) = ¥;(x;) dx;.

We now want to understand the integral A := i, AdE(4). Its domain consists

ofallp € I2(R?) for which Jr 22 dEy(A) < oo is finite. This integral is

fAZdE¢(A)=fAZf |gb(/1,x]-i)|2dx]-ld/1=/ X3P dx,
R R JRrd-1 Rd

exactly as in the domain of X j- Hence domA = dom X j
To show that the operators A and X j act in the same way, we first note that for

simple functions f = ZZ:I A XB, (the o € C are coefficients, the B, C R
Borel sets), the operator integral I5(f) := [ f(A)dE(4) acts according to

Ie(NP)(x) = f(x)dp(x), P € domA.

This follows directly from the definition of E. For a bounded measurable func-
tion f, we find simple functions f,, such that f,, — f pointwise and || f;;[lc <
[l fllco- By dominated convergence, this gives (I(f))(x) = f(x;)¥(x) also for
bounded measurable f. In particular, it holds for (1) = Ax[_g,g](4). Another
approximation (R — o0) shows that this formula also holds for unbounded
measurable f, and in particular for f(1) = A. Thus

([ #azw) e = w00 = Eweo = ([

R

AdEXi (A)l,b) (x).

The uniqueness of the spectral measure now implies E = EXi,
Since the momentum operators P; are unitarily equivalent to the position oper-

ators Xj, the preceding analysis also applies to the P;. One finds o(P i) =R
and

(FEPI(BYD)(p) = x5(p)(FP)(p). (3.50)

Stone’s Theorem tells us that any selfadjoint operator A defines a strongly con-
tinuous unitary one-parameter group U(t) = €4, t € R. ForA = X jand

A=P j this these unitaries can be written down explicitly.
We have

@ Fi)(x) = ( [ dE?_ff;b) ()= gx)  (351)
R
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and
(FePip)(p) = (f f eith dET’fnb) (p) = eI (F)(p)
R

= (@) = @m) f P! P)(F)(p) dp
Rd

= P(x + tey),

namely the unitary one-parameter group generator by momentum P ; generates
translations in the e;-direction, as in classical mechanics.

We isolate a few important points from this discussion and Appendix M.4.

Theorem 3.14. Let H be a selfadjoint operator on a Hilbert space.
a) The spectrum o(H) C R is real and non-empty. It contains the point spectrum
0, (H) consisting of all eigenvalues of H, which may be empty.
b) There exists a unique projection-valued measure Er; © B(R) — P(J() such that

H= f AdEH(Q), dom(H)z{gb € H - f RdEF2) < oo}.
R R

The support of EX is the spectrum of H, and the number-valued measure EIIPJ :

B — |EH(B)y|? is a finite Borel measure with Eg (R) = ||9||%. For normalized 1,
it is a probability measure.
¢) For a measurable function f : o(H) — C, define the operator

f(H) = f f()AEH(Y),  dom f(H):{zpe}( : f | f(,1)2|dEg(/1)<oo}.
R R

Then f(H) is bounded for (essentially) bounded f, and f + f(H) behaves like a

*-algebra homomorphism (see Prop. M.55). As a map from bounded measurable

functions to bounded operators, f — f(H) is a unital *-algebra homomorphism.
d) The spectrum of f(H) is

o(f(H)) = essrangu(f), (3.52)

this consists of all A € C such that for every open neighbourhood N of A, one has

EH(f~Y(N)) # 0. For continuous f, one has o(f(H)) ='f(O'(H)).
e) The unitaries U(t) = e (ie. e,(H) with e,(1) := e**) form a strongly con-
tinuous one-parameter group. One has

domH ={ip € H : t - U(t)Y isdifferentiable}, (3.53)
Hp = —i%U(t)gb, ¥ € dom H. (3.54)

Having recalled these facts, we now discuss the general Hilbert space formulation of
quantum mechanics. As in classical and matrix mechanics, we will need to identify the
observables and states, together with an appropriate probabilistic interpretation (involving
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probabilities, expectation values, uncertainties), discuss dynamics in a Heisenberg and Schrodinger
picture, symmetries and constants of motion.

Observables and states in quantum mechanics

The first datum needed to describe a quantum mechanical system is a complex Hilbert space J(.
This space may be infinite-dimensional, but is typically separable. The Hilbert space F will
be considered fixed for now.

The observables will be identified with the selfadjoint operators on J(. It must be
noted that in general, these are not elements of a unital *-algebra because products and lin-
ear combinations of densely defined operators may fail to be densely defined. For example,
no function ¢ € I*(R) except 1) = 0 has the property that

X eY(x),  pr e i(p) (3.55)

both lie in'® I?(R). Hence operators defined (on suitable domains) by (Ay)(x) = elep(x)
and (BY)(p) = epzzﬁ( p) have dom A N dom B = {0}. Thus algebraic expressions like AB,

A + B, [A, B] only make sense on the trivial vector ¢ = 0 and do not carry any information
about A, B.

Nonetheless, the *-algebraic approach will turn out to provide a clear picture. We denote
by B(¥() the set of all bounded operators A on H (defined on the full Hilbert space, dom A =
). This is a unital *-algebra (with A — A* denoting the adjoint), so our general setting of
Section 2.1 applies directly. It is even a C*-algebra, namely closed in the norm topology given
by the operator norm, and the C*-property |A*A|| = ||A||?> holds. Furthermore, it is a von
Neumann algebra, i.e. B(H) is also closed in the strong operator topology, weak operator
topology, and ultraweak topology (see Appendix M.4).

In case J( is finite-dimensional, we recover B(H) = Mgy, 3:(C) the matrix algebras
considered before.

Note that we have several ways of turning an unbounded selfadjoint operator (dom A, A)
into bounded ones, and vice versa: For any bounded measurable function f : o(A) - C,
the operator f(A) is bounded with || f(A)[| = ess sup, 5(A) | f(4)]. In particular, for f = yp

with B C R Borel, yg(A) = EA(B) is an orthogonal projection, and for t € R, the operator

¢4 is unitary. Another often used construction is to consider
A, := AEA([-n,n]) = EA([—-n, n)A, Al < n,
which satisfies
A = EA([—n, n)Ayp — Ay, P € domA, (3.56)

because EA([—n, n]) — 1in SOT (this follows from the o-additivity of E4, exercise).

We will therefore be able to use bounded operators to study unbounded ones. We begin
with considering the states of B({'). Here our general analysis of Section 2.1 applies directly.
We recall from functional analysis that any state w € S(B(J()) (a positive normalized linear
functional w : B(H) — C) satisfies

() < AL, A € B(F), (3.57)

15We do not give a formal proof here, but note that this fact is a consequence of the uncertainty relation.
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and of course the Cauchy-Schwarz Inequality [w(A*B)|*> < w(A*A)w(B*B). In particular,

states are continuous when B(J() is given the norm topology. Many states of B(J() exist, for
example the vector states

wy €SBED),  wyd) 1= W.AY), PEX [PI=1 (358

As state spaces are convex, also convex combinations of these states are states. In infinite
dimension, we can also consider limits of convex combinations: For an orthonormal family
(¥;) and parameters 0 < 4; < 1, Zj Aj =1, also

w(A) 1= Z/ljwwj(A), A € B(H), (3.59)
j

is a state: It is well-defined and normalized because of the summability condition Zj A =1,
and positivity is clear by positivity of the vector states Wy, and 4; > 0. When we extend
the family (1) to an orthonormal basis and consider the Hilbert space trace Tr (see Ap-
pendix M.4), this state takes the form

w(A) = Tr(pA), p= Z/lezpj. (3.60)
J

These observations motivate the following definitions. For simplicity, we restrict our-
selves to separable Hilbert spaces here, although the generalization to non-separable Hilbert
spaces is not difficult.

Definition 3.15 (Density matrices). Let 7 be a separable Hilbert space. A density ma-
trix is a positive operator p € B(H') that is of the form

p=11.B,, (3.61)
n

where (4,) C [0,1] is a summable sequence of real numbers with »; 4, = 1, and
(e,,) an orthonormal basis of . Equivalently, a density matrix is a positive trace class
operator with trace Tr p = 1. The set of all density matrices on J is denoted D(H).

Vector states are clearly even WOT- and SOT-continuous. For more general states, this
will not be the case, but it will turn out to be important to isolate the following continuity

property.

Definition 3.16 (Normal states). A state w € B(H) is called normal if for every SOT-
convergent bounded net (4;), i.e. Ajp — Ay forallyp € F(, and sup; 4] < oo,
one has lim; w(A4;) = w(A).

“For SOT-convergent sequences, boundedness is automatic by the uniform boundedness principle.

Example 3.17. Let (e,,) be an orthonormal basis of #(, and define Qy := ZN P

n=1"én’
Then | Q|| = 1 forall N, and Qn — 1in SOT, but not in operator norm.
Proof: The Q are orthogonal projections, hence they have norm 1. For SOT-convergence,
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we expand P € J( into the ONB, 3 = Z;w:l(en, P)e,, (this converges in F). Then

2

N o0
QN — l;b”z = Z(en’¢>en - Z(ena ey,
n=1 n=1
= Z e, P)? = 0 as N — oo
n>N
However, (Qn — 1)en41 = —€n41 has norm 1. Thus [|Qn — 1|| = 1-40. O

Recall from functional analysis that an increasing net converges to its supremum in strong
operator topology (Vigier's Theorem).
The following result is the infinite-dimensional analogue of Prop. 2.11.

Proposition 3.18 (The normal state space of B(H)). There is a bijection between the
set S,o(H) of normal states of B(H() and the set of density matrices on J(, given by

D) > SuolI0),  prwp  wp(A) = Tr(pA), A € BIC).
Here Tr denotes the Hilbert space trace.

Proof. Let p € 9(J() be a density matrix and define w,(A) := Tr(pA). We have already
explained w, € S(B(¥()) before, and now show that e, is normal. Letp = »; A,R_
be the spectral decomposition of p, and let A; /* A be an SOT-convergent bounded net in
B(J(). Then Qje, — Qe,, in Hilbert space norm. This implies (¢,,, Qje,) — (e, Qey,) for
every n. Hence

C‘)p(Qj) = Z/lj<en’ Qjen> - Z/lj<en, Qen> = C‘)p(Q)
J J

by dominated convergence (here the boundedness of the net enters), which shows that w,,
is normal.

Conversely, let € S, (#() be normal. The map b : H X H — C, b(®,&) :=
w(|)(&]) is a sesquilinear form which is bounded because |b(), §)| < |[|)E] = IRIE].-
Hence, by Riesz’ Lemma, there exists a bounded operator p € B(J) such that b(3), §) =
(¥, p&). This operator is positive because w(|)(¥|) > 0.

Now consider an orthonormal basis (e,) of J{. Then the projections F, are mutually

N
orthogonal, and therefore }; _, B < 1, so this sequence converges to 1 in SOT and is
bounded. By normality,

N N
Z(en,pen> =w (Z Qn) - w(l)=1.
n=1 n=1

As p > 0, this implies that p is trace class with trace 1, i.e. p € D(H).

It remains to show @ = w,,. By construction of p, the two states w and w,, agree on all
finite rank operators. So it suffices to show that a normal state is fixed by its restriction to
finite rank operators. But this is clear from normality by finite-rank approximation.

This shows that w is normal if and only if it is given by a density matrix, and it remains to
show that this density matrix o is uniquely determined by p. To that end, assume w,, = w,,
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for p1,0, € D(H), and set R := p; — p,, a bounded selfadjoint operator. Then, for any
Y E I P =1,

0 = Tr(RPy) = (1, RY).
By the polarization identity, this implies R = 0, and finishes the proof. U

In Exercise 3.7, you will prove that a normal state w € S,,,(H) is pure if and only if it is
a vector state.

Example 3.19 (Gibbs state for the harmonic oscillator). We consider the Hamiltonian

1
H = E(X 2 + P?) of the harmonic oscillator in one dimension, which has spectrum

o(H) =Ny + é with spectral measure

Ef®)= >, R, (3.62)

n
1
neN,n+EeB

where (e,,) is an orthonormal basis consisting of eigenvectors of H, namely He,, =
1
(n+ E)e" (see Exercise 3.6).

00 e—ﬁ

1
=0 (n+5)Pen. This operator

oA+

Given 8 > 0, we consider the operator e PH — D

. s, . . (S
is positive and trace class because its eigenvalues are summable, Y. < c0.

n=0
When we normalize it by this trace, we find that

e~RH

= 3.63
is a density matrix.
This density matrix models a state at thermal equilibrium at temperature 1/8, and
is called Gibbs state.

Remark 3.20 (Non-normal states exist). One can show that a state is normal if and only if
it is ultraweakly continuous. If # is infinite-dimensional, not all states on B() are normal.
Non-normal states can be specified in terms of quotient constructions or finitely additive
measures. We will mostly be interested in normal states because of their probability inter-
pretation (Corollary 3.21).

For observables modelled by unbounded selfadjoint operators (dom A, A), the expecta-
tion value w(A) is initially not defined. In this case, the idea is to approximate by bounded
operators, as we explain now. Recall the notion of k-th moment M (v) of a Borel measure v
on R (Def. M.4).

Corollary 3.21 (Normal states and probability measures). Let (A, dom A) be a selfad-
Jjoint operator with spectral measure EA : B(R) — P(J(), and let @ € S,,(I{) be
normal.

a) The map

us i=woE4 : B(R) - [0,1], B — w(E4(B)), (3.64)
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is a Borel probability measure, u4s € P(R), with support supp u C a(A).
b) If f : 0(A) — Cis a bounded measurable function, then

() = [ S0 dubh (365)
R
¢) Letk € N. Ifthe k-th moment My (u%) of U exists, then
im a(af) = ) = [ 2 dud ) (3:66)
n—oo R

where A, := E4([—n,n])A € B(JY).

Proof a) The map w2 is well-defined and maps into [0, 1] by positivity of w: On the one
hand, u4(B) = w(EA(B)) > 0 because EA(B) > 0 (projection) and  is positive, and on
the other hand, uA(B) = w(1 — EA(B%)) = 1 — uA(B°) < 1, where B¢ = R \ Bis the
complement of B in R.

By properties of projection-valued measures, us (@) = 0. For g-additivity, let (B,) C R
be mutually disjoint. Then E"‘(Ui:]:l B,) = Zlyjﬂ EA(B,) / Z:;l EA(B,)asN — oo,
where the convergence is in SOT. As this sequence is bounded (projections), normality of w
implies

o0 (0] 0
% (E_Jl Bn) = lim u (H Bn) = nZ:]l 1 (By),

i.e. 4 is o-additive. The support property is clear because E# vanishes outside of g(A).

b) We first consider the case that f = s = ), jCixrjisa simple function on 0(A). Then
fa) =3 i jEA (I;), and the claim follows by definition of ua,

For any bounded Borel function f : 0(A) — C, there exists a sequence (Sy) of simple
functions such that sy — f pointwise and ||Sy||e < C for all N. Then sy(A) — f(A) in
SOT, and since this sequence is bounded, normality implies w(sy(A)) — w(f(A)). On the
other hand, by dominated convergence,

s a) — fR f(/l)dué(/l)‘ < fR Isx () = FQD| du(2) — o.

Thus w(A) = fi, f(D) dug Q).
c) By the previous part, we have w(AK) = [, ¥ X[=n.n](A) duis(2), and dominated con-
vergence yields the result. O

In view of this corollary, we make the following definitions.

Definition 3.22 (Probability measures, expectation values, and uncertainties for un-
bounded observables). Let(A, dom A)be aselfadjoint operatoron H andw € S, (H)
anormal state, defining the measure x4 € P(R).

a) ForaBorelset B C R, the probability that the value of A lies in B is

Pr(A € B) = u\(B) = w(BA(B)) = / aud. (367)
B
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b) If the first moment of uZ exists, the expectation value of A in w is
w(A) := f Adud(d). (3.68)
R
c) If the second moment of uZ exists, the uncertainty value of A in  is

AL(A)? = f (A — ()2 duA(D). (3.69)
R

Example 3.23.
a) Let (A,domA) be a bounded operator and ) € dom A a normalized vector.
Then the first and second moments of ,u;z := (9, EA(-)y) exist, and

wy(A) = B, AP),  Ay(A)* = AP — wy(A)*

This will be shown in the exercises.
b) OnH = IA(R),lety = 2742y, ). Then

1 .
1 o—IPX gy = 1 sinp

NP N

and the probability measure of the momentum operator P in the vector state

P(p) =

is given by

sin’ p

~ 1
dugy(p) = 1$(p)I* dp = — 4P

The first moment of this measure does not exist, i.e. Ml(/,cg) = 00, because

. 2
Jr W;;pd p = oo. Hence in this case, the momentum operator P has no

well-defined expectation value or uncertainty, but probabilities like for example
Pry(PE€R,) = % are well-defined.

We are now in a situation somewhat analogous to that of classical mechanics. There we
modelled our states by probability measures on phase space, and only for compactly sup-
ported measures all observables had finite expectation values. Similarly, in quantum me-
chanics, some observables will have undefined expectation values depending on the state.
However, we no longer have “finite states” which allow for finite expectation values of all
observables (all selfadjoint operators) if dim #{ = oo.

Nonetheless, the probability measures u’ are well defined for any selfadjoint A and any
normal state w, because their definition only involves bounded operators (spectral projec-
tions).
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Dynamics and symmetries in quantum mechanics

To prepare our discussion of dynamics, we have a brief look at the automorphisms of B(H).
The following proposition is exactly analogous to Prop. 2.24 in matrix mechanics and states
Aut B(J() = U(F)/T. As the proofis basically the same, we do not repeat it here.

Proposition 3.24 (Automorphisms of B()).
a) Let U € U(J() be a unitary. Then

ay : B(H) —» B(#),  ay(A) := UAU*, (3.70)

is a unital *-automorphism of B(J().
b) Let U,V € U(H). Thenay = ay < U =zV forsomez € C, |z| = 1.
¢) Letax € Aut B(H(). Then o = ay for some U € U(N).

As in matrix mechanics, we consider unitary one-parameter groups (U(t));cr and the
automorphisms ; = ayy;) that they define as a model for time evolution (dynamics).
Already in matrix mechanics, it was important to consider continuous one-parameter groups.
The same applies in quantum mechanics, but we now have to more carefully specify which
topology on U(H) (WOT, SOT, norm topology ...) continuity should refer to.

We want that expectation values depend continuously on the time parameter ¢, i.e. the
functions t = w(al’(A)), A € B(H), w € S,,(H), should be continuous. For strongly
continuous U : R — U(F), the expectation values t — (P, U(t)AU(—t)y) in vector
states (for bounded A) are continuous. Hence, given a density matrix 0 = >} A,E , also

t > wo(aff(A) = Y A (U(=1)e,, AU(=t)ey) (3.71)

is continuous (dominated convergence). Thus strongly continuous unitary one-parameter
groups'® match our demand of continuous expectation values. In particular, it is not neces-
sary that t — U(t) is norm continuous.

We therefore identify dynamics with strongly continuous unitary one-parameter groups
(U(1));er of automorphisms. By Stone’s Theorem, we know that any such dynamics defines
a unique selfadjoint operator H, its Hamiltonian, and any selfadjoint operator H defines a
dynamics via U(t) = e™H ' We will sometimes write Uy or afl to indicate the Hamiltonian.
Definition 3.25 (Quantum mechanical system).

a) A quantum mechanical system is a pair consisting of a complex Hilbert space J{
and a selfadjoint operator (dom H, H) on 7, called the Hamiltonian of the sys-
tem.

b) The strongly continuous unitary one-parameter group U(t) = €*H, ¢ € R, is
called the dynamics of the system.

c) The maps, t € R,

al : B(H) — B(¥0), A UQAU(-1), (3.72)
() 1 S (H) = S,.(F0), W woall (3.73)

'6For a unitary one-parameter group, the notions of SOT and WOT continuity coincide.
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I are the time evolution in the Heisenberg and Schrodinger picture, respectively.

Note that the Schrédinger time evolution (aX1)* is well-defined: If w = @, is normal,
then the states

(i) (@p) = wet () (3.74)
are also normal, for every t € R. As in matrix mechanics, we have for any A € B(J()
w(af’(A)) = (af')*(w)(A), (3.75)

i.e. the Heisenberg and Schrodinger pictures are equivalent.

The Heisenberg dynamics a! naturally extends to unbounded selfadjoint operators: If
(dom A, A) is selfadjoint, also (Ug(t) dom A, Uy (t)AUy(—t)) is; this latter operator will
also be denoted ol (A).

As for unbounded operators A continuity and differentiability properties of t — af(A)
are more complicated, we study time evolution in the Schrodinger picture. It is sufficient to
consider the case of vector states here, which is governed by Schrodinger’s Equation.

Definition 3.26 (Schrodinger Equation). Let (', H) be a quantum mechanical sys-
tem. The (general) Schrodinger Equation is the equation

p(e) = EY() (3.76)

for a differentiable” function ¢ : R — 7 such that )(t) € dom H forallt € R.
It is often supplemented by an initial condition

P(0) = o, (3.77)

where ¢y € dom H is a prescribed vector.

¢differentiable is meant in the norm topology of #(, i.e. €1 (3(t + €) — (t)) — l%l,b(t)" -0

as€ = 0.

Proposition 3.27. Let (}, H) be a quantum mechanical system. Then for any p, €
dom H, the initialvalue problem for the Schrodinger Equation has a unique solution, namely

P(t) = e~ e, (3.78)

Proof. The function P(t) := U(t)y, U(t) := e "H satisfies the initial condition {(0) =

Yo, and is differentiable at t = 0 by Stone’s Theorem (because 3, € dom H), with derivative
d .
@l PO = —iHYo.

For general t € R, the vector U(t)y lies in dom H, i.e. g € dom(HU(t)), because

[ e pdeg ) = [ 2 dEg@® = 1gol? < o
R R
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Furthermore, H and U(t) commute because they are functions of the same selfadjoint oper-
ator H. Hence we get for general t € R

e e + &) = U)o + iHU@o| = |7 U o — 9o) + iHpo| = 0 €= 0

which shows that t — U(t)3 solves Schrodinger’s Equation.

It remains to show the uniqueness of the solution. Let t — ¢(t) € dom H be another
solution of the Schrodinger Equation, with the same initial condition $(0) = ;. Then
E(t) 1= P(t) — ¢(¢) also solves the Schrodinger Equation by linearity, with the initial con-
dition £(0) = 0.

The function f : t = ||E(t)||?> = (£(¢), £(t)) is differentiable, and has derivative f'(t) =
(§'(1), §()) + (§(2), §'(1)) (exercise). Hence

f1(@©) = (—iHE(), §(1)) + (§(6), —iHE(D)) = i (HE(D), £(6)) — (§(0), HE(D))) = O,

where in the last step, we have used that H is symmetric (even selfadjoint) and £(¢) € dom H.
So f is constant, which because of the initial condition implies £(¢) = 0 for all ¢. ]

The solution of the Schrédinger Equation might appear to be almost trivial, as it is always
given by t g~ itH o. Note, however, the rather involved definition of the exponential
function via spectral calclulus. Consider, for example, a Hamiltonian of the form (on H =
[*(RY))

(HP)(x) = =5 (AP0 + V), (3.79)

where A is the Laplace operator and V : R% — R a suitable potential function. Suppose
that we have verified that it is essentially selfadjoint on some convenient domain like for
example domH = § (R%). Then we know on abstract grounds that the solution of the
Schrédinger Equation with initial condition ¥ is t +— e~ *H,. This does however not
directly tell us what, for example, the expectation value of the position operator X; at time
t = 5 is, for which we would need to calculate (U(5)q, X7 U(5)g). This is not an easy
matter in general.

Later, we will analyze such questions in concrete examples of interest, and also study how
spectral properties of H govern qualititative properties of the solution.

As in matrix mechanics, we proceed with a discussion of constants of motion and sta-
tionary states (Def. 2.31).

Definition 3.28 (Constants of motion and stationary states in quantum mechanics).
Let (¥, H) be a quantum mechanical system.
a) A constant of motion is a selfadjoint operator (dom A, A) such that forall t € R

Uy (t)domA = dom A, Uy (A = AU ()Y, Y € domA.
(3.80)

b) Anormalstate w € S, () is called stationary if

woall =, teR. (3.81)
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Based on our experience in matrix mechanics, we expect that constants of motion A are
characterized by the condition that A commutes with H (Prop. 2.32). However, a condition
of the form “AH = HA" is problematic. The right hand side of this equation is only defined
on those 1) € dom A which satisfy A € dom H, and the left hand side is only defined
on those 1) € dom H which satisfy Hp € dom A. These domains can be different, small,
or even {0}, in which case the condition becomes meaningless. Hence one needs another
notion of commutation for unbounded operators.

Definition 3.29 (Commutation of unbounded operators). Two selfadjoint operators
(dom A, A) and (dom H, H) are said to commute if and only if their spectral measures
commute, i.e.

[E4(By), E"(By)] = 0 (3.82)
for all Borel sets By, B, € B(R). This is equivalent to”

[ei54, eltH] = 0, t,s € R. (3.83)

“see functional analysis 2.

Proposition 3.30 (Constants of motion, stationary states, and strong commutation).
Let (H, H) be a quantum mechanical system.
a) A selfadjoint operator (dom A, A) is a constant of motion if and only if A and H
commute strongly.
b) Suppose H is the selfadjoint closure of a symmetric operator (dom H, H) and

¢4 dom H C dom H, He4Y = e*4AHyp, 3 € domH,  (3.84)

holds forall s € R. Then A and H commute strongly, and A is a constant of motion
for the dynamics defined by H.

c) Anormalstatew = w,, p € D(I), is stationary ifand only if Uy (£)pUy ()™ =
pforallt € R. In the case of a vector state, i.e. p = Py for some normalized
vector Y, the state is stationary if and only if  is an eigenvector of H.

Proof a) Assume that A and H commute strongly. Then E4(B), B C R Borel, commutes
with any bounded function of H, and in particular with Ug(t),t € R. As a vector p €
J( lies in dom A if and only if [ 22 d/.(‘{}H(t)w(l) < 00, with the measure ,u‘g(t)lp([ﬂﬁ) =
(Ug ()Y, EAB) Uy (t)Y) = (b, EA(B)Y), we see Uy (t) dom A = dom A. Moreover, using
the spectral truncations A, := A)[_, n](A4), we get

Ay UH(t)¢ = UH(t)Anz»b-

Asn — oo, we have A, § — A& forall § € dom A. Thus, with ) € dom A, and therefore
also Uy ()Y € dom A, we obtain AU (t)Y = Uy (t)A. This shows that strong commuta-
tion of A and H implies that A is a constant of motion.

Conversely, assume that A is a constant of motion. Then A = Uy (£)AUg(t)* as self-
adjoint operators (including equality of domains). The spectral measure of Uy (t)AUg(t)*
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is EVHOAU(O)™(B) = Uy (H)EA(B)Ug(1)* (this follows from uniqueness of spectral mea-
sures), hence Uy (t) commutes with the spectral measure of A. This implies that the two
unitary groups Ug(f) and "4 commute (for all £, s € R), and therefore A and H commute
strongly.

b)Fory € dom H,wehavee 41 € dom H,and e He 4y = Hy,i.e. e*AHe 84 =
H as an operator equality including domains. The closure H of H is given by the closure
T'(H) = I'(H) of the graph of H. This implies H = eiSA He=isA = ¢S4 Fe~154,

¢) W, is stationary if and only if w, = @, ° all = WH (5> which is equivalent to

p = Ug(—t)pUg(t) because the density matrix of a normal state is unique.

If o = Py is a rank one projection, we have [U(t), Py] = 0 if and only if Uy (£)p =
c(t)y for some functionc : R — C. By the group property and strong continuity of Up;, we
see that ¢ is continuous and satisfies c(t)c(s) = c(t + s), ¢(0) = 1. This implies c(t) = el
for some 1 € R. Hence t — Uy(t)y is differentiable, so € dom H, and taking the
derivative shows Hip = A1. The implication from i) € dom H being an eigenvector of H to
[Un(£), Py] = Ois straightforward. ]

While the first item gives a characterization of constants of motion, it is typically very
difficult to check because one hardly ever knows the domain or spectral measure of a selfad-
joint operator explicitly. Let us give an example of application of the second item. In this
example, we consider so-called Schrddinger operators, namely Hamiltonians of the form

H=soP 4V,  HPE =—5-GH00) + V), (385

where V' : R¢ — R s a suitable potential function and the domain of H is not yet speci-
fied. These correspond precisely to classical Hamiltonians of the form “kinetic plus potential
energy” as studied in classical mechanics.

There are various conditions that guarantee essential selfadjointness of H. For example,
in Problem 3.4 you have shown that when V is continuous and bounded and the domain is
domH = § ([Rd), essential selfadjointness holds, but there exist various other criteria with
weaker assumptions.

Example 3.31 (Translation and rotation symmetry). Let 7 = I?(R%) and considera
Schrédinger operator of the form (3.85), defined on Schwartz space dom H = S(R%) C
I?(R%). Assume that H is essentially selfadjoint.

a) Assume that V(x) = V(x + sey) forsome k € {1, ...,d}, and all s € R. That
is, V' is constant in the direction of ej. Then the (selfadjoint) k-th momentum
operator Py is a constant of motion.

b) Assumed = 3andthat V(x) = V(Rx)forallR € SO(3). Then the (selfadjoint)
angular momenum operators L, L,, L3 are constants of motion.

Proof. a) We claim that the unitary one-parameter group generated by Py acts by translations
in ej-direction, namely (e!Pk)(x) = P(x + sey), P € L*(R?). To prove this, let p €
S(RY). Then

(FePkp)(p) = e*Prip(p),

— (EPp)x) = (2 [ PP (p) dp = Y-+ s
Rd
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This shows that the two unitaries **Fk and translation by sej, agree on the dense subspace
S(R?), and hence on all of I2(R9).

We now use Proposition 3.30 b): The domain S(R?) is invariant under translations in
the ey-direction, i.e. €Tk S(RY) = S(R?). Furthermore, for p € S(R?),

(He'sPrip)(x) = —%(a% + .+ 0D[x = P(x + se)] + V()P(x + ser) = (HP)(x + sey),

where we have used the translational invariance of V. Thus the conditions of Proposition 3.30b)
are satisfied, and the claim follows.

b) We fix k € {1, 2, 3}, denote by R;(s) € SO(3) the rotation around the ej-axis with
angle t, e.g.

1 0 0
Ri(s)=(0 coss sins |, (3.86)
0 —sins coss

and consider the operator

(UEPx) = PRy (=9)x), P € P(R). (3.87)

As rotations preserve Lebesgue measure, this is a well-defined unitary on I?(R3), and one
directly sees U(s)U(s") = U(s + §'), i.e. U is a unitary one-parameter group. We claim that
it is strongly continuous. To that end, let € C.(R>) (continuous functions of compact
support). We have

1UGs + )y — USY|I* = Uy — pII* = f PRy (—)x) — p(x)|* dx.
R3

As e — 0, the integrand converges to zero. Furthermore, thanks to the compact support
of 1, the supports of all the functions U(€)p, =1 < € < 1, are contained in a compact
set. Hence we find an integrable majorant and may use dominated convergence to arrive at
|U(s + ) — U(s)y|| — 0. As C.(R>) C I?(R3?) is dense, this result extends to a proof of
the strong continuity of U.

By Stone’s Theorem, U has a selfadjoint generator. In the exercises, you will prove that
this is the first angular momentum operator Ly, and that L, is the closure of its restriction to
S(R3).

Now we may argue as in the first part: S(R>) is invariant under rotations. Furthermore,
ony € S(R3), the Hamiltonian commutes with rotations: The kinetic term (Laplace op-

1
erator) multiplies with - | pll? in momentum space, which is clearly rotationally invariant,
m

and the potential is rotationally invariant by assumption. This concludes the proof that the
angular momentum operators L are constants of motion in this example. [

We have seen above that stationary vector states are given by eigenvectors of the Hamil-
tonian (which might or might not exist depending on H). A few more details on this are
collected in the following lemma.

Example 3.32. Let (¥, H) be a quantum mechanical system, and ¢ € dom H a nor-
malized eigenvector of H, with eigenvalue 45 € R. Then

g =82, (3.88)

134



is the Dirac measure at A = A, and f(H)Y = f(4¢)y for all bounded Borel functions.
Given any selfadjoint A with ) € dom A, the measure 'u?fH(t)IP is t-independent.

Proof: Since HYp = A1y, we have

0=t = 20 = [ (A= A0 duf D).
R

Hence ,ug is supported in {1y}, which proves the first claim because it is a probability
measure. For any bounded function, we therefore have

If DY = fA)II?> = / If() = f(A)I> dd5,(4) = 0,
R

ie. f(H)Y = f(d9)¢Y and in particular e~ H¢) = ¢~i40y) t € R. This implies that

. —itH . 1 s 4 . . . A .
the vector state given by e™***1) is time-independent, and in particular KUy 18 E
independent.

This finishes the summary of the most important items of the mathematical framework
of Hilbert space quantum mechanics.

3.3 Examples and spectral analysis of quantum Hamiltonians

In this section we consider quantum Hamiltonians defined on a subspace dom H of H{ =
I?(R%) that are of the form H = ZLP2 + V(X),ie.
m

(HY)(x) = —%(AIP)(X) + V()P(x). (3.89)

1
Here d is the spatial dimension, m > 0 the mass of the particle (we often set it to m = E)

and V : RY — R the potential of a conservative force field. Such Hamiltonians can be
considered as the quantum counterparts of the Hamiltonian functions we studied in classical
mechanics.

Two natural questions are: 1) Is H (essentially) selfadjoint? (answering this puts us in the
framework discussed in the previous section) and 2) What can we say about the spectrum of
H and the specral measure EF? In particular, what can we say about the point spectrum?
The spectral measure is essential for understanding the dynamics given by H, and the point
spectrum informs us about the stationary states.

We first look at the simple case of a continuous compactly supported potential in one
dimension.

Proposition 3.33. LetV : R — R be continuous and compactly supported (in particu-
lar bounded), and set V. = inf, V(x).

a) H = P? + V(X) is essentially selfadjoint on S(R),

b) (0,00) C o.(H) C o(H),

c) op(H) C (V,0]

Proof. a) has been shown in Problem 3.4.
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c)Let 1 € R be an eigenvalue of H, i.e. H) = A3 for some 1) € dom H = dom P%, ) #
0. We will present the proof under the simplifying assumption that ¥ is twice differentiable
(this is true in a generalized sense). Then —9” + V' - 1 = A3. Outside the compact support
of 9, this implies

P (%) = —Pp(x) = P(x) = aelVA* + fe~IVAx, x & supp V.

For 1 > 0, these functions do not decay as X — =00, and do not lie in I?(R). Hence only
eigenvalues 4 < 0 can exist.
Now suppose 4 is an eigenvalue with A < V_, with normalized eigenvector 3. Then

0 = (. (H — 1))
— (B, P2) + (. (V(X) = D)
— IPYI + f V() - AP dx
R
>0,

where we have estimated V(x) — 4 > V. — 1 > 0in the last step. This implies P} = 0 and
hence ¥ = 0, a contradiction.
b) It remains to show that any 4 > 0 lies in the (continuous) spectrum of H. We set

k.= \/I, choose y € CP(R) with || x||, = 1 and define, for n € N, the function

)
Po(0) 1= () ERE, (e 1= mﬂ%(%).

Then ¥ dom H with [|gp,|| = 1 for all n. Because of the shift in the argument of Y, the
support of P, is disjoint from the support of V' for large enough n. Hence

(H = Dpn(x) = =Py(x) = Ahp(x) = (=1 (x) — 2ikrp (x))e’™.

In view of the estimates

! 1 ! n 1 "
Il = —1XN2 lull = 172

this results in

1., 2k,
ICH = D¢l < SN2 + —= Il = 0

asn — 0. Thus we have constructed a sequence of normalized vectors ,, such that ||(H —
AP, = O (This is called a Weyl sequence, see functional analysis). This is incompatible
with (H — 1) having a bounded inverse, i.e. 4 must lie in the spectrum of H. H

Fornon-negative V, these results imply in particular that no eigenvalues exist. With more
work, one can show that in case there exists x € R with V(x) < 0, there exists at least one
eigenvalue.

To illustrate an opposite situation in which only point spectrum exists, we also consider
the case of a confining potential. An example of such a situation is the harmonic oscillator
with potential V(x) = x2.
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Proposition 3.34. Let V : R — R be such that V(x) > 1 andlimy_ 4 V(Xx) =
oo, and assume that H = P? + V(X)) is essentially selfadjoint on S(R®). Then H™" is
compact and consequently there exists an orthonormal basis of eigenvectors of H.

We now consider techniques that apply to more complicated but important potentials
in d = 3 dimensions.

Definition 3.35 (Relatively bounded operators). Let A and B be two densely defined
operators on a Hilbert space J(. We say that b is relatively bounded w.r.t. A ifdom A C
dom B and there exist a, b > 0 such that

1Bl < alAp] +blgl, P € domA. (3.90)

The infimum over all a > 0 satisfying this equation is called the A-bound of B.

Theorem 3.36 (Kato-Rellich Theorem). Let A, B be two densely defined symmetric op-
erators such that B is relatively bounded w.r.t. A, with A-bound less than 1. If (dom A, A)
is (essentially) selfadjoint, then H := A+ B : domA — J(, % — A + By, is
(essentially) selfadjoint.

Proof. We give the proof in the selfadjoint case, the essentially selfadjoint case is left as an
exercise.

According to Theorem M.47, we need to show Ran(A + B = i) = . This is clearly
equivalent to showing that Ran(A + B + id) = K for some A > 0.

We begin by noting that for 1 > 0, the operators (A +i1)™! = f(A)and A(A +il)~! =
g(A) are bounded (with f,g : R = C, f(x) = (x £i1)7! and g(x) = x(x + i1)~!), with
the bounds [|f(A)]| < [|flle = 47" and [|g(A)] < llgllw = 1.

In view of the relative bound between B and A, we have for any ¢ € H

IBGA = i) I < alAA = i) + BlA = 179 < (a+ 7 ) ]

b .
Hence, if we choose 4 > - (here the assumption a < 1 enters), we have
—Qa

IBA+id) Y <a+ % <1

By the geometric series (Neumann series), 1 + B(A = iA)™! : H — 7 is bijective (the
inverse is Zj;o(B (A£id))™"). Asalso (A £iA) is bijective because A is selfadjoint, we find
that

(A+BxiYy=0+BAxi) DAzl

ranges over all of 7 when 1 ranges over dom A. This finishes the proof. []

Let us look at an important application of the Kato-Rellich Theorem to Schrédinger op-
erators in dimension d = 3.
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Corollary 3.37. Let V; € I?(R?), V5 € L°(R®), andV := Vi +V, : R3 - R, be
real. Then H := P? + V(X) : S(R3) — I*(R?) is essentially selfadjoint.

Proof. As we know that P> = —A is essentially selfadjoint on S(R3), we only need to show
that V(X) relatively bounded w.r.t. P2, For ) € S(R?), we begin with the estimate

VORI < IVilll$lleo + 1V2llol11l-

The second term || V5| [|¥|| is harmless for the relative bound, but we need to estimate the
first term ||V} ||[|¥]l - To that end, we use the Fourier transform and the Cauchy-Schwarz
Inequality with the function i : R = R, h(p) = ||p||*:

¥llee < 2|19l
= n)*?|(h+ 1)~ (h + DYy

1/2
s(zn>d/2( f <||p||2+1>—2dp) (h + D,
R3

Up to a multiplicative constant, this integral is ‘/E)OO r(r’ + 1)~2dr < oo by swichting to
polar coordinates, hence finite. This results in the bound

Wl < CIP*l, + C'l%ll

with numerical constants C, C’.

To produce a small relative bound, we now scale : For r > 0, we consider 3,(p) :=
r3(rp). Thenonehas [l = [Pl and [l = r*2[Po, as wellas | P>, |l = r=/2|P2|l,.
Replacing |9 by ||, |1 in the previous bound, this allows us to estimate for any r > 0

/ C /
Wl < ClIPPrllz + C' Yl = —r||P2¢IIz + 2|9l

\/_

For large enough r, this gives a relative bound of V w.r.t. P? less than 1. []

The most important application of this result is to the Coulomb potential.

Example 3.38 (The Hamiltonian with Coulomb potential). Consider the Coulomb
potential

Z
V:R?)—)R, V(X):Z—m, Z >0,

and split it accordingto V- = V; + V5, with V; 1= y,V, V, := (1 — x1)V, where
X1 is the characeristic function of the unit ball |x|| < 1. Then V, € L®(R?) and
Vi € I*(R3) (integrate in polar coordinates). Hence the symmetric operator V(X) :
S(R®) — I*(R3) satisfies the assumptions of the corollary, so H = P? + V(X) is
essentially selfadjoint on S(R?).

At this point, we have seen some useful criteria that allow us to decide about the question
of (essential) selfadjointness of typical Hamiltonians. Let us now have a closer look at the
spectrum of H and how it influences the dynamics. The idea in the following definition is
that the measures ,ug can be quite different (for fixed H) depending on 3.
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Definition 3.39. Let u be a (signed, complex) Borel measure on R, and let £ denote
Lebesgue measure on R.
a) W is called pure point if © = ), 1, Cn02,,, a finite or countable sum of Dirac mea-
sures,
b) w is called absolutely continuous (w.r.t. £), written u < €, if every £-zero set is a
u-zero set. (In this case, 1 has a density w.r.t. € (Thm. M.9)),
c) M is called singular continuous (w.r.t. €) if supp u is a Lebesgue zero set, but also

u({A}) = 0forall 1 € R.

Definition 3.40 (Spectral types). Let (', H) be a quantum-mechanical system. We
define

?ffp = e : ,ug is pure point}, (3.91)
HHE ={ped: ,ulg is absolutely continuous}, (3.92)
HH ={ped : ,ug is singular continuous}. (3.93)

The three sets J 113%’ FCH, 7CH are closed subspaces of (. Let us prove this for 72 A
vectoryp € I( lies in 7 if and only if ,u{bl (N) = Ofor every Lebesgue null set N C R. Since

pg (N) = (b, EH(N)) = |[EH (N)P|?, we see

FH = ﬂ ker EH(N),
N:¢(N)=0

which is a closed linear subspace. In the exercises, you will prove

?Cg = span{EH({A)FH : 1 € R},

ie. ﬂg is the closed subspace generated by all eigenspaces of H. Singular continuous spec-
trum is often absent'”, and we will focus mostly on the pure point and absolutely continuous
parts. An example of a singular continuous measure is the Cantor measure.

It is clear by definition of these spaces that they are mutually orthogonal to each other.
Without proof we state the following stronger result. See, for example, [Tes09, Lemma 3.19].

Lemma 3.41. Let (H, H) be a quantum mechanical system, with J{ separable. Then
H=HE®IHE @ IHE, (3.94)

and there exist Borelsets B, B,., B, C R such that

pp’

Hyp =EUB,)H,  HI=E"B,)¥H, HI=E'BIH. (395)

17Singular continuous spectrum but may appear in Hamiltonians on discrete structures, for example in the
so-called Fibonacci Hamiltonian on F€ = €2, defined by (Hu),, = Uy + Up_y + AV, Uy, where V),
is related to the Fibonacci sequence. Its spectrum is a Cantor-like set with spectral measures purely singular
continuous for non-zero 4, it is a model of a quasicrystal.
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Note that this result implies that these subspaces are invariant under the dynamics, e.g.
e‘”Hﬂg = e_”HEH(Bpp)?( = EH(Bpp)e_”H?( = ﬂg. Furthermore, note that

pe A = ul,is xx forall ¢ € 7, (3.96)

” « ” «

where “xx” stands for one of “pp”, “ac”, “sc”. To prove (3.96) for the absolutely continuous case,
let N C RbealLebesguenullsetandy € FH, ¢ € It. Then,ug’lp(N) = (p, EH(N)Y) = 0,

ie. ,ug, y is absolutely continuous w.r.t. Lebesgue. The corresponding proof for the pure point
space is again carried out in the exercises.

We now want to understand the dynamical aspects of these types of spectra. For example,
we might wonder how [(@, e"*H1))|? looks like for large times and how this behaviour is
influenced by % lying in one the three spectral spaces. This, on the one hand, informs us
about the probability that when measuring whether the state of the system is ¢ in the state
e~ Hy) the answer is “yes”. On the other hand, for 7 = I2(R%) and ¢ = yp a characeristic
function,

2

[(p, e HY)? = (3.97)

f (e tHY)(x) dx
B

is sensitive to the part of e~ 1) supported on B, and can therefore serve as a tool to check
the behaviour of e ), i.e. whether it stays in bounded regions, moves to infinity, etc.
We first consider the easiest case of the pure point spectrum.

Lemma 3.42 (Pure point vectors define bound states). Let H be a selfadjoint Hamilto-

nian on H = Lz([Rd), Y e f}fg, and € > 0. Then there exists R > 0 such that

sup Pr-itny([|X]| > R) = sup/ (e THP)(x)> dx < €. (3.98)
teR teR J|x|>R

The interpretation of this result is the following: For ¢ € (. g), there exists a finite ball

Bgr = {x : |x|| £ R} such that the probability that the position takes values in By is
essentially one, at all times. Hence there is no movement to infinity in such a state, and one
therefore calls it a bound state.

Proof Letusfirst consider the special case that 3 is an eigenvector of H. Then |(e#Hy)(x)| =
()| for all t, and since Pp € I?(R?), we have ‘/|1|x||>R [$(x)|?> dx — 0 for R — co. For any

€ > 0, we can therefore choose R large enough such that j|'| X[>R [P(x)|? dx < e.
Ify =), 1 Cn ¥ 1s a finite linear combination of eigenvectors, we have

(e~ p)(x)| =

Z Cn e~ itAn Yn(x)

<3 leal a0,

and the same argument works again. Now let 1 be a general vector in I{{p, ie. ¢ = lim, §,
(ie. ¥ — &, — 0) with each &, a linear combination of eigenvectors. Let yg denote the
characeristic function of Bg. Then

12 = xR)e™ ™ Pl <A = xR)e ™ &l + (1 = xr)e™ (@ = £
<A = xr)e ™l + 13 = Ell-
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Given ¢ > 0, we choose n = n, such that ||¢p — &,|| < & For this fixed n,, we then
choose R large enough such that ||(1 — yg)e “H&,|| < . Taking the square then results
insup,_p Pre-ierry (| X| > R) < 42, O

This relatively simple result gives us a good qualititative understanding of the dynam-
ics of pure point vectors as bound states. To also understand the continuous spectrum, the
following result will be a useful tool.

Proposition 3.43 (Wiener’s Theorem). Let u be a finite complex Borel measure on R,
and define the Fourier transform of 4 as

ad:R—-C, ac) := f et du(q), (3.99)
R
a) Then
1 T
tim 7 [ laOPde= 3 1P (3.100
& 0 AER

where the sum on the right hand side is finite.
b) Ifu is absolutely or singular continuous w.r.t. Lebesgue measure,

T

1 A2 Af —
Th—fréoffo la@)?dt = o, (3.101)

c) Ifu is absolutely continuous w.r.t. Lebesque measure,

lim fi(t) = 0. (3.102)
t—> o0

Proof. a) We calculate with Fubini’s Theorem

T

1 ~ 1 ' —i(x— 7
7 [ mora=g [ [ [ et au daoa

T
_ f f (1 f e—i(x—y)tdt) du(x) dE(y).
R JR T 0

The function in brackets is bounded by 1 and converges pointwise to yjo3(x —y) as T — 0.
Hence we may apply dominated convergence and see that the limit T — oo of the above
integral is

f f 01 = Y)du(x) () = f WD dEo) = 3 DI
R YR R

yeER

b) follows directly from a) and the definition of absolutely/singular continuous measure.
c) is the Riemann-Lebesgue lemma. []
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Example 3.44. Let H be a selfadjoint Hamiltonian on /{ = LZ([Rd), andlety € K fg ,
|| = 1. Then e~*Hep — 0 weakly as t — 0. In particular, for any bounded Borel
setB C IRd,

lim f (e"Hyh)(x)dx = 0. (3.103)
B

t—>*oo

Proof As ) € FH, the complex Borel measure ,ulgi » is absolutely continuous w.r..

Lebesgue measure, for every ¢ € J(. Hence

(p, e tHy) = / e~ith d,ug,zp(/l) -0, t - +o0,
R

by the preceding proposition. The second statement follows by taking ¢ = xg. 0J

We would like to upgrade the limit (3.103) to the stronger statement that

Pro-umy(X € B) = fB |(e"HH)(x)|? dx (3.104)

converges to 0 for t — *oo. This has the clear interpretation that the probability to find the
particle described by 9 in the region B goes to zero as t — 0.

The abstract mechanism that allows for such an upgrade is described in the following
theorem. We call it the “little RAGE theorem” because it is a weakened version of the so-called
RAGE Theorem (abbreviating the authors Ruelle-Amrein-Georgescu-Enss). The full RAGE
Theorem gives a full characterization of the continuous and pure point subspaces in terms
of sequences of relatively compact operators. For us, the following version will be sufficient.

Theorem 3.45 (The little RAGE theorem). Let (F, H) be a quantum-mechanical sys-
tem, ) € H andK € B(J() a bounded operator such that K(H +1i) ™1 is compact. Then,
with P, P, denoting the orthogonal projections onto JCE @ I and FCH, respectively,

T

1 ] .
lim — f |[Ke™*HP 1p||2 dt = 0, lim |Ke “HP, 3| = 0. (3.105)
Tooo T 0 t—> o0

Proof. We first give the proof under the much stronger assumption that K is of finite rank.
Choosing an orthonormal basis {1, ..., ,} of Ran K, we have K§ = ZZ=1<K*¢k’ Py

and |KE&||? = EZ:I {K*9y, €)|?, and hence
T

T
1 _; 1 — _
T [ ety = 13 [ e R dr
0 k=1Y0

T

n
1 -
=1 [ g0 — 0w £
k=1 0
n
IKe B, 17 = 3 (KB e P, P

k=1

n
= Z |lag*zpk,Pc¢(t)|2 — 0 asf—o0
k=1
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by Wiener’s Theorem 3.43. If K is compact, then there exists a sequence (K},) of finite rank
operators such that |K — K,,|| < % Estimating |[Ke “HP.y| < |K, e "*HPy| + %lchl,bll
(and similarly for P,.) shows that the result holds if K is compact.

Now we pass to the general situation in which only K(H +1)~! is assumed to be compact.
For € I, lety,, € dom H such that || — P,| < % Then

||K [ IIK I

|Ke™HEY| < |Ke Rl + == = IK(H + 7 e FRH + Dol + ==

Using the same argument as before for the compact operator K(H + i)~! finishes the proof.
[

To apply this theorem, we need to find meaningful operators K such that K(H + i)~ ! is
compact (in this situation, one also says that K is relatively compact w.r.t. H). We first collect
some preliminaries on Hilbert-Schmidt operators.

Definition 3.46 (Hilbert-Schmidt operators). An operator K : H — I is called
Hilbert-Schmidt if for some orthonormal basis (e,,) of 7, the Hilbert-Schmidt norm

IKI3 := ;) IKen|* < oo (3.106)
n

is finite. The set of all Hilbert-Schmidt operators on #( is denoted J,(F().

By realizing ), IKe,||*> = Tr(K*K), one sees that the Hilbert-Schmidt norm and the
condition (3.106) is independent of the considered orthonormal basis. We mention without
proof here the fact that 7,(J() is a Hilbert space w.r.t. the scalar product

(K,L) 1= Tr(K*L), (3.107)

and a two-sided *-ideal in B(#), namely with K € J,(¥(), also K*, AK, KA € J,(J(), for
any A € B(H).

Proposition 3.47 (Some facts about Hilbert-Schmidt operators).
a) K|l < K]y forany K € T5(F).
b) Hilbert-Schmidt operators are compact.
c) Let(X,u) isa measure space, }{ = [*(X, ), and letk € [2(X X X, u X i1). Then

K:DO0 — R0, KO = [ Ku)f0)dut)
X
is a Hilbert-Schmidt operator, with | K|, = ||kl z2xxx,puxu)-

Proof. a) Let (e,) be an orthonormal basis of H and ¢ € H. Theny = ), n Cnén (With
n = (e, ) square summable), and

K| = Ke,

<Zlcn|2 ZIIKemII2 IIPIKIS,
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which implies the claimed result.

b) Let(e,,) be an orthonormal basis of /', and Py the orthogonal projection onto span{ey, ..

ForK € J,(J(), the operator Ky : = KPy has finite rank and is therefore compact. We have

IK = Knl? < IK = Knl3 = D, IIKen> =0 as N — co.
n>N

Hence K lies in the norm closure of the finite rank operators, i.e. K is compact.

¢) Let (e,,) be an orthonormal basis of I?(X, ). The function k,(y) := k(x,y) lies in
I3(X, ) for almost every x € X. For such x, we have (Ke, )(x) = [y k(x, y)e,(»)du(y) =
(ky,e,), and

2 Ke)@PP = Y [k el = ko> = f |k(x, p)I? du(y).
n n X
This implies via Tonelli’s Theorem

IKI5 =2, f |(Ken) () du(x) = f D |(Kep)(x)du(x)
n JX X n

=f f |k(x, p)I? du(x) du(y) = Ikl L2xxcx)-
X JX

Example 3.48. Let y € C&(R?) be a smooth function of compact support, K :=
x(X) € BI?*(R%)) the operator multiplying with it, and let Hy = P? denote the
selfadjoint extension of the free Hamiltonian on S(R%) C I?(R%). Then K(H, + i)~!
is compact.

Proof: Let yx,, denote the characeristic function of the ball B,, C R< with radius  and
origin p = 0. Then, forany 3 € LZ(IRd), we have

(K(Ho + D)™ xu(PYP)(x) = xC)((Ho + D)™ xn(P)P)(x)

i(p,x)
_ (omydiz [ X0

i(p,x)
% Xn(p) lies in I2(R? x R4, dx dp), we see that

K(Hy + i)~ x,,(P) is Hilbert-Schmidt and in particular compact.
Furthermore, the operator (Hy + i)~!(1 — ),,(P)) acts in momentum space by
multiplication with p — (||p||* + i)~!(1 — x,(p)), and therefore has norm

As the function (x, p) +—

I(Ho + 1)y, (P)|| = (n* + 1)7V2.

This implies K(H, + i)~} y,(P) — K(H, + i)~! in operator norm as n — co, and it
follows that K(H,, + i)~! is compact. O
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Proposition 3.49 (Dynamical properties of (absolutely) continous spectrum).

a) Let(dom Hy, Hy) be aselfadjoint operator and V relatively boundedw.r.t. Hy, with
relative bound less than 1. Then, if K € B(JH) is relatively compact w.rt. Hy, it is
also relatively compact wrt. H = Hy + V.

b) On H = I*(RY), consider a potential V. : R? — R such that V is relatively
bounded w.rt. Hy = P? on dom Hy = S(R?), with relative bounded less than 1.
Then, for every y € C(RY), the operator y(X)(H + i)~! is compact.

¢) In the situation of b), we have for any bounded Borel set B C R%

1 (" H H
T./o‘ Pro-uny(X € B)dt — 0, Y e H,. IS, (3.108)
Pr,-itny(X € B) — 0, P e #H, (3.109)

Proof. a) We recall that the assumptions guarantee that H = H, + V is selfadjoint on
dom Hj, by the Kato-Rellich Theorem. Furthermore, (H,, + i)~1£ € dom H, forall £ € 7,
and the relative bound implies

IV(Ho + D71l < allHo(Ho + D)™'€]l + bli(Ho + D™'¢]l < (a + b)|x|

as in the proof of the Kato-Rellich Theorem. Hence V(H,, + i)~} is bounded. We claim that
the resolvent identity

(H+0)" = (Hy + )L = (Hy + )" V(H + i)~ (3.110)

holds (as an equation in B(#()). Indeed, for every £ € J(, the vector 3 := (H + i)~1¢
satisfies § = (H + i)y = (Hy + i)y + V), which implies
H+)TE=9
=(Ho+ D¢~ (Ho +)7'VY
= (Ho +1)7'§ = (Ho + D7'V(H + D)7,
namely (3.110). Multiplying (3.110) from the left by K shows that
K(H+ i)' = K(Hy +i)~! — K(Ho + i)'V (H + i)~

is compact as a sum of compact operators (note that V(H +i)~! is bounded, so also K(H, +
i)71V(H + i)~!is compact).

b) The relative compactness of K := y(X) w.r.t. P? has been shown in Example 3.48.
Corollary 3.37 gives examples of this situation.

c) Let y € CZ(R?) be such that y(x) = 1forallx € B,and 0 < y(x) < 1 forall
x € RY. Then

Pre-iny(X € ) = [ e )0 dx < [0y
B

and the claims follow from Theorem 3.45. ]

This result gives a qualitative understanding of the dynamics of vectors in the (absolutely)
continuous subspace: For any bounded set B, the probability that the position of the particle
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is in B, converges to zero as ¢ — co. This limit holds only in an averaged sense for singular
continuous spectrum, and as a limit without averages in the case of absolutely continuous
spectrum. Such vector states are called scattering states because they behave like waves flow-
ing to infinity at asymptotic times. They form the basis of quantum scattering theory, where
scattering phenomena are investigated in more detail.

Scattering states behave exactly opposite to bound states that are given by vectors from
the pure point space (Lemma 3.42).

Example 3.50 (Tunneling). Let us consider, for simplicity in d = 1 dimension, a com-
pactly supported potential V' € C.(R) that is positive and consists of two potential
barriers trapping a particle in the middle region B between the two barriers.

In this situation, we know that H = P2+ V(X)) is essentially selfadjoint on Schwartz
space (the potential is even bounded), and that H has no point spectrum (see Propo-
sition 3.33). Hence Proposition 3.49 tells us that the probability that the position of
the particle is in the trapped region B goes to zero as t — oo (for singular continu-
ous spectrum, this would only hold in an averaged sense, but here we have no singular
continuous spectrum).

This means no matter how we design the initial vector state p = 1, € [*(R) at
t = 0, the particle will escape the middle region B in the long run. This applies in
particular to ¥ such that ¢ has compact support, say such that Pry(H < Vp) = 1,ie.
the probability that the energy of the particle is less than the potential barrier is 1.

(a) Initial state (b) Typical late-time situation
Z =
= £
3 IVl 3 IV llco
~— — AN
% 5 R N S
o 97| outgging outgoing
< <
= 2| 47 small refnainder 2\”
2 2
) o
~ position ~ position

In classical physics, in such a situation the portion of the probability distribution
supported in B would remain in B for all times, for energy conservation reasons (see
Corollary 1.10). In quantum mechanics, this is no longer the case: Although energy is
conserved in the sense that H is a constant of motion, a quantum particle can “tunnel
through the potential barrier”, which is classically impossible.

This is the qualititative description of the quantum tunneling effect. It is clear from
our discussion that it also applies in higher-dimensional systems.

3.4 Angular momentum on I*(R?)

In this section, we prepare the ground for our subsequent analysis of Hamiltonians with
spherically symmetric potentials, including in particular the hydrogen atom Hamiltonian,
i.e. Schrodinger operators of the form

H=P>+V(X)
where V' : R3> — R is a potential satisfying V(x) = v(]x||), x € R3. (The hydrogen
atom case is given by V(x) = —Z see Example 3.38.) If H is essentially selfadjoint on,

’
(R
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say, & (R3), then it follows from Example 3.31 and Exercise 3.11 that its selfadjoint extension
has the angular momentum operators L, L,, L3 (reviewed below) as constants of motion
because H commutes with the unitary strongly continuous representation

U : SO(3) = UIZ(R3)), (URY)(x) = Pp(R™1x). (3.111)

Clearly, rotations only affect the angular part. For example, if (x) = g(¢, 0)f(r) in polar
coordinates (¢, 6) (angles) and r = ||x|| (radius), then in U(R), the rotation only acts on g
and not on f. We might therefore present our representation Hilbert space in the unitarily
equivalent form

I2(R3) = I3(S?, dw) @ I*(R,, r* dr), (3.112)
UR)=2=UR)®1, (3.113)

given by passing from cartesian to polar coordinates (here dw(¢, 6) = sin©d¢ dO in the
usual polar coordinates).

In order to avoid unpleasant polar coordinates calculations, we will study the angular
dependence in terms of certain polynomials in cartesian coordinates.

Definition 3.51 (Homogeneous harmonic polynomials).
a) A polynomial p in three variables is called homogeneous of degree | € Ny if

p(Ax) = A p(x), x €R3, 1> 0. (3.114)

The space of all these polynomials is denoted Pol;(R*) C Pol(R?).

b) A polynomial p in three variables is called harmonic if Ap = 0, where A =
0% + 05 + 03 denotes the Laplace differential operator. The space of all harmonic
polynomials that are homogeneous of degree [ is denoted V; C Pol;(R>).

The relation of these polynomials to functions in I?(S?) is the following: Given any func-
tiong : S? — C and degree [ € N, we may extend g uniquely to an [-homogeneous
function g; : R3\{0} — C, namely by

g0 1= lellg (). x o
1]

Conversely, any continuous function g : R3> — C restricts to a function on S2, and if g is
homogeneous of some degree I € N, then the restriction map is injective. We may there-
fore think of homogeneous polynomials either as homogeneous polynomials on R3, or as
polynomials on S2. In particular, we may view V' as a subspace of [*(S?) by restriction.

The spherical harmonics are the (properly normalized) restrictions of homogeneous har-
monic polynomials to the sphere.

Example 3.52. Let us give some examples of harmonic homogeneous polynomials in
order to convince ourselves that many of them exist:
« Any constant polynomial is harmonic and homogeneous of degree [ = 0,
« Indegree | = 1, the polynomials X7, X,, X3 are harmonic,
o Indegreel = 2, the polynomials x; x; (with k # 1), x} — x3, and x} + x5 — 2x3
are harmonic,
« In degree | € N, the two polynomials Re(x; + ix,)! and Im(x; + ix,) are
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homogeneous (clear) and harmonic. The latter property follows from

A(Xl + iXZ)l = lal(xl + iXZ)l_l + ilaz(xl + ixZ)l_l
= 10 = 1)y + )1 — (= 1)y + i) =2
=0.

The dimensions of the spaces Pol; (we drop the R3 here and in the following whenever
we consider polynomials of three variables) and V'; C Pol; can be computed as follows.

Lemma 3.53. Letl € N. Then

dim Pol; = %(l + 1)(1 +2), dimV;=2l+1. (3.115)

Proof. The space Pol; is spanned by the monomials xilxlzzx;3 with I}, I, I; € N satisfying
li + 1, + 15 = 1. For fixed I3 € {0, ..., I}, there are | — I3 + 1 many possibilities for choosing
ll’ l2. Thus

1
dim Pol, = lzo(z +1-l)=(+17— %(z +1)l = %(l +1)(I+2).  (3116)

Let p € Pol;, and write it sorted by powers of x3, i.e.

l
p3(x) = D Xk pr(x1,x,),
k=0
with pj polynomials of two variables (homogeneous of degree [ — k). Then p is harmonic if
and only if

l l
0=Ap(x) = Z xX5(3% + 83)pr(x1, x,) + Z k(k — 1)x§ 2 py(xy, x2)

k=0 k=2
1 -2
= > x50} + 33)pi(x1, x2) + . (k + 1)(k + 2)xK prya(xy, X,)
k=0 k=0

vanishes. Comparing coefficients, this is equivalent to the recursion relation
Pis2 = —(k+ 1) (k +2)7'(6] + 33)py.

Hence for even (odd) k, the polynomial py, is uniquely determined by p, (by p;). Conversely,
any choice of py, € Pol;(R?) and p; € Pol;_;(R?) uniquely determines a harmonic polyno-
mial in V'; by the recursion relation.

As dim Pol;(R?) = [ + 1 and dim Pol;_;(R?) (same argument as for the first dimension
formula), we get dim V| = dim Pol;(R?) + dim Pol;_;(R?) = 21 + 1. O

We now explain how the spaces V'; are related to rotations and angular momentum.
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Lemma 3.54. Consider the representation p : SO(3) — Aut Pol(R?), (o(R)p)(x) :=
p(R™X). Then V | is an invariant subspace for p, i.e. p € V; => p(R)p € V  forall
[ € Ny, R € SO(3).

Proof. 1t is clear that p(R) maps polynomials to polynomials. It preserves Pol;, [ € N, be-
cause

(p(R)p)(Ax) = p(R™'(Ax)) = p(AR™"x) = X(p(R)p)(x).

Furthermore, A commutes with p(R) (we had seen this already in Example 3.31 in a similar
setting). Hence Ap = 0 implies Ap(R)p = p(R)Ap = 0, which finishes the proof. [

By restricting to the finite-dimensional space V' ;, we have a finite-dimensional represen-
tation

0, : SO(3) = AutV), (3.117)

just as in matrix mechanics (Section 2.4). The generators of the one-parameter groups of
rotations around the three coordinate axis are

L1 = —ixZag + iX3az, L2 = —iX3al + l.xlag, L3 = —ixlaz + ixZal, (3118)

considered as maps V'; — V/;. This follows by explicit differentiation as in Exercise 3.11.
The so defined maps satisfy the familar angular momentum exchange relations, i.e. they form
angular momentum operators in the sense of Definition 2.37, with total angular momentum
I? := L} + L3 + L3. We also define L, := L, % iL, as in Lemma 2.39.

Proposition 3.55. Define
K = xlal + xZaz + X3a3 (3119)

as a linear map Pol(R®) — Pol(R3), where x j means multiplication by x;, j = 1,2, 3.
a) I = K(K + 1) — || x||*A as maps Pol — Pol,
b) Foreveryl € No, we have I?|y, = I(1 + 1) idy,.
c¢) The system of angular momentum operators Ly, L,, L3 on V| is irreducible.
d) Assubspaces V| C I*(S?%), we have

Xs?) =P, (3.120)
1=0

Proof. a)Weset W ;; := x;0; — x;0;,so that Ly = —iW,3, L, = iW)3, L3 = —iWj,. Then

2 712 2 2

P=L+1}+13

_ 2

== 2 W
1<i<j<3

= — Z (xlzajz + szalz - 2xixjaiaj - xidi — xjdj)
1<i<j<3
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The sum over the second order part simplifies as follows: Since the summand is symmetric
in I, j, and vanishes for i = j, we have

1
- Z (xlzajz + szalz - 2xl~xj6i8j) = —5 Z(xlza]z + szalz - 2xixj8i6j)
1<i<j<3 i,j

= —Ix|?A + D x;x;0;9;.
irj

The sum over the first order part is

Z (xial- + xjaj) = 2K,

1<i<j<3

which yields I? = —||x|?A + Zi,j x;x;0;0; + 2K. But

2
KZ = (Z xi6i>
i
= inainaj
i,
= le-xjaiaj + in[ai,xj]aj
i,j i,j

= z Xinaiaj + K.

Lj
Inserting this into the previous result yields I? = —||x|*A + K(K + 1).
b) On the monomial p(x) = xlll xlzzx?, the maps K; := x;d; act according to K;p =

lip. Hence Kp = (l + I, + I3) p, and we conclude that K|p,, = lidp,),. As A vanishes on
harmonic polynomials by definition, the claim follows from a).

c) We now consider the polynomial
pi(x) 1= (x; +ix,), (3.121)
and note

L3pl = (_ixlaz + iXZal)(xl + ixz)l =1- P

As in the proof of Theorem 2.40 (which is based on the commutation relations recorded in
Lemma 2.39), this implies that the polynomial LX p; € V| satisfies LsLX p; = (I — k)p,,
and LX p; # 0for 0 < k < 2l + 1. As these vectors are eigenvectors of L, with different
eigenvalues, they are linearly independent.

Now suppose that W; C V is a non-zero invariant subspace. As L; is diagonalizable
on W, this space contains an eigenvector, i.e. one of the LK p;. But then acting with L
shows that this space contains all (21 + 1) of them, which span the whole space V| because
dimV;=2l+1.

d) We have to show two things: (i) For [ # ', the spaces V' j and V| are orthogonal as
subspaces of [?(S?), and (ii) the span of all V', | € N, is dense in [*(S?).
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Point (i) follows because V' is the [(l + 1)-eigenspace of the symmetric operator L?, and
eigenspaces for different eigenvalues are orthogonal. For point (ii), one first checks that

Pol; = V| @ || x| Pol;_,, (3.122)

i.e. any polynomial p that is homogeneous of degree [ can be written uniquely as p =
h + ||x||?q with h € V| harmonic and ¢ € Pol;_,. Proving (3.122) is left as an exercise.
Once (3.122) is established, one can use it iteratively on the homogeneous components of an
arbitrary polynomial. As the factors || x||> become trivial in restriction to S2, this shows that
given any polynomial p, there exists a (not necessarily homogeneous) harmonic polynomial
q such that p|sz = q|s2. As @zo V| spans all homogeneity degrees [, and as polynomials
are dense in I*(S?) by a version of Weierstrafy’ Theorem, this finishes the proof. O

As a representation of SO(3), the canonical representation U (3.111) decomposes as

AR%) = PV ® (R, r2dr)) (3.123)
=0

U=z (U; ® idrar, r2dr))s (3.124)
=0

where U] is the irreducible spin-I representation. Note that only integer spin values | € N
appear here. An operator H commuting with U will therefore only act non-trivially on the
radial space [*(R,, r? dr).

The following lemma is a preparation for evaluating Hamiltonians on the radial space.

Lemma 3.56. Let p € V| be a non-zero harmonic polynomial homogeneous of degree
l € Ny, and f : (0,00) = C measurable.
a) The function

PR >C Px) 1= p()f(lx) (3.125)

lies in [*(R®) ifand only if

f |f ()2 r?*2 dr < co. (3.126)
0

b) For smooth f, we have

21+ 1)
(B

(A¢Xx)=zKX)P”wxm4- ‘fmxm]. (3.127)

¢) Thefunction liesindom P2 ifandonlyif* f, f' € AC(R,), f € IZ(R,,r?*2dr),
and

2
r?*2dr < co. (3.128)

lmhwn+2“+”fv)

r

Forl = 0, one must in addition require lim,_,o 7 f(r) = 0.
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“For an interval I, the space AC(I) of absolutely continuous functions I = C consists of all contin-
uous function that can be written as the integral of some locally integrable function. Functions in AC(I)
are almost everywhere differentiable.

Proof. a) The first claim is a direct calculation: Setting ¢ := ||p|sz[|z2(s2) > 0, we have

||¢||f2(Rs)=f PO (lxDI? dx
R3

ng bt [ (7 ||>

c f rH2| ()| dr,
0

which shows that ) € I*(R3) is equivalent to (3.126).
b) To evaluate the Laplace operator on 3, we first note that by the chain rule,

aIIXII

0 f(llxl) = f(ll D= f(IIXII)

and

(x, Vp(x)) = Lp(x). (3.129)

To prove the latter equality, note that differentiating p(Ax) = Ap(x) w.et. Lat A = 1 gives
(x, Vp(x)) for the left hand side and I p(x) for the right hand side.

With this preparation, we calculate with the Leibniz rule
3
APCOf(IxID) = (Ap)(x) +2 37 [8;p(x) 8; F(lxID) + 3 f(llxID]
j=1

3
= 2(Vp00. 75 ”f(||x||>>+p<x>_za,(” L (D)

|p< 0 f () + (T(Tf) ‘ﬁ)

= T
= b (7l + 2(f|+””f (1)),

)f(ll )+ pCOSf(lxl)

¢) The claims in this part can be verified by checking when the Fourier transform t of ¢
satisfies fis [ Pl|*[P(p)|*dp < 0. We do not give the details of this computation here. [J

To understand why the extra limit condition is required for I = 0 in ¢), consider y €
CP(R,) with y(r) = 1forr < 1,and f(r) := y(r)/r. Then all conditions listed in c),
except the limit condition, hold. One may check that in terms of distributions, P?f = 478,
the delta distribution at x = 0. As this does not lie in I?(R>), we see that an additional
condition is necessary. For [ > 0, this does not happen.
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3.5 Hamiltonians with central potential

In this section, we consider a potential V : R* — R such that:
+ V isrotationally symmetric, i.e. V(x) = v(||x||) for some v : R, — R,
o V=V, + Vywith V, € L°(R?) and V; € I*(R?) both rotationally symmetric, i.e.
Voo (V) = v ([l x]) and V5(x) = vy(]|x||) for some vy, € L¥(R,)andv, : R, — R
satisfying

(&)
f r2|v,(r)|? dr < oo. (3.130)
0
Our most important example is the Coulomb potential, given by
Z
v(r) = 0 Z>0. (3.131)

See Example 3.38 for the proof that this potential satisfies the above assumptions.

€ Atomic numbers. The Hamiltonian with potential (3.131) models the electrostatic
repulsion between a positively and a negatively charged particle, for example a proton
and an electron. In atomic units, where the electron mass is m = 1, Planck’s constant
is A = 1, and the electron charge is also e = 1, this corresponds to choosing Z = 1 in
(3.131).

For alarger nucleus consisting of Z € N protons (and some neutrons), the Coulomb
potential models the force that this nucleus exerts on a single electron. The parameter
Z € Nis called the atomic number. The symbol Z derives from the German “Zahl".

Given any such potential V, we consider the Hamiltonian
H:=P+V(X), (HPX) =—(Ap)(x) + v(IxP(x). (3.132)

Recall that H is essentially selfadjoint on S(R?) and selfadjoint on dom H = dom P2, This
was proven in Corollary 3.37 by an application of the Kato-Rellich Theorem 3.36, namely
V(X) is relatively bounded w.r.t. P, with relative bound less than 1.

We now have a closer look at H and begin with its spectrum. The arguments given below
apply to more general situations and do not yet use the rotational symmetry of H.

Proposition 3.57 (Spectra of Hamiltonians). Let H be a Hamiltonian of the form (3.132).
a) o(H) is unbounded above.
b) If sup |V(x)| = Oforr — oo, we have [0, ) C o(H).

[lxll<r

¢) o(H) is bounded below, i.e. o(H) C [—Aq, 00) for some A € R.

Proof. a)Letp € CP(R3) C dom H, and consider 3,,(x) := ei”<k’x>7,b(x), where k €
R3 \ {0} is a fixed vector, and n € N. Then §,,(p) = ¥(p — nk), and

<¢n’H¢n> = <¢naP2¢n> + <¢ns V(X)z)bn>
= [ 1ol - nRdp+ f VOO () dx
R3

R3

= [ o kiR dp+ [ VEORGOP d
R3 R3
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Because of ||p + nk||? = ||p||* + 2n(k, p) + n?||k||% the first integral goes to +00 as n — oo,
whereas the second integral does not depend on n. If o(H) was bounded above, say o(H) =
supp EH C (—o0, C] for some C > 0, then we would have

W = [ aduf) <l

(_OO’C]

for all p € dom H; a contradiction.

This argument used the fact that by multiplying with the phases e , we can arbitrar-
ily increase the kinetic energy while keeping the potential energy constant. We now give a
more refined argument based on the same idea, making use of the additional assumption
V(x) — 0 uniformly for ||x|| = oo (as in Prop. 3.33).

b) Consider A > 0 and pick k € R3 with ||k|> = A. Pick a smooth function y €
C2(R3), |lxll, = 1, with support in the unit ball B = {x : |x|| < 1}, and consider the
sequence

in{k,x)

2
Po(x) 1= n‘3/2)(<—x —nn el) eilk.x),

We note that ||$p,||, = 1forall n € N, and that the support of ,, is contained in the ball
B,, := B,(n%e;) of radius n and center ne;. This implies

IVpnll3 = f [VEOP ()P dx = 0 as n — oo.
B

n

For the kinetic energy, we have ||(P?> — 1)¥,||> — 0asn — oo. The argument for that is
as in Prop. 3.33: Taking derivatives by the product rule, the term in which P? = —A acts on
el{kx) produces a factors ||k||? = 4, canceling the explicit —A%,,. Terms in which derivatives
act on )y produce additional factors of n~! and therefore vanish as n — 0.

These arguments show ||(H — )Y, || = O, |$,|| = 1, and imply A € o(H).

c) The following argument works in much more generality; it only relies on the relative
bound [|[V(X)¥| < a|[P*p| + bl|[3p|| (with fixed a,b > 0,a < 1,forallp € dom P?). As P?
is positive (g(P?) = [0, o)), P2 + 1 s invertible for every 1 > 0. Hence

VOO + 791 < PP + 279 + DI + 279 < (a+ 3) 19l

and by choosing 4 large enough, we get ||V (X)(P? + 1)7!|| < 1. This implies that
H4+21=VX)+P*+1=0+VX)P?+ 1) H(P%+ 1)

is invertible (the first bracket is invertible by a geometric series), i.e. —4 € p(H) for A large
enough. This shows that g(H) is bounded below. H

Let us emphasize the importance of the lower bound c). This bound is remarkable be-
cause the potentials in our class may be unbounded below, like the Coulomb potential. While
the possible values of the classical Coulomb Hamiltonian function

Z
H(x, p) = ||pll* - Tl (3.133)
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are unbounded below (for Z > 0), namely H(R?) = R, the possible values of the quantum
Coulomb Hamiltonian operator are bounded below. This is already a strong indication that
the quantum mechanical model might improve upon the classical one, because the classi-
cal model predicts unstable behaviour (the electron crashes into the proton) because of the
unbounded below energy values.

In comparison to Prop. 3.33 for compactly supported potentials, we here have not yet
a statement that the point spectrum is negative. Several such statements under different
hypothesis exist. Due to the singular and long range nature of the Coulomb potential, not all
of them apply to it. We therefore provide an argument that is designed specifically for the
Coulomb potential.

Proposition 3.58 (Virial theorem and negative point spectrum for Coulomb pot.).
Consider the Hamiltonian H = P? + V(X) with Coulomb potential V (x) = —Z Then

]
the Virial theorem holds, namely

W, P2) = —3 (@, V) (3.134)
Sfor any eigenvector 1 of H. As a consequence, all eigenvalues of H are negative,
o,(H) C (—00,0). (3.135)
Proof. We consider the dilation operators
D(s) : P(R?) —» (R,  (D(s)P)(x) := e > ¢p(e*x).

It is easy to check that D is a strongly continuous unitary one-parameter group (exercise),
and we have

D(s)HD(—s) = e*’P? + e’V(X), dom(D(s)HD(-s)) = dom H = dom P2.
Let A be an eigenvalue of H, i.e. HY) = Ay for some ¥ € dom(H)\{0}. Then

(¥, [D(s), H]Y) = A, D()y) — A, D(s)y) = 0.

Hence the limit limg_, i(t,b, [D(s), H ) exists and vanishes. Using the scaling behaviour of
the kinetic and potential energy, this limit can also be computed as

1

0 = lim ~(&, [D(s), H]$)
= lim(D(=5)p, %(H — D(=s)HD(s))})
= lim(D(-s)3, [%(P2 —e3P%) + %(V(X) — e VX))Y)
= @, [2P* + V(X)]9).

In the last step, we have realized the limit in the right entry of the scalar product as a derivative
at s = 0, and used the continuity of D in the left entry.
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This shows the virial theorem. As a simple consequence, the eigenvalue A must be nega-
tive

AllI? = (b, H)
=@, [P* + VX Iy)
= (@, [2P* + VXOI¥) — (¥, P*Y)
= —(¥, P*Y)

<0.
H

We now exploit the SO(3)-symmetry of H for general rotationally symmetric potential
(in the class defined at the beginning of this section). Recall that the natural SO(3)-representation
U on I?(R?), given by (U(R))(x) = P(R'x), decomposes according to

AR%) = PV ® ARy, r2dr)],
=0
UR) = PIU,® ®idag, 2

=0

where U] is the irreducible spin-l representation, V' is the (21 + 1)-dimensional space of
spherical harmonics of angular momentum [ (the restriction of the harmonic polynomials
homogeneous of degree [ to S?), and we have

Vi=span{Y,, : me{-1l, .., 1}}, (3.136)

where Y ;;(x) = (x; + ix,)}, and Yiik= LXY };, up to normalization.
Also recall from Lemma 3.56 c) the conditions on f such that p(x) := p(x)f(||x]), with
p € V},liesin dom P2. We denote the domain of all these functions D; C [*(R,., r**2 dr).

Proposition 3.59 (The radial Hamiltonians). Let H be a Hamiltonian ofthe form (3.132).
a) Each space of the form V| @ I?(R ., r? dr) is invariant under the spectral projec-
tions of H.
b) Letl € Nyand f € I2(R, r**2dr). Then p(x) := p(x)f(||x]||) lies in dom H
ifandonly if f € D,.
c) For f € D), we have

HP)(x) = pC)H )([1x]D, (3.137)
Hf)(r) :==f"(r) = 20+1) ') +v@)f@r), r>0. (3.138)

r

Proof a) We know that the SO(3)-representation U commutes with the dynamics e'*H, t €
R (Example 3.31). For the following argument, we can use any bounded operator B €
B(I*(R3)) commuting with U. For [ € N, consider the orthogonal projection P; onto
V1 ®I*(R,,r*dr),and By, := P;BP,.

Let f,g € I*(R,,r*dr) and define Bil’g : V> Viby

1, BLEE) :=(f @0, Bu(g®E), neEV EEV, (3.139)
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These maps satisfy B,{l’gUl(R) = Uk(R)B,{l’g for every R € SO(3). By Schur’s Lemma, it
follows that B,{l’g =0fork # Lie. 0 =(f ®@n,Bi(g® &) fork # L As f,g,n,& were
arbitrary, we arrive at By; = 0, k # L.

For k = I, the operator B{;’g commutes with the irreducible representation U;. This

implies that Blj;’g is a multiple of the identity, BZJ; % = b)(f,8) idy,. Thus By; = idy, ®B; for

some bounded operator B; : I*(R,,r*dr) — I*(R,,r?dr), and we conclude that B can
be written in the form B = ),[idy, ®B;].

Applied to B = e!*H it follows that the spaces V; ® I*(R., r? dr) are invariant under
e'*H and hence under the spectral projections of H.

b) By Kato-Rellich, we have dom H = dom P2. Hence the claim follows immediately
from Lemma 3.56.

¢) For smooth 1, this formula has been shown in Lemma 3.56 (note that V is rotationally

symmetric and therefore only acts on the radial part). This formula extends to general ¢ €
dom H = dom P2, [

This proposition has used rotational symmetry to simplify the partial differential opera-
tor H in three variables to the [-dependent family H; of ordinary differential operators, the
so-called radial Hamiltonians.

For general V, this is however still too complicated to allow for explicit determination of
the point spectrum. In the case of the Coulomb potential, however, we can say much more.

Theorem 3.60 (The point spectrum of the hydrogen Hamiltonian). Let H bethe Hamil-
tonian given by H = P?> + V(X) on dom P2, with V(x) = —i, Z > 0, and let

flx]
ZZ
ANy i= ———, N e Np. 3.140
NCT TN+ )2 =0 (3.140)
a) op(H) ={An : N € Np}.
b) An orthonormal basis of the An-eigenspace is given by
2l \ -2
Inim() = vt (IR (k)¢ 500, (3.141)
" o N+1

leN,, mezZz, Im| <1 <N, (3.142)

where Y 1y, are the spherical harmonics, Q%ﬂ are the generalized Laguerre poly-
nomials®, and Cy , | suitable normalization constants.
¢) dimker (H — Ay) = (N + 1)

“These polynomials will be constructed in the proof.

Proof. a) According to the virial theorem, we may restrict our search for eigenvalues A of H to
A < 0. By decomposing H into its angular and radial parts, we consider angular momentum
I € Ny and have to determine for which 4 < 0 the eigenvalue equation H;f = Af hasa
solution f € D;. Explicitly,

) =)~ 205y - Z gy = a5,
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To simplify the equation, we set A = —k? and introduce the function g via f(r) = e™*"g(2xr),
r > 0. In terms of g and the variable s := 2xr, the eigenvalue equation takes the form of
Kummer’s equation

sq"(s) + [2(+ 1) — s]g’(s) + [ZZ—K _(+ 1)] a(s) = 0. (3.143)

To find solutions of this equation, we first make the assumption that g is a power series,
o
namely g(s) = D, k=o€ 1S¥ (this assumption will be justified later). With the abbreviations

a:=2l+1andb := i — (I + 1), the power series ansatz yields
0 o (60
0= Z cpk(k — 1)sk1 + Z ck(a+1—s)sk1 + Z cibsk
k=2 k=1 k=0

= Z [crs1k(k + 1) + (k + 1)(a + 1)cg4q — key + cib] s%.
k=0

By comparison of the coefficients, we find the recursion relation

c _ k—-b e
1™ k+Dk+a+1) ©

k € N,

with the solution

Ck=¢cC LT J—b
k=Cog 1l 7o o7
k! i) tat 1
We now distinguish the two cases b € Ngand b & N,,.
Forb = n € Ny, we have ¢, = Ofor k > b, and g is a polynomial. This polynomial is,
up to a multiplicative constant, the generalized Laguerre polynomial QZH1 In this case, it is
easy to check that f € D), and hence ¥ € dom H. Consequently

1 72

Anl = —mj, n,l € Ny, (3.144)

are eigenvalues of H, with corresponding eigenfunctions

P(x) = py()QEI 2y |x[]) e~ VIANTIXI, (3.145)

where N := n + L. This already shows that all A,y are eigenvalues of H.

For b & N, all coefficients ¢ are non-zero, and ’Z: > ; for sufficient large k. This
leads to an exponential recurrence relation, i.e. up to adding a polynomial, g(r) > e'/2. But
this function does not lie in LZ([R+, r? dr), so it does not lead to eigenvalues.

It remains to justify the power series ansatz for g. We have seen above that for any 1 <
0, this ansatz produces a solution s — g;(s) of Kummer’s equation (3.143). As a linear
ODE of second order, it has two linearly independent solutions. One may check by explicit
differentiation that

s — fso (2(;';1) )ds”
S) 1= g,(s ds’ 3.146
80 =80 [ (3.146)
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is another solution of (3.143), and that every solution of (3.143) is a linear combination of g,
and g, (use the Wronskian). Here sy, s > 0 are fixed reference points. One may then check
that g, behaves as g,(s) ~ ¢s72"! for s — 0. This behaviour is in conflict with the domain
conditions of Lemma 3.56. Hence the second solution does not contribute eigenvalues of H.

b), ¢) The eigenvalues of H are labelled by N = n + [, n,l € N, For fixed N € Ny, the
(n, I)-pairs (N, 0), (N — 1,1), ..., (0, N) contribute to the A5-eigenspace. There are N + 1
such pairs. At fixed [, the L3-eigenvalue m may take the 21 + 1 different valuesm = —1, ..., I,
hence the dimension of the A5-eigenspace is Zl0(21+ 1) = N(N+1)+(N+1) = (N+1)2

The formula for the eigenfunctions ¥ ; , follows by inserting the solution of the radial
equation. [

€8 Electron orbitals. Let us discuss the structure of the point spectrum and eigenfunc-
tions of H. At energy eigenvalue Ax, N € Ny, angular momentum eigenfunctions
with [ (the eigenvalue of I? is I(I + 1)) ranging over [ € {0, ..., N} and m (the eigen-
value of L3) ranging over m € {—I, ..., [} contribute. The angular momentum eigen-
values (I, m) fix the angular dependence of the eigenfunction ¥y ,,,, and the radial

dependence is then fixed as explained above.
2

. . zZ
For example, the lowest eigenvalue of H is 4¢ = - the ground state energy. It
is non-degenerate, i.e. there exists a unique eigenfunction (up to multiplicative con-
stants) with this eigenvalue. It has | = 0 and m = 0, i.e. it is constant in the angles.

Chemists call this an “s-orbital’, more precisely the 1s-orbital.
2

The first excited energy above the ground state energy is 4; = —%. Its eigenspace
is four-dimensional, with one s-orbital (25), i.e. | = m = 0, and also solutions of
angular momentum [ = 1, and m = —1,0, 1. Chemists call these “p-orbitals”, more
precisely 2p,, 2p,,, 2p, standingfor N = 1,1 = 1,m = —1, 0, 1. These historic names
derive from atomic spectroscopy and stand for “sharp” (s, [ = 0), “principal” (p,l = 1),
“diffuse” (d, | = 2), “fundamental” (f,] = 3). After f, one proceeds alphabetically
g h, ...

The following pictures of the spherical harmonics depict the value of |Y j,,,(x)],
X € S?, and give an impression of the shape of the orbitals. Together with the radial de-
pendence, they determine the probability distribution for the position of the electron
bound to the nucleus.
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The determination of the bound states of the hydrogen atom and the corresponding
absorption spectra were an early success of quantum mechanics. It led to good agree-
ment with experimental observations, in contrast to classical physics.

€8 Atoms and the periodic table. Larger atoms than hydrogen have Z > 1 protons
(plus neutrons) in the nucleus, and Z electrons in the shell (for neutral atoms). For
example, Helium consists of Z = 2 protons and one (or two, depending on isotope)
neutrons in its nucleus and Z = 2 electrons.

The simplest idea is to treat the atom as one positively charged particle of charge
Ze (with e the electron charge), and Z electrons around them. Neglecting all electron-
electron interaction, one might think that the ground state of such an atom is given
by filling the shells N = 0,1,2, ... from the bottom. This rough idea suggests that
chemical properties of atoms may be similar when the top shell is completely filled,
has just one electron, etc.

As the eigenspace corresponding to Ay has dimension N2, one might expect a pe-
riodic table with periods 1,4, 9, .... This does however not match with what is actually
observed in nature. The picture becomes much better when including spin, namely

working on I?(R3) ® C? of two-component wave functions to model the spin % of the

electrons. This suggests periods 2N?, i.e. 2,8, 18, ..., and already partially agrees with
the periodic table, whose first four rows have lengths 2, 8, 8, 18:
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This discrepancy is essentially due to the electron-electron repulsion that we have
ignored here.

This discussion brings us to the end of the lecture. Needless to say, there are many direc-
tions in which mathematical quantum physics extends beyond what has been covered here.
Let us mention at least three such directions:

* Many-body quantum mechanics. In many-body quantum mechanics, one studies sys-
tems consisting of many quantum particles, extending the formalism of composite
systems from matrix mechanics to quantum mechanics. This involves in particular
many-body Schrodinger operators which are often best studied with approximations
(e.g. mean-field limits) and other perturbation methods from analysis. Applications
arise in particular in the description of gases of quantum particles and phenomena
like Bose-Einstein condensation.

* Quantum field theory. In quantum field theory, the rules of special relativity are in-
corporated into quantum physics, which leads to a structure of the observable algebra
in which localization in different regions of spacetime have to be taken into account
in order to comply with causality. Instead of the Hamiltonian, local quantum fields,
their correlation functions, or the observable algebras they generate, are the main ob-
ject of interest, and studied with tools from functional analysis. Applications arise in
particular in the description of elementary particles.

¢ Quantum information theory. In quantum information theory, one studies information-
theoretic questions about quantum states, extending our discussion of entanglement.
Central objects are quantum channels, which describe the physically allowed transfor-
mations of states, and measurements, which convert quantum information into clas-
sical data. Typical questions concern the distinguishability of states, quantum com-
munication and cryptography, and the use of entanglement as a resource. Mathemati-
cally, the subject draws on matrix analysis, operator inequalities, convex optimization

and probability theory.

3.6 Exercises and Problems

Exercise 3.1 (Polynomial differential operators). Consider the set DiffPol(R?) of poly-
nomial differential operators on R, Show the following:
a) Every D € DiffPol(R?) is a well-defined linear map S(R¢) — S(R?).
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b) DiffPol(R?) is a unital *-algebra with the *-operation given by

(Z MQaa“) t= ) (=D)I*% o M- (3.147)

¢) Fory, ¢ € S(RY), one has

(¥, Dp) = (D", p), (3.148)

where (-, -) is the I?-scalar product.

Exercise 3.2 (The Fourier transform on S(R?)). Prove the following:
a) Let f € S(R?). Then f € S(RY).
b) The Fourier transform on S(R%), i.e. the map

F: S(RY - S(RY), f T, (3.149)
satisfies forany k € {1, ..., d},
FP, = Xi.F, FX =P T, (3.150)

where Xj, Py are the Schrodinger position/momentum operators.
¢) The Fourier transform on S(RY) is a linear bijection. Its inverse (the inverse
Fourier transform) is given by

F1: S(RY) - S(RY), (3.151)

(F)0x) = ()2 / o) f(pydp = f—x).  (3152)
Rd

Exercise 3.3 (Expectation values and uncertainties for position and momentum). Con-
sidering vector states y, on DiffPol(R) given by vectors € S(R), [¢[, = 1 (in
dimension d = 1 for simplicity), show the following:
a) Givenany X, € R and any x > 0, there exists ¥ as above such that wy(X) =
Xo and Ay(X) = Sx. Show that for no ¥, one gets A, (X) = 0.
b) Givenany p, € R and any §p > 0, there exists 1 as above such that w,(P) =
Po and Ay (P) = §p. Show that for no 3, one gets A, (P) = 0.
c) Given arbitrary X, pg € R and 8x,dp > 0, does there exist P as above satisfy-
ing the requirements in a) and b)?

Exercise 3.4 (Quantum harmonic oscillator). Consider the functions $, %, € S(R)
given by

1 1 1

Yo(x) = 7 3¢ 2 and P(x) = \/Eﬂ_zxe_%xz (3.153)

aswell as ¢ o, 1= coPg + €19y for ¢, ¢; € C. Let H be the Hamiltonian of the
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harmonic oscillator

1 1
H:= EP2 + EX2. (3.154)

a) Show that 9 and 1; are normalized w.r.t. the I?-scalar product.
b) Show that 1y and 1; are eigenvectors of H with eigenvalues

dg=+ and A, =23 (3.155)
2 2
c) Show that for n = 0, 1 it holds

w0y, () =wy (P)=0 and wy (X2) =wy (P) =n+~. (3.156)

2
eidnt
d) Considerc, = 7 fort € R and show
(X) = - cost (P) = —= sint 3.157
Dpeo 1 = ECOS , W o (P)= Esm , (3.157)
2y — 2y —
C()¢Co’cl (X ) =1, C()¢c0’c1 (P ) =1. (3158)

Exercise 3.5 (Diagonal Operator). Consider a Hilbert space #( with orthonormal basis
(ex)nen. Let (A,dom(A)) be a densely defined unbounded operator with
dom(A) = span{e,, : n € N}and

Ae, =Ae,, A, €R,neN. (3.159)

Show the following:
a) A is essentially selfadjoint.

b) The operator (4, dom(A)) is given by

dom(A) ={ ). cyen € H : D |Aycy|* < oo}, (3.160)
neN neN
A(Z Cnén) = Z AnCpen. (3.161)
neN neN

c) The spectrum of Ais given by

o(A)={1, : neNL (3.162)

For simplicity assume that 4, # 4, for n # m. Show that the spectral measure
EA of A is given by

EZ(S) = Z k., ScC o(A) Borel set. (3.163)

AneS
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Exercise 3.6 (Quantum Harmonic Oscillator2). Consider on the Schwartz space S(R)
the Hamiltonian of the harmonic oscillator

1 1 1
H:==P2+ X% =A%A + -, 3.164
2 + 2 + 2 ( )

1 1
where A = 2 2(X + iP) and A* = 2 2(X — iP) on S(R). Define for n € N, the
functions ¢, € S(R) by

Po(x) 1= e_é and ¥, 1= (A")"P,. (3.165)

a) Show that
Y, #0, AY,=ny,; and APy=0, neN,. (3.166)

b) Show that
HyY, =(n+ %)zpn, n € Ny. (3.167)

c¢) Denote the space of polynomials on R by Pol(R). Show that
span{y),, : n € Ny} = Pol(R) - 9. (3.168)

d) Define the function

x2

f(x) :=e?*e" 2, xeR,zeC (3.169)

and show that f, € I?(R) forall z € C. Prove moreover that in [>-norm

- (@) 2
fz = 1\}1_r>noo fzN» where fn(x) = ,;0 e 2. (3.170)
e) Show thatif g € I?(R) is orthogonal to (¥n)nen,, then
. x2
f elk*g(x)e” 2 dx = 0. (3.171)
R

Conclude that (¥,,)en, is an orthogonal basis of [*(R).
f) Show that H defined on §(R) is essentially selfadjoint and compute its spectrum
and spectral measure.

Exercise 3.7 (Pure Normal States of B(H)). Show that a normal state w € S, (H) is
pure if and only if w is a vector state.
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Exercise 3.8 (Differentiable #(-valued functions). Consider a function : R -
that is differentiable w.r.t. the norm of /L. Show that the function

fiR=[0,00), f©) =IO (3.172)

is differentiable with

D0y = /0. 900) + GO . (3173)

Exercise 3.9 (Moments and Domains). Consider a selfadjoint operator (A, dom(A))
and recall Definition 3.22 for the moments of ,uf; fory € .
a) Lety € dom(A) with [|¢p|| = 1. Show that

wy(A) = (¥, AY),  Ay(A) = AP — wy(A)]. (3.174)

b) Find an example of a selfadjoint operator A and ¢ € H s.t. p & dom(A) but
the first moment of ,uf}, exists.

Exercise 3.10 (Spectral Decomposition). Let (¥, H) be a quantum-mechanical sys-
tem and recall the definitions of _‘7{}%, FHH, FCH see Def. 3.40.
a) Show that

.?(g{p = span{EH({A)FH : 1 € R}.

b) Show thatifyp € FH, then,ug,lp isxx forall ¢ € F(.

c) Show that the subspaces 75 7(H

pp> Hac FCH are orthogonal to each other.

Exercise 3.11 (Angular Momentum Operators in Quantum Mechanics). Consider S(R*) C
I?(R?) and a Hamiltonian H that is essentially selfadjoint on S(R3) and rotationally
symmetric, i.e. for ) € S(R3)

HUR)Y = UR)HY, (URYP)(x) =R 1x), R € SO(3). (3.175)

a) Show that the selfadjoint generator L, of

1 0 0
(U()P)(x) 1= P(R1(s)™1x), Ry(s) = (O cos(s) sin(+s)) (3.176)
0 sin(—s) cos(s)

satisfies L; = X, B, — X3B, on 8(R?), see Example 3.31.

b) Use the following Theorem to show that L; on S(R?3) is essentially selfadjoint:
Theorem: Let A be selfadjoint. If a dense subspace D C dom A is invariant
under €4 : D — Dforallt € R,then A : D — J( is essentially selfadjoint,
see Reed&Simon 1 Theorem 8.11.
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c) Show that the selfadjoint angular momentum operators L, L,, L3 are constants
of motion and satisfy the angular momentum relations on § (R3).
Consider the isomorphism [*(R3) =~ I2(S?, dw)®I*((0, o), r*dr), where daw (¢, 6) =
sin(0)d¢dO. Let (e,),en be an ONB of ¢, := I*((0, ), r?dr) and consider the
ONB of #(,, := I*(S?, dw) given by the spherical harmonics for | € Ny, m € Z with
-1<m<lI

Y6, ) 1= cp1e™PB™(cos 0),0 € [0,7],¢ € [0,27], (3.177)

where ¢, ,,, are normalization constants and B is the associated Legendre polynomial
that satisfies the equation
d2
1—x%)—
( )73
d) Showthaty,;, =€, ® Y™, n € N,l € No,m € Zwith -l < m <l isan

ONB of #(. Use that I? is given in spherical coordinates by [* = — . Jg sin 00y —

1
sin2 6

'_"sz JBM(x) =0. (3.178)

B™(x) — in}}m(x) +[l(l+1)—

dx 1

sin @

535 and show that

L2¢n,l,m = l(l + 1)11bn,l,m- (3'179)

Conclude that I? is essentially selfadjoint on S(R*) and a constant of motion.

Exercise 3.12 (Harmonic Polynomials). In this exercise we show that
Pol; = V; @ ||x||* Pol;_,, L € Ny, (3.180)

where V' is the space of harmonic polynomials of homogeneous degree l. Proceed in
the following steps:
Consider for p = ), wend cqX% € Pol the differential operator

D(p) := ) Cu04 € DiffPol(R®) (3.181)

aeNy
acting on Pol(R3). Define the sesquilinear form
(-,-) 1 Pol(R*) X Pol(R®) = C, (p,q) := (D(p)q)(0) (3.182)

by acting with D(p) on q and then evaluating the resulting polynomial at 0.
a) Show that (-, -) is an scalar product on Pol(R?®) and that Pol; and Poly are orthog-
onalifl # k.
b) Consider the Laplace operator A = D(||x||*) = 23 07 as a map

i=1"1

A : Pol(R3) = Pol(R3). (3.183)

Show that A* = || x||? w.r.t. the scalar product introduced above.
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c) Use the Kern-Range Lemma to show that

Pol; = V| ® ||x||* Pol,_,, [ € N,. (3.184)

Exercise 3.13 (Spherical Harmonics). For angular momentum ! = 0 and [ = 1, con-
sider the spaces V| of harmonic polynomials homogeneous of degree [ as subspaces of
I2(S?) by restriction to S2. Compute orthonormal bases of these two spaces (orthonor-
mal w.r.t. the scalar product of I?(S%)), consisting of simultaneous eigenvectors of I*
and Ls.

Problem 3.1 (Groenewold-van Hove Theorem). Consider a unital algebra A and a
map

Q : Pol(R*®) — A, (3.185)

called polynomial quantization map, between the polynomial algebra over classical
phase space R?? and the algebra A. Assume that Q satisfies the following properties:
a) Qislinear,
b) Q(X%) = Q(X)* and Q(P%) = Q(P)“ forevery o € NG,
¢) Qisunital Q(1) =1,
d) Q({f.gh = —i[Q(f), Q(®)]-

Show that no such map Q exists.
Hint: Consider X2P? = é{X3, P3) = %{XZP, XP2}.

Problem 3.2 (Weyl Quantization). Consider the Weyl quantization map
W : Pol(R?%) — DiffPol(R9),

(W(HP)(x) := 2m)™@ / f elx-yp) f (x_;ry’p) $(y)dy dp. (3.186)
Rd JRd

and recall that W(f,3) = 2ol Z’u <a (Z)X a=KPBXH for the monomial function

Jap(x, p) = x*pP with a, g € N,
Show the following:
a) W({Xfll’Pncfll}) = _i[W(XrCll)’ W(Pncle)]»
b) W((X")%*) = X% and W((P)*) = P¥ fora € N,
) W(f*) = W(f)* forall f € Pol(R??),
d) the Weyl quantization map W : Pol(R?¢) — DiffPol(R%) is bijective,
e) Lj 1= W(LJC-I), Jj = 1,2, 3 satisfy the angular momentum relations

o

—i[Ll,Lz] = L3, etc.. (3187)
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Problem 3.3 (Free Schrodinger Equation). Consider the free Hamiltonian H := P2
on S(R).

a) Show that H is symmetric and essentially selfadjoint.

b) Show that (H) = [0, o).

c) Denote for S C [0, oo] the set\/E = {\/E : A € S}. Show that the spectral

measure EH is given by
EF() = PG + EP (—/-). (3.188)

Problem 3.4 (Bounded perturbation of selfadjoint operators). Let (domA, A) be a
densely defined closable operator on a Hilbert space ( and B € B(J). Show that:
a) (domA, A + B) is closable with adjoint (domA*, A* + B¥).
b) If(domA, A) is (essentially) selfadjoint and B is selfadjoint, then (domA, A + B)
is (essentially) selfadjoint.
As an application, let 7€ = I*(R) and show that the operator

H=-A+My :SR)—>H, Hf)(x)=—f"(x)+V(x)f(x)

is essentially selfadjoint, where V' : R — R is a bounded continuous function.

Problem 3.5 (Free Schrédinger equation 2). Recall that for 1, € S(RY) the solution
of the free Schrodinger equation is given in Proposition 3.11 for t € R by

oy P2
Be) 1= P(t,x) = (2m)~ f DT ypdp. (@159
R
Show the following:
a) Fort # 0 the solution can be expressed as
m \9/2 ;mlx-y|?
se0=(o) [ T woan @

Hint: For f,g € I}(R) itholds (27)~42F(f * g) = (Ff) - (Fg), see Analysis
3 Lemma 3.10.
b) The I?-norm is constant || || = |[¥o]| forall t € R and

d

/2
sup [9(6 ) < (5==)  [$olis, 0. (3.191)

xeRrd 27t

Conclude that sup, _pa [$(t, X)| — 0 fort — *oco.

Problem 3.6 (Classical vs Quantum Position). Consider a continuous potential V' :
R — R with V(x) - oo for |x| — oo.

2
a) Consider HY(x, p) := zp_m + V(x) and v € P(R?) s.t. Hv has compact sup-
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port in R. Show that Bty and XJv have compact support.
2
b) ConsiderH := ;; + V(X) for V(X) = X2. Consider ¢ € J normalized with
m

supp ,u{/f in the compact interval [E_, E,, ]. Show that ,uib( does not have compact
support. Interpret the result physically.

Problem 3.7 (Kato-Rellich Theorem). Prove the statement in the Kato-Rellich Theo-
rem (Thm. 3.36) about essentially selfadjoint operators.

Problem 3.8 (Poschl-Teller Potential). Consider for! € N the Poschl-Teller potential

1
Vi:Ro>R, V() := —@ (3.192)
cosh”(x)
and the associated Schrodinger operator H; := P? + V(X) on S(R).
a) Show that for H; is essentially selfadjoint for all | € N,
b) Show that forl € N
[0, ) C o(H)). (3.193)

c) Define the operator
a; : S(R) - I*(R), (qpp)(x) := (P)(x) — iltanh(x)h(x). (3.194)
Show that q; is closable and
af =@ =P+ ilMy,. (3.195)
d) Define the operators
A; :=ajajon domA; and B; := a;a] on domB. (3.196)
Show that for I € N on §(R) it holds
H=A—1> and H,_; =B -1 (3.197)

e) Show that ajy # Oforallp € S(R)and ! € Ny and that ker(a;) D C - ¥l for
I € N, where b (x) = cosh_l(x).
f) Show thatfor! € N

1
o,(Hp) > U{— 2. (3.198)
j=1
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M Appendix: Mathematical background

M.1 Measure theory

In this section a few facts from measure theory are collected. For more details, see for ex-
ample [Els18]. We will typically consider measures on (subsets of) R" or C", which are in
particular locally compact o-compact Hausdorft spaces. In the following X, X;, X, will al-
ways denote locally compact o-compact Hausdorff spaces. We write (X, %) for measurable
spaces, i.e. 2 is a sigma algebra on X, and B(X) for the Borel sigma algebra on X, the sigma
algebra generated by all open subsets of X.

Definition M.1 (Borel measures).

a) A Borel measure on X is a measure u : B(X) — [0, oo] that is locally finite, i.e.
every point has an open neighbourhood O with u(0) < co.

b) A Borel probability measure is a measure 4 : B(X) — [0, 1] with u(X) = 1.
The set of all Borel probability measures on X is denoted P(X).

c) The support supp u of a Borel measure u is the complement of the largest open
set B € B(X) with u(B) = 0. The set of all compactly supported Borel proba-
bility measures on X is denoted P (X).

We note that every Borel probability measure is inner and outer regular and in particular
a Radon measure.

Every continuous function ¢ : X — Cis Borel measurable. It is integrable in particular
if it has compact support, i.e. C.(X) C L'(X, du) for Borel measures u. If 4 € P.(X) has
compact support, even C(X) C L (X, du).

There exist several versions of Riesz’ Representation Theorems, characterizing positive
linear functionals on function spaces in terms of measures (a linear functional on a function
space is called positive if it maps functions that take only non-negative values to non-negative
numbers). For the space of continuous functions C(X) on X, one needs compactly supported
measures because no growth condition at infinity is imposed.

Theorem M.2 (Riesz’ Representation Theorem). There exists a bijection between pos-
itive linear functionals w : C(X) — C and compactly supported Borel measures u €
P(X) given by

o= [ fau  fece. (1)
X

A distinguished class of probability measures are Dirac measures.

Lemma M.3 (Probability measures concentrated at one point). Let v € P(X) with
supp ¥ = {x} for some x € X. Thenv = 9.

Proof. In any Hausdorff space, singletons {x} are closed, so X\{x} is open and in particular
Borel. By definition of support and supp v = {x}, the Borel set X\{x} has measure 0. As v is
a probability measure, V({x}) = 1. This implies v = &. O

Specifically for Borel probability measures on R, we recall the following notions.
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Definition M.4 (Moments, expectation values, variances). Letv € P(R).
a) If1 — A" n € N, is integrable w.r.t. v (i.e. an element of L'(R, dv), that is
Jr 1A4]" dv(1) < o0), then the n-th moment of v is defined as

M,(v) := f At dv(A). (M.2)
R

b) If the first moment M, (V) exists, it is called the expectation value (or expected
value, mean value) of v and denoted”

E(w) :=M;(»). (M.3)
c) If the second moment exists, the variance of v is defined as

V() 1= M) — M (»)° (M.4)

2
= | 2dvQ)—|( | 2dv())) = | A - 2 dv(2). :
fR » 1) ( fR ” )) fR A-E@Pdvd).  (M3)

“Usually this is written as [F,,(X ) for the random variable X ; but we drop X in order to avoid confu-
sion with position (operators) or topological spaces.

We note that in case the n-th moment exists, also all lower moments exist. This is the
case because for k < n, we have [1] < 1+ |1|" forevery 1 € R, so f [A[Fdv(2) <
fR dv(1) + fR [A|"dv(A) =1+ fR |A|"dv(A).

Pushforward measures

Definition M.5 (Pushforward measures). Let(X;, 2;), (X;, 2,) be measurable spaces,
@ : (X7,%A;) = (X3, A,) measurable, and 4 : A; — [0, 0] a measure.
The pushforward measure of u by @ is

Pup iUy > [0,00],  (@up)(By) 1= ulp 1 (By)). (M.6)

Proposition M.6 (Properties of pushforward measures). Let i be a Borel probability
measure on Xy and ¢ . X; — X, Borel measurable.
a) @.M isaBorel probability measure on X,.

b) supp @.u C @(supp p). For continuous @, equality holds.

c) A measurable function g . X, — R isintegrable w.rt. ¢ if and only ifg o ¢ is
integrable w.r.t. . In this case,

f gd(p.pu) = | (gop)du. (M.7)
X, X,
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Measures with densities

Definition M.7 (Measures with densities). Letu beameasureon (X, %)andp : X —
[0, 00 ] measurable. Then

ew@) i= [ pdu (M.3)

A

is a measure on (X, ), called the measure with density p relative to |i.

A measurable function f : X — Cis pu-integrable if and only if f - p is p-integrable.
In this case,

f fd(ou) = f frdu. (M.9)
X

X

We therefore also write

d(op)(x) = p(x) du(x) (M.10)
for the measure pu.
I Definition M.8. Let u, v be two measures on (X, ). Then v is called absolutely contin-

uous w.r.t. U, written v < , if every u-zero set is a v-zero set.

Theorem M.9 (Radon-Nikodym Theorem). Ifu isa o-finite measure andv <K U, then v
has a density p w.r.t. 1.
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M.2 Linear algebra

In this section a few facts from linear algebra are collected.

CN as a Hilbert space

The complex linear space CV carries the Euclidean scalar product (-, -) which makes it a
Hilbert space. We will write (e )x=1,... n for the canonical orthonormal basis of CN.

Given any orthonormal basis (by) of CN and any ¥, £ € J{, norms and scalar products
can be expressed as

N

1917 = 2 Kb )12, (M.11)
k=1
N

»,§) = Z(Z,b, bi)bi, §)- (M.12)
k=1

My (C) as a C*-algebra

The algebra My(C) of all complex (N X N)-matrices is denoted My (C). It has (N X N)
identity matrix 1 as multiplicative unit, and the star operation (A*);; = Ajx. Equivalently,

A8 =", 8, P Eech. (M.13)
With these operations, My (C) is a unital *-algebra. The operator norm
4] = 149} (M.14)
b Tl
satisfies the C*-identity
lA*Al = lAI%, A € My(O). (M.15)

As an algebra, My (C) is noncommutative (for N > 2) and has trivial center: The only el-
ements A € My(C) that commute with all B € Mp/(C) are the multiples of the identity,
A=c-1,ceC

We will also often talk about positive elements.

Proposition M.10 (Positive matrices). Let A € My(C). Then the following are equiva-
lent:

a) A = A" and all eigenvalues (see Def. M.13) A of A are non-negative, 1 > 0,

b) there exists B € My (C) such that A = B*B,

¢) (¥, AP) > 0forallyp € CN.

A matrix satisfying these conditions is called positive, written as A > 0.

173



Dirac notation and matrix units

Given i € CN, we consider the linear functional

@:CN-C @0, (M.16)
and given 1, € CV, we consider the matrix (linear map)
$Xyl : CV = CN, & (6. (M.17)
These maps satisfy
(XD NP = (P, ¢") - [XY'], (M.18)
(1o)X D* = [Nl (M.19)

In particular, Py := [1)(1)| is the orthogonal rank one projection onto the subspace Ci).

Definition M.11 (Matrix units). A system of matrix units in M (C) is a family Ey; €
Mn(C), k,1 € {1, ..., N} (here the lower indices do not indicate rows/columns!), such
that for all i, j, k,l € {1,...,N},

N
EE;; = 8By, (Ex)* = Ei > B =1. (M.20)
k=1

Lemma M.12. Every orthonormal basis (by) of CY defines a system of matrix units via
Eyy = |bi)b,|, and every system of matrix units is of this form. A system of matrix units
Jforms a linear basis of Mn(C) (i.e. every A € Mn(C) is a unique linear combination of
the Ey).

The matrix units defined by the canonical orthonormal basis of CN are called the canon-
ical matrix units of M (C).

The spectral theorem and functional calculus for My (C)

Definition M.13 (Spectra of Matrices). Let A € My(C).
a) An eigenvalue of A is a complex number 4 such that (A — A1) is not invertible, i.e.
such that there exists p € CN, 1) # 0, with Ay = 13. The set of all eigenvalues
of A is called the spectrum of A and denoted o(A).
b) Given A € o(A), the orthogonal projection onto the subspace spanned by of all
eigenvectors of A with eigenvalue A is denoted EA(1) := E4({A}) and called
the spectral projection of A with eigenvalue A. For normal A, the map

g(A) 3 1~ E4(1) € Mp(C) (M.21)
is called the spectral measure of A.

The spectrum of A € Mpy(C) consists of at most N points in C (the zeros of the charac-
teristic polynomial 4 — det(A — A1), which is of degree N). For selfadjoint A, the spectrum
isreal, i.e. 0(A) C R. For unitary A, the spectrum lies on the unit circle, 5(A) C T.
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Theorem M.14 (The spectral theorem for M (C)). Let A € Mp(C) be normal, i.e.
AA* = A*A.
a) E? is a projection-valued measure: The spectral projections of A are mutually or-
thogonal and sum to the identity, i.e. for 1, X' € d(A),

EA)EAY) = 8, »EA(D), > EA) =1 (M.22)
Aeo(A)

b) A can be represented in spectral form, namely

A= > 2EAQ). (M.23)
Aeo(A)

The spectral measure is the only projection-valued measure such that (M.23) holds.

Note that the spectral theorem implies in particular that every normal A € My(C)
admits an orthonormal basis (by) consisting only of eigenvectors of A (with eigenvalues 1),
and can be written as

N
A= Ailbic)(byl. (M.24)
k=1

But in constrast to the spectral representation (M.23), this representation is not canonical

because it requires choices of orthonormal bases in the eigenspaces of A.

The projection-valued measure carries its name for a reason: It takes values in orthogonal
projections, and the map on the power set of o(A),

2°W 5.5 EFA(S) 1= ) EA({A)Y) (M.25)
A€eS

is normalized in the sense EA(@) = 0, EA(0(A)) = 1, and additive: EA(S; U S,) =
EA(S;)+EA(S,) for disjoint S;, S, C 0(A). In particular, for every density matrix p € Dy
(Def. 2.10), the map

294 5 5 > w,(EA(S)) € [0,1] (M.26)
is a probability measure on the spectrum g(A) of A.

The spectral theorem is very helpful for understanding functional calculus. Given A €
M /(C) and any function f* : g(A) — C, there exists a polynomial p such that f|54) =

Pls(a)- For polynomials p(4) = ZT:O Cj/lj, we define p(A) := Z;nzo chj € My(C).

Proposition M.15. Let A € My(C) and p a polynomial.
a) The spectral mapping principle holds: c(p(A)) = p(c(A)).
b) IfA is normal: | p(A)| = SUP ¢ () [p(A)].

For normal A, we define for any function f : C —» C

fA) = 3 fOEAQ. (M.27)

Aea(A)
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This definition agrees with the direct polynomial definition. For characteristic functions, one
finds

xsA) = Y, xsWEAR) = Y EAQ) =EAS), S cCo(A). (M.28)
Aea(A) 1eS

It is also often useful to talk about joint spectrum and joint spectral measures.

Proposition M.16 (Joint spectral measures). Let Ay, ..., A, € Mn(C) be selfadjoint
(with spectral measures EA%, k = 1, ..., n) and commuting, i.e. AxA; = AAy for all
Lk €{1,...,n}. Then

EAv-An(1,, ..., A,) i = EA1(4,) --- E4n(4,), Aoy ER,  (M.29)
are orthogonal projections, and

EAl,...,An . ?B(Rn) — MN(C), S Z EAI"“’A"(/11, ,/'Ln)

(ll,...,/ln)ES
(M.30)
is a projection-valued measure (the joint spectral measure of Ay, ..., A,), with the prop-
erty
A ARt = T AT e A EAYAR (L, L Ay, my, ...,m, € N.
AERN
(M.31)

The supportsupp EAv++An ¢ R" of EA1++-An s called the joint spectrum of (Ay, ... , Ap).

Proof. The EA1(1;) --- EAn(4,,) are orthogonal projections because the E4k(1;) are com-
muting orthogonal projections. The range of EA1(1,) --- EAn(1,)) is the subspace ker(4; —
A)N...Nker(A,—21,) of CV, the space of joint eigenvectors ), i.e. A = L, k =1, ..., n.
The formula for A7 --- A ™ follows by inserting the spectral representations of the Ay and
using that they commute. [

Note that the joint spectrum is a subset of R". Its elements 1 = (44, ..., 4;,) record the
eigenvalues A of Ay belonging to joint eigenvectors, k = 1, ..., n. Note that we can write
this measure also as

FAL-An — Z EAv--An(Q) . dS, (M.32)
AEO'(AI,...,.An)

The matrix trace

The matrix trace is the linear functional

N
Tr : My(C) - C,  Tr(A) 1= ) Ak (M.33)
k=1
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Proposition M.17 (The matrix trace). The matrix trace has the following properties:
a) Tr : My(C) is linear and positive (i.e. Tr(A) > 0 for A > 0),
b) Tr : Mn(C)isfaithful: If a positive matrix A > 0 satisfies Tr(A) = 0, then A = 0.
c) Tris invariant under cyclic permutations of its argument,

Tr(AB) = Tr(BA), A,B € My (C). (M.34)

d) Ift : MN(C) — Cislinear and satisfies T(AB) = ©(BA) for all A, B € Mn(C),
then T is a multiple of Tr.

The cyclicity of Tr implies in particular that it is basis independent, namely

N
Tr(A) = ) (b, Aby) (M.35)
k=1

holds for every orthonormal basis (by) of CN.

The algebraic tensor product

We next recall some properties of algebraic tensor products. Proofs of the claims made here

can be found in any text book on linear algebra.

Definition M.18 (Algebraic tensor product). Let V;, V, be complex vector spaces. An
(algebraic) tensor product of V; and V; is a complex vector space T(V;, V;) together
with a bilinear map T : V; X V5 — T(1}, V5) such that for every complex vector
space W and every bilinear map F : V] X V, — W, there exists a unique linear map
F : T(,V,) —» W such that

Vi X Vo —— T(, V)
w

commutes.

Theorem M.19.
a) Every two vector spaces V1, V, have an algebraic tensor product. It is unique up to
canonical isomorphism, and denoted Vi @ V, 1= T(V;, V,).
b) dim(V; ® V;) = dim V] - dim V.
¢) If V1, V, are finite-dimensional and (bjl) i=1,....dim Vs (bjz')jzl,...,dim v, are bases
of Vi and V,, respectively, then (T(b}, b%)j:l,...,dim Vy,l=1,....dim V,) (S a basis of
T(W, V2).

The bilinearmap T : V; X V, = V] ® V, is denoted

MXxV=Vi®V (1,07 = v ® 0y (M.36)
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Note that given bases (b]1 )j=1,....dimVy> (bjz-)j=1,_ ...dim v, 0f V; and V5, we have a tensor product
basis (le ® blz)j,l of V; ® V5. So every vector § € V; ® V5 may be written in the form

- 1 2
£=2c1bj ®b}.
Jil
However, vectors in V] ® V are typically not of the form £ = v ® w. Such tensor product
vectors (or “simple tensors”) exist and even contain bases, but form just a subset of V; @ V5.

Corollary M.20. Let V;, V, be complex vector spacesand A © Vi — V1, Ay, 1 V) =V,
linear. Then there exists a unique linear map

A®A I ViQV, > ViQV, (M.37)
such that
(A; ® Ay))(V; ® Uy) = (A1) ® (AyV,), v €V, Ly EV. (M.38)
In particular,
(A; ® A,)(B; ® B,) = (A;B)) ® (A,B,) (M.39)

for linear maps A1,B; : Vi = V1, Ay, By V) = Vs,
In quantum mechanics, we are working with Hilbert spaces. In this setting, we are inter-

ested in how orthogonality and adjoints transfer to tensor products.

Proposition M.21 (Tensor products of finite-dimensional Hilbert spaces). Let V;, V,
be finite-dimensional Hilbert spaces with scalar products (-, -); and (-, -),.
a) (U1 ® Uy, w1 @ Wy) = (U1, Wq)1{V2, Wy), is a scalar product on Vi @ V; (so
also V; @ V, is a finite-dimensional Hilbert space).
b) Given orthonormal bases (bj1 s (blz) 10f V1, V5, the tensor product basis (b]1 ®b12) i1
is orthonormal w.r.t. the scalar product from a).
c) ForlinearmapsA, : Vi = Viand A, : V) — V), we have

(A1 ®A)" =AT ®A; (M.40)
and
Try, g1, (A1 ® A;) = Try, (A;) - Try, (Ay). (M.41)

We only comment on the last item: Picking orthonormal bases (b]1 )j» (blz)l of V4, V,, the
trace Try, g1, (A1 ® A;) can be evaluated in the corresponding tensor product basis as

Try o0, (A1 @ 4;) = Zl<b’1' ® b, (41 ® A,)(b] ® b))
J>
= D (b}, A;b})(b}, A;b})
Jol
= > (b}, Ab%) > (b}, Asb7)
J !

= Try,(A;) Try,(A).
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M.3 Fourier analysis

In this section some facts about Fourier transforms are collected. For a detailed discussion
including proofs, see, for example, [RS75] or [Hal13, App. A].
Given a function f € L}(R%) (w.rt. Lebesgue measure), we define its Fourier transform
as
f:RrRESC,  f(p) :=@n)9? f e~HPX) £ (x) dx. (M.42)
Rd

Since f € L'(RY), this integral converges, i.e. f is a well-defined function which is bounded
by [f(p)l < @m)%2||f 1. Here | flly = fiza |f(x)|dx denotes the L'-norm.

The Riemann-Lebesgue “Lemma” clarifies more precisely what kind of functions the f
are. We write

Co(RY) :={f : R® 5 C : fcontinuous, lim sup |f(x)| =0} (M.43)

7 |x|=R

for the space of all continuous functions vanishing at infinity.
I Theorem M.22 (Riemann-Lebesgue). Let f € LN(R?). Then f € Cy(R?).

We may therefore view Fourier transform as a linear map L'(R%) — Cy(R?), f + f. Be-
cause of the two different function spaces appearing here, it is often more convenient to con-
sider the Fourier transform of Schwartz functions f € S(R%) (a dense subspace of L' (R%)).

Theorem M.23 (The Fourier transform on S(R%)).
a) Let f € S(RY). Then f € S(RY).
b) The Fourier transform on S(R?), i.e. the map

F: SRY - S(RY), f- f, (M.44)
is a linear bijection. Its inverse (the inverse Fourier transform) is given by

F1: S(RY) - S(RY),

(FLf)x) = )92 f do0f(pydp = fl—x). )
Rd
¢) Foranyk €11, ...,d},
FP, = X3 F, FX =P T, (M.46)

where X, Py are the Schridinger position/momentum operators (Def. 3.4).

The exchange relations between the position/momentum operators and the Fourier trans-
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form (M.46) can be memorized as follows. Formally,

(FPef)(p) = (27)=42 f e 0013, f)(x)dx

Rd

= (2m)~4/2 / ) (iaxke-i@’”) f(x)dx (integration by parts)
R

= pic @y [0 ) d
Rd
= CGTN(p)

and

F X)) = (27)42 [ eP¥) 3, () dx

Rd

= (2m)~4/2 d(—iapkei<p’X>) f(x)dx
R

= —id),, ((271’)“’” 2 f elPX) £ (x) dx) (differentiation under the integral)
Rd
= (PF 1 1)(p)

imply (M.46). Using f € S(R%), these steps can be justified.
Another important property of the Fourier transform is its interplay with the [*-scalar
product:

Proposition M.24 (Plancherel Theorem). For f,g € S(R?),

(f>&r2(ray = (> ®r2ra)- (M.47)

In particular,
Ifll2 = I£ll>- (M.48)

As S(R?) is a dense subspace of I2(R?), the Plancherel Theorem allows us to extend
the Fourier transform to a surjective isometry (a unitary operator) on I?(R%): There exists
a unique unitary, usually also denoted F : I*(R%) — I?(R%), such that it restricts to the
previously defined Fourier transform on S(R%).

For f € I?(R%), the Fourier integral (271)~%/2 Jrd e~%PX) f(x) dx might not converge.
To compute F f, one can proceed as follows: One considers the characteristic function yg
of the ball Bg C R% of radius R > 0 and center 0. Then fyg € L'(R%),and fyg — fin
I?-norm as R — 0. Hence

?lezlgréo?()(Rf),

where the limit holds in I2-norm.
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M.4 Functional analysis and spectral theory

In this section some important facts about operators on Hilbert spaces and in particular their
spectral theory are collected.

Hilbert spaces

Definition M.25 (Hilbert spaces). A complex Hilbert space is a complex vector space
H with ascalar product( -, - ) : H XH — Cthatiscomplete in the topology defined
by the norm ||¢p]| := (b, )2, ¥ € I

Recall that in a Hilbert space, the Cauchy-Schwarz Inequality holds, namely

. ol < [I9llllell, %, 9 € H. (M.49)

In particular, the scalar product determines the norm. In a Hilbert space, also the converse
holds: The scalar product can be expressed by the norm, via the polarization identity

.9y = 3 (W +ol ~ [ — gl — iy +igl +ilp —igl?).  (M50)

This does not mean that any Banach space is a Hilbert space!
Two vectors 9, ¢ in a Hilbert space J( are called orthogonal if (), ) = 0. This is also
written as ¥ L ¢. The orthogonal complement of a subset S C H is defined as

St={edH : ELYpVyYeS) (M.51)

The orthogonal complement of a set is always a closed subspace of . A subspace D C H
is dense if and only if its orthogonal complement is zero, DL = {0l
Given a closed subspace KX C J(, one has the orthogonal decomposition

H=K&Kt (M.52)

Example M.26 (Examples of Hilbert spaces).
a) I = CN with (z,w) = 1| Zewy,
b) I = ¢§ with (x,y) = X7 Xym,
c¢) H = I*(X, 1) (equivalence classes of square integrable functions) over a mea-

sure space (X, w), with (f, g) = [y f(x)g(x) du(x).

The topological dual of a Hilbert space ¢, i.e. the space of all continuous linear function-
als /{ — C, can be described explicitly:

Theorem M.27 (Riesz’ Lemma). Forevery § € J(, the map

¢l:H->C, PP (M.53)

is a continuous linear functional. Every continuous linear functional on I is of this form,
with a unique § € J.
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Definition M.28 (Orthonormal bases). An orthonormal basis (ONB) of a Hilbert space
J is aset () ey indexed by some index set J that is orthonormal, namely

Wj, i) =0jr,  JkEJ, (M.54)
and complete, namely
span{yp; © j € JH = {o}. (M.55)

Every Hilbert space has an orthonormal basis (and in fact, many ONBs). The cardinality
of the index set J is the same for all ONBs of a Hilbert space and called the dimension of J(.
A Hilbert space is separable (contains a dense countable subset) if and only if its dimension
is finite oder countably infinite.

Example M.29.
a) InJ{ = €3, the vectors e,, defined by (e,))x = &, form an orthonormal basis
(en)neN
b) In F = I*([0,1]), the vectors e,, defined by e,(x) := e2™"* n € Z, form an
orthonormal basis.

Lemma M.30 (Orthonormal bases). Let J{ be a Hilbert space, (€;) ey an orthonormal
basis, and P, p € .
a) P = E (ej,)ej, with convergence in the norm of J(, independent of the order,

b) II* = Z Kej, )%
) ¥, @) = Z ]<zp e;j)ej, p) (convergence independent of the order)

We also recall some basic constructions with Hilbert spaces: Subspaces, direct sums, ten-
sor products.

Definition M.31 (Closed subspaces, direct sums, tensor products). Let JC, 71, J(,
be Hilbert spaces.
a) Let X C JH be a closed subspace, with orthogonal decomposition /£ = X &
Ft (M.52). Then the map

Py 1 H =K @K, k@®kt-k@o (M.56)

is called the orthogonal projection onto X.
b) The direct sum F; @ J(, is the Hilbert space defined as the algebraic direct sum

Ft, @I, with the scalar product (1 ®Y5, §1DE,) - = (P15 §1)g¢, + (W2, §2) ¢,
(Itis a Hilbert space.)

c) The (Hilbert space) tensor product of J{; and J{, is defined as follows. On the

algebraic tensor product, denoted here /7 © J(,, one defines a scalar product
by

(D1 ® 2,61 ®E) 1= W1, E)ay - (Y25 §2) 3¢, (M.57)

and sesquilinear extension. Then the Hilbert space tensor product H; ® H,
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is defined as the completion of #(; ® J(, w.r.t. the norm given by this scalar
product.

Bounded operators on Hilbert spaces

Definition M.32 (Bounded operators). Let #{ be a Hilbert space. A bounded operator
on J isalinearmap A : JH — J( with finite operator norm

A
jal = sup HHL
sesehio T

The set of all bounded operators on #( is denoted B(F).

Every operator A € B(J() has an adjoint, uniquely defined by

(P, Ap) =: (A*), ), Y, p € I (M.58)

The set B(H) of bounded operators with the *-operation A — A* and the identity operator
is a unital *-algebra. With the operator norm from Definition M.32 it is even a C*-algebra,
namely it is complete in operator norm and the C*-property

|A°Al = JA?, A€ BO), (M.59)
holds.

Definition M.33 (Classes of bounded operators). A € B(H) is called
a) selfadjoint if A = A*,
b) isometryif A*A =1,
c) unitary if A is invertible and A~! = A*,
d) normal if AA* = A*A,
e) idempotent if A = A2,
f) orthogonal projectionif A = A* = A%,
g) partial isometry if A*A is an orthogonal projection,
h) positive if A = B*B for some B € B(¥().

Besides the norm topology, there are several other interesting topologies on B((). Some

of the most important ones are:

o The strong operator topology (SOT) is the initial topology defined by the seminorms
py(A) = ||AY|, ¥ € F(. That means in particular that a net (A;) of bounded
operators converges to A € B(J{) if and only iflim; [|A;9 — Ap| = 0.

 The weak operator topology (WOT) is the initial topology defined by the seminorms
Py.o(A) = [(Y,Ap)|, b, € J{. That means in particular that a net (A;) of
bounded operators converges to A € B(J() if and only if lim j(1), (A; — A)p) = 0.

¢ The ultraweak topology (or c-weak topology) is the initial topology defined by the semi-
norms pr(A) := Tr(TA), where T runs over the space of all trace class operators.

Unbounded Hilbert space operators

We now consider unbounded operators.
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Basic definitions. Closed and closable operators

Definition M.34.

a) Let J( be a Hilbert space. An operator is a pair (dom A, A) consisting of a sub-
space dom A C H, the domain of A, and alinearmap A : domA — .

b) The range of an operator (dlom A, A) isRanA := {Av : v € dom A}, and the
kerneliskerA :={v € domA : Av = 0}.

c) Ifker A = {0}, we define the inverse of A by dom(A™!) := RanA and A~! :
AU = v. We call A invertible in this case.

d) Anoperator (dom A, A) is called extension of an operator (dom B, B) ifdom A D
dom B and A| 4o, B = B. This is also written briefly as B C A.

e) Two operators (dom A, A) and (dom B, B) are equal, writtenas A = B,if A C B
and B C A,i.e. ifdomA = dom B and Av = Bvforall v € dom A.

Of course any A € B(H) is an operator with domain dom A = H. The operator norm
of an operator is defined in essentially the same way as for B(J), namely

Av
lA] := Av] € [0, +o0]. (M.60)
VEdom A, v#0 ||U||
In case ||A|| = oo, we say that A is unbounded. Often the term “unbounded operator” is also

used to mean “not necessarily bounded operator”, i.e. including the bounded case.
We will often write A instead of (dom A, A) in case the domain is clear from the context
or not relevant. Nonetheless, the domain of an operator is a crucial part of the definition of A.
Remarks:
a) In almost all cases we will consider operators that are densely defined, i.e. with the
domain being a dense subspace of J(.
b) With obvious modifications, one can define operators A : domA C F; — JH,
between two different Hilbert spaces JF(y, {,. We then say that A is an operator from
Jt; to J,, meaning that it is a map from a subspace of J(; into J(5.
¢) Incase an operator A isbounded, ||A|| < oo,themap A : dom A — H is continuous.

In this case A has a unique continuous extension to dom A. In the case of a dense
domain, this extension is defined on the full Hilbert space and yields an element of
B(F).

d) Every operator, bounded or not, has extensions to all of (. The existence of these
extensions can be seen by appealing to the axiom of choice and can usually not be
specified concretely.

Whereas the set B(H) of all bounded operators is a C*-algebra, the set of all unbounded
operators has no good properties (we did not even give this set a name or symbol). By defini-
tion, the operator norm is not a norm on unbounded operators (it may be infinite). We have
not yet introduced a *-operation, but will soon see that this is possible for densely defined
operators. However, the basic algebraic operations of taking sums and products of two oper-
ators (dom A, A) and (dom B, B) are quite subtle in the unbounded case: They are naturally
defined as

(domA,A) + (dom B, B) := (dom A N dom B, (A + B)|d4omAndom B)> (M.61)
(domA,A) - (domB,B) :=(domBn B_l(domA),AB|d0mBnB_1(d0mA)). (M.62)
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We have anidentity 1 = (¥(, idg.), and scalar multipliction4-A := A1-A works as expected.
Inserting the definitions, one also easily checks that the sum is commutative and associative,
and the product of operators is associative. Furthermore, (A + B)C = AC + BC. However,
A(B + C) = AB + AC fails in general. Thus the set of all unbounded operators is not an
algebra.

As a further warning, note that the sum of two densely defined operators A, B can have
domain dom(A + B) = {0}, and the set of all unbounded operators is not even a vector space.

For now, we recall the concept of a closed map from functional analysis [FA1,Def. 3.31],
which will be helpful to select better behaved but still unbounded operators.

In the context of a direct sum F @ J(, we write the vectors as either pairs (v, w) or sums
U @ w and equip it with the direct sum scalar product and corresponding norm ||[v @ w||> =
[v]|? + ||w]|?. The following discussion works in the same way when considering two Banach
spaces X, Y, but we restrict to the case where X = Y = J( is a Hilbert space.

Definition M.35. Let J( be a Hilbert space and (dom A, A) on operator on J.
a) The graph of A is

r'A) :={(v,Av) : v edomA} C H & K. (M.63)

b) An operator (dom A, A) is called closed if T'(A) is a closed subspace of 7 @ (.
c¢) An operator (dom A, A) is called closable if it has a closed extension.

Proposition M.36. Let (dom A, A) be an operator on a Hilbert space J.
a) The following are equivalent:
(i) Aisclosed.
(ii) If a sequence (Vy,), C domA converges tov € H and (Av,), C H
converges tow € J, thenv € dom A and Av = w.
(iii) dom A is complete in the graph norm induced by the graph scalar product
(L,w)y = (V,w) + (Av,Aw), v, w € domA, ie. (domA,{-, -)4)isa
Hilbert space.
b) Bounded operators are closed.
¢) IfdomA C J( is closed, then (dom A, A) is closed if and only if it is bounded.

Note that in terms of graphs, we have for any two operators A, B
ACB < T(A) CI(B). (M.64)
With this, one can give a similar characterization of closable operators:

Proposition M.37. Let (dom A, A) be an operator on a Hilbert space . The following
are equivalent:
(i) Aisclosable.
(ii) Ifa sequence (), C domA convergesto0 € H and (Av,), C I converges
tow € J(, thenw = 0.
(iii) The closure I'(A) is the graph of a (unique) operator.
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Definition M.38. Let A be closable. The unique operator A satisfying ['(A) = T'(A) is
called the closure of A.

Note that dom A consists of all vectors v € H such that there exists a sequence (V) C
dom A with v,;, — v and such that (Av,,),, converges. The closure is then given by Av :=
lim,, Av,,. This is clearly the smallest closed extension of A.

Adjoints and (essential) selfadjointness

We now extend the concept of the adjoint A = A* to unbounded operators. Guided by the
defining equation (v, Aw) = (A*v, w) (which now makes sense only for w € dom A), we
see that A*v will be uniquely defined only if dom A is dense.

DefinitionM.39. Let(dom A, A)be a densely defined operator. The adjoint (dom A*, A*)
is defined as

domA* :={fveXH : Ic>0 : [(v,Aw)| < c|w|| Vw € dom A} (M.65)

and A* : domA* — J(, A*v := X, where X, € J( is the unique vector satisfying
(U, Aw) = (xp, ).

The following definition will be crucial for the spectral theorem.

Definition M.40. Let (dom A, A) be densely defined.
a) A is called symmetric if (U, Aw) = (Av, w) holds for all v, w € dom A. Equiva-
lently A C A*.
b) Ais called selfadjoint if A = A* (i.e. A C A* and A* C A).

Let us demonstrate that in the unbounded case, being symmetric does not imply being
selfadjoint'®.

Example M.41. Consider 7{ = I?(R) and the multipliction operator (X f)(x) =
X f(x) with domain dom X = C.(R). Then (dom X, X) is clearly symmetric, but not
selfadjoint. To see that, consider f € C.(R)and g(x) = (1+x?)7},sothatg € I*(R),
but g & dom X. Since /' x?|g(x)|?>dx < oo, the estimate

) 1/2

(X < [ lscotslseotds < ( | gammds) 1l

shows g € dom X™. Hence dom X # dom X*, so X is not selfadjoint.

A number of properties of adjoints that are familiar from bounded operators are general-
ized to the unbounded case in the following simple lemma.

18Note, however, if A isa symmetric operator with dom A = J(, then it is bounded by the Hellinger-Toeplitz
Theorem [Korollar 3.35, FA1], and hence selfadjoint.
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Lemma M.42. Let A be densely defined.
a) A* is closed.
b) (RanA)! = ker(A%).
c) IfA* is densely defined, then A C A** .= (A*)*.
d) If B is another operator with A C B, then B* C A*.
e) (1A)* = 1A*
f) IfBis another operator s.t. A + B is densely defined, then (A + B)* D A* + B*.

A simple but important corollary is that because adjoints of densely defined operators
are always closed, symmetric operators (A C A*) have closed extensions.

I Corollary M.43. Symmetric operators are closable and selfadjoint operators are closed.
We now come to the main result about closable operators and adjoints.

Theorem M.44. A densely defined operator A is closable if and only if dom A* is dense.
In this case A** = A and (A)* = A*.

We note that the adjoint A* of a densely defined operator needs not to be densely defined.

In general, it is difficult to determine whether a symmetric operator (A C A*) is selfad-
joint (A = A™). Since selfadjointness will be crucial for the spectral theorem, we need to
adress this question.

The idea is to consider selfadjoint extensions of symmetric operators, possibly without
explicitly determining the domain of the extension. If A is symmetric and B an extension, we
have A C A* and A C B = B* C A*, but it is not clear whether B can be chosen such that
B = B*, i.e. selfadjoint. There exist symmetric operators that have no selfadjoint extension.
On the other hand, a symmetric operator might have several different selfadjoint extensions
(see below). The best situation arises when we have a unique selfadjoint extension.

Definition M.45. A symmetric operator A is called essentially selfadjoint if Ais selfad-
joint.

Lemma M.46. An essentially selfadjoint operator A has a unique selfadjoint extension,
namelyA

The following theorem is the basic criterion for checking (essential) selfadjointness.

a) A is selfadjoint.
b) Ais closed and ker(A* +i) = {0}
¢) Ran(A +1i) =
b) and c) are meant to /zold for both signs +.

Corollary M.48. Let A be a symmetric operator. Then the following are equivalent:
a) A is essentially selfadjoint.

| Theorem M.47. Let A be a symmetric operator. Then the following are equivalent:
‘ b) ker(A* 1) = {0}.
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¢) Ran(A % i) are dense.
b) and c) are meant to hold for both signs +.

Spectra of unbounded operators

We will now develop spectral theory for unbounded (closed) operators.
Definition M.49. Let A be a closed operator. The resolvent set of A is
p(A) :={1eC : (A-2) : domA — F isbijective and ||(4 — 1)7!| < oo},
and the spectrum of A is
o(A) :=C\p(A). (M.66)
The resolvent of A at A € p(A)is Rj(A) := (A—-21)"! : H — domA.

This definition applies in particular to bounded operators defined on all of 7, but also
works more generally for unbounded closed operators. One can show that for non-closed
operators, this definition of spectrum always yields (A) = C and is therefore meaningless.
One can also show that the boundedness of the resolvent, [|[(A — 1)7}|| < o0, 4 € p(A), is
automatically fulfilled (use the closed graph theorem).

Proposition M.50. Let A be a symmetric closed operator. Then o(A) is either a subset of

R, or one of the three sets C . (closed upper halfplane in C), C_ (closed lower halfplane in
C), orC.
The operator is selfadjoint if and only if 6(A) C R.

This result explains why selfadjoint operators are distinguished within the set of all sym-
metric operators. For a closed symmetric operator A that is not selfadjoint, the spectrum
contains hardly any information about 4, in contrast to the selfadjoint case.

Selfadjoint operators are furthermore characterized by the fact that they admit a spectral
decomposition. The main tool for understanding these are projection-valued measures.

Definition M.51. A projection-valued measure on a mesurable space (X, X) is a map
E: X — P(J0) (M.67)
satisfying
a) E(@) =0and EX) =1,

b) ifJis a countable index set and S j € 2, j € J, are pairwise disjoint measurable
sets, then

E(lJsp =2 Es) (M.68)
J J

with SOT-convergence of the right hand side.
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Observe that a projection-valued measure E on J and a vector v € J( define a finite
measure

E, : 2 —= [0, ), S Ey(S) := [|ES)v|? < |v|%. (M.69)

We also note that for a projection-valued measure E, one has E(S)E(S") = E(S")E(S) forall
measurable sets S, S’. In the following, we will mostly consider projection-valued measures
on the Borel o-algebra of X = R, X = C, orX = R" and briefly refer to these as “projection-
valued measures on R, C, R™".

One can integrate w.r.t. projection-valued measures:

Proposition M.52. Let E be a projection-valued measure on a measurable space (X, Z).
Then

Ip : BX) = BH), Ig(f) := f f(x)dE(x), (M.70)

X

is a homomorphism of unital C*-algebras. It satisfies
(.15 = [ OB 71
e (ol = f FEORAE) = IfPaxsy VEH.  (M72)
X

If (f,) € B(X) is a uniformly bounded sequence that converges E-almost everywhere to
afunction f : X — C, thenIg(f,,) = Ig(f) in SOT.

Note that as a homomorphism, I, is automatically contractive, i.e. |[Ig(f)] < [|fllco- It
is however usually not injective because we did not quotient by zero sets.

As a first step towards the spectral theorem, we will consider a given projection-valued
measure E and extend the map I from B(X) to arbitrary measurable functions. For un-
bounded f, we do not expect Ir(f) to be bounded, so that we have to take care of domains.

The setting that we are using is the following: (X, X) is a measurable space and E :
% — P(¥) aprojection-valued measure. We write M(X) the set of all measurable functions
f:X—-C.

Definition and Proposition M.53. Let E be a projection-valued measure on a measur-
able space (X, X) and f € M(X) a measurable function.
a) The set

domIg(f) :={v e I : f |f|?dE, < oo} (M.73)
X

is a dense linear subspace of /(.

b) Avector v € H lies in dom Ig(f) if and only if (Ig(f x;,)V),, converges in F( if
and only if (Ig(f x,,)U),, isbounded in F(, where y,, is the characteristic function
ofS,, :={|f| < n}.
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c) The assignment
Ig(f) : domlIg(f) » 7, Ig(f)v := lim Ig(fxn)0, (M.74)

defines an operator I (f) which satisfies

(0I5 () = f £ dE,(x), (M.75)
(Ol = 1fllz2x B, v € dom Ig(f). (M.76)

The operator constructed in this proposition is usually denoted

[ r0aee) =1 M77)

The following lemma contains further information about how to work with the operators

I5(f).

Lemma M.54. Let (X, X) be a measurable space, E : L — P(J) a projection-valued
measure, and f € M(X).
a) If f is bounded, then dom I (f) = .
b) If f is essentially bounded (i.e. if f is bounded on the complement of an E-zero set),
then Ig(f) is bounded".
c) LetS € Z. Then E(S) dom I(f) C dom Ig(f) C dom Ig(xsf), and

Ig(NE®S = EOI(fv = Ig(xsfHv, v E€domIp(f). (M.78)

“In this case, one can also show [Ig(f)| ) = [1.f llo-

We have now extended integration of measurable functions against projection-valued
measures to unbounded measurable functions. The next proposition shows that the map
f = Ig(f) still behaves like a functional calculus with minor modifications due to the un-
boundedness of the operators involved.

Proposition M.55. Let (X,X) be a measurable space, E : X — P(J() a projection-
valued measure, and f,g € M(X).

a) I E(?) = Ig(f)*. In particular, Ig(f) is selfadjoint for real-valued f.
b) Ig(Af + ug) = Mp(f) + ulg(g) for A, u € C.

)
c) Ig(fg) = Ig(f)Ip(g) and dom(Ig(f)IE(g)) = domIg(g) N dom IE(fg).
d) Ig(f)isclosedandnormalinthesensethatIg(f)*Ig(f) = Ig(f f) = Ig(HIp(f)*.

Summarizing the developments so far, we have seen that a projection-valued measure
gives rise to the operators I'r(f) which are selfadjoint for real f, including in particular A : =
Ig(id) = [ AdE(A). These operators share the homomorphism properties of the measur-
able functional calculus, properly generalized to the unbounded setting.

The spectral theorem proceeds in the opposite direction, and gets a measure from a self-
adjoint operator.
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Theorem M.56 (The spectral theorem). For any selfadjoint operator A there exists a
unique projection-valued measure E4 on R such that A = Iga(id), i.e.

A= f AdEA (), domA={ve X : f A2dEZ Q) < ool (M.79)

The support of this measure (the complement of the union of all open sets O C R with
measure zero, E(O) = 0) is the spectrum o(A) of A.

Unitary one-parameter groups

In this section we will discuss Stone’s Theorem about unitary one-parameter groups which
emphasizes the importance of selfadjoint operators and has applications in many fields.

Definition M.57. A unitary one-parameter group U is a homomorphism from the addi-
tive group (R, +) into the group U(F) of unitary operators on a Hilbert space (. That
is, for each t € R there is a unitary U(t) € U(J() and

U@)U(s) = U(t + s), t,s € R. (M.80)

Note that since group homomorphisms respect neutral and inverse elements, a unitary
one-parameter group U automatically satisfies also U(0) = 1and U(—t) = U(t)™! =
Ui teR.

We will mostly be interested in strongly continuous unitary one-parameter groups, namely
those for which R 3 t — U(t) € B(¥() is continuous with the strong operator topology on
B(J(). This means precisely that for any ) € J(, the map

Rt yt) :=U)Y €K (M.81)
is continuous in the norm topology of F

Definition M.58. Let U be a unitary one-parameter group. A vector ) € J( is called
continuous (or continuously differentiable, or smooth) (w.r.t. U) if (M.81) is a con-

tinuous (or continuously differentiable, or smooth) function (w.r.t. the norm topology
of J().

Remarks:
a) A unitary one-parameter group is strongly continuous if and only if every 3 € J is
continuous w.r.t. U if and only if

lim U@ -9l =0,  $ €. (M.82)

The necessity of this s clear, as it coincides with continuity at ¢ = 0, and the sufficiency
follows from [[U(£)p — U(s)P|| = [U(=s)U(6) — || = |U(t — $)y — |, using the
unitarity and the group properties.
One can easily show that it is enough to verify (M.82) for all 3 in a dense subspace of
I to conclude the strong continuity of U (exercise).

b) One does not consider weakly continuous unitary one-parameter groups because these
are automatically strongly continuous (easy exercise).
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c) Ift — U(t)y is differentiable at t = 0, with derivative ¢’(0), then it is differentiable
everywhere, with ¢’ () = U(t)’'(0):

|5 W+ ww - vww) - v )| = [vo (5 wEw -9 -vO)|
= | W - -yo| =0

In particular, 1 is automatically continuously differentiable in this case.
The following structure theorem about strongly continuous unitary one-parameter groups
generalizes the last example above to general (not necessarily bounded) selfadjoint genera-
tors.

Theorem M.59 (Stone’s Theorem).

a) Let (domA,A) be a selfadjoint operator on a Hilbert space H. Then U(t) :=
A = [ elAdEA(Q) is astrongly continuous unitary one-parameter group. More-
over, avector ) € I lies in dom A if and only if 1 is differentiable w.r.t. U. In this
case, P'(0) = iA.

b) Every strongly continuous unitary one-parameter group U(t) on I is of the form
described in a), with some selfadjoint operator A (called the generator of U(t))
uniquely determined by U(t), t € R.
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List of Symbols

canonical Poisson bracket on C®(R??)

commutator

Ay = C®(M), classical observable algebra of Ham. system (M, H) (Def. 1.13)
Hamiltonian dynamics on C* (M) generated by Hamiltonian H (Thm. 1.16)
automorphism group of unital *-algebra A

Bell correlation in state

continuous functions vanishing at infinity (M.43)

smooth functions of compact support

CCR algebra over symplectic space (R?4, &) (Def. 3.1)

smooth functions U — R

smooth functions U — C

covariance of state w (Def. 1.33)

correlation of state w (Def. 1.33)

continuous functions U — R

continuous functions U — C

space of density matrices in My (C)

diffeomorphism group of O

force field F € X' (U)

Hamiltonian flow, flow of of Hamiltonian vector field of H (Def. 1.12)
flow of vector field V (1.15)

Fourier transform (M.42)

Hamiltonian function (Def. 1.8) or operator

Planck’s constant

angular momentum observable (classical: Def. 1.25)

square integrable functions (w.r.t. Lebesgue measure)

Lebesgue measure

mass

phase space M = U x R% (1.5)

classical Ham. system with phase space M and Ham. function H (Def. 1.13)
algebra of complex (N X N)-matrices

state (expectation value functional) (Def. 2.5)

momentum p = mX, momentum space variable

momentum observable (classical: (1.39))

probability measure of position P under phase space measure u (Def. 1.28)
polynomial functions R¢ — C

support projection of density matrix p

projective unitary group

set of Borel probability measures on X (Def. M.1)

set of compactly support Borel probability measures on X (Def. M.1)
density matrix (Def. 2.10)

pushforward measure of u by ¢ (Def. M.5)

measure with density p relative to u (Def. M.7)

o(f) = f(M) spectrum of classical observable f € C®(M)
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42
19
106
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43
44

12
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106
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60
170
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47
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S(A)
S(RY)
Ok

2
Spure("q)
SU(2)

T

Tr

U(N)

Vv

4%

VF

{V <Vt
w

X

X

X

.7}
Z(U)

5

§

state space of unital *-algebra A (Def. 2.5)

Schwartz functions

Pauli Matrix (Example 2.38)

canonical symplectic matrix on R?? (1.33)

set of pure states of A (Def. 2.6)

special unitary group

unit circle in complex plane

matrix trace on Mp(C)

unitary group

potential (Def. 1.5)

general vector field V € I(0O)

vector field defined by force F (1.8)

sublevel set of potential V' (1.30)

Weyl Quantization (Def. 3.9)

position, configuration space variable

position observable (classical: (1.39))

velocity, time derivative of curve x : I — R%

probability measure of position X under phase space measure u (Def. 1.28)
space of smooth vector fields on an open subset U C R< (1.6)
acceleration, second time derivative of curve x : I — R¢
& = (x, p), phase space variable
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Index

A
acceleration, 3
angular momentum
classical (Def. 1.25), 19
operators (3.32), 112
atomic number, 152
automorphism
group (Def. 2.23), 59
automorphism (Def. 2.23), 59

B
Bell
correlation (Def. 2.58), 90
Inequality (Thm. 2.59), 91
bipartite system
classical (Def. 1.36), 30
matrix mechanics (Def. 2.44), 80
tull, 81
Borel measure (Def. M.1), 169
Born rule (Prop. 2.17), 53
boson, 76
bound states in QM (Lemma 3.42), 139

C
Cauchy-Schwarz Inequality
general (Prop. 2.8), 45
CCR algebra (Def. 3.1), 105
classical observable algebra (Def. 1.13), 12
commutation relations
canonical (Def. 3.1), 105
commutator, 43
configuration space, 3
conserved quantity (Def. 1.18), 15
Constant of motion
in quantum mechanics (Prop. 3.30), 131
constant of motion (Def. 1.18), 15
correlation
in classical mechanics (Def. 1.33), 27
on unital *-algebra (Def. 2.7), 45
covariance
in classical mechanics, 27
of states on unital *-algebra (Def. 2.7), 45

D
density matrix

in M (C) (Def. 2.10), 47

on Hilbert space(Def. 3.15), 123

reduced (Def. 2.47), 82
derivation (Def. 2.25), 60
diffeomorphism group, 6

E
energy
conservation (Thm. 1.9), 9
kinetic, 9
potential, 9
entropy
entanglement (Def. 2.54), 86
von Neumann, 86
expectation value, 170

F
fermion, 76
flow
global, 6
of a vector field (1.15), 6
force, 4
conservative (Def. 1.5), 7
conservative, characterization (Prop. 1.6),
8
Coulomb (Example 1.7), 8
Coulomb in QM (Ex. 3.38), 137
G
Gibbs state (Ex. 3.19), 125
group
SU(2), 76
circle T, 60
projective unitary PU(NN), 60
unitary, 59
H

Hamilton’s Equation (Def. 1.12), 11
Hamiltonian

dynamics (Thm. 1.16), 13

flow (Def. 1.12), 11

free quantum, 111

function (Def. 1.8),9

matrix (Def. 2.28), 63

system (Def. 1.13), 12
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vector field (Def. 1.12), 11
Heisenberg picture

classical, 25

in matrix mechanics, 64
Heisenberg’s Equation (2.61), 64

Hilbert-Schmidt operator (Def. 3.46), 142

I

initial condition
classical (1.11), 5

initial value problem

for Heisenberg Eqn. (Prop. 2.29), 65
for Schrodinger Eqn. (Prop. 2.29), 65

for vector field (Def. 1.3), 5

J
Jacobi Identity, 13

L
Leibniz rule
for derivations (Def. 2.25), 61
for Poisson bracket (Prop. 1.15), 13

M
marginal measure, 23
matrix unit, 173
measure
Borel (Def. M.1), 169
pushforward (Prop. M.5), 170
with density (Def. M.7), 171
measurement
selective Luders, 57
mixture
of measures, 29
momentum, 3
momentum space, 3

N
Newton’s Equation

Def. 1.1,4

in phase space (1.8), 4
Noether’s Theorem (Thm. 1.22), 17

P
Pauli matrices, 73
phase space (1.5), 4
Picard-Lindel6f Theorem (Thm. 1.4), 5
Poisson bracket, 12
canonical, 13

potential

central, 19

of a force field (Def. 1.5), 7
probability measure

joint (Def. 1.28), 22
projection-valued measure

finite (Thm. M.14), 174
projective unitary group, 60

Q

quantization, 110

R
Relatively bounded operator (Def. 3.35), 136
Rotation symmetry

in quantum mechanics (Ex. 3.31), 132

S
scattering states in QM (Prop. 3.49), 144
Schrodinger Equation
free (3.36), 113
general (Def. 3.26), 129
in matrix mechanics (2.65), 64
Schrodinger operator (3.85), 132
Schrodinger picture
classical, 25
in matrix mechanics, 64
Schrodinger representation (Prop. 3.5), 107
Schwartz space (Def. 3.3), 105
solution
global, 5
local, 5
maximal, 5
spectral measure
joint (matrix case) (Prop. M.16), 175
of matrix (Def. M.13), 173
spectral projection
of matrix (Def. M.13), 173
spectral types (Def. 3.40), 138
spectrum
join (matrix case) (Prop. M.16), 175
of classical observable(1.67), 20
of matrix (Def. M.13), 173
spreading of wave packet
classical, 27
state
classically correlated (Def. 1.39), 32
entangled (classical) (Def. 1.39), 32
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maximally entangled, 87 U

mixed (Def. 2.6), 44 Uncertainty Relation

normal (Def. 3.16), 123
on unital *-algebra (Def. 2.5), 44

Heisenberg, 42

product (classical) (Def. 1.39), 32 v
pure (Def. 2.6), 44 variance (Def. M.4), 170
separable (Def. 1.39), 32 vector field, 4

stationary, 66
in quantum mechanics (Def. 3.28), 130

uncorrelated (classical) (Def. 1.33), 27

uncorrelated (Def. 1.33), 45
superpositions, 57
support projection

of a density matrix (Def. 2.13), 49
symmetry

of Hamiltonian system (Def. 1.20), 15
system

classical composite system (Def. 1.36), 30

classical product system (Def. 1.36), 30

classical subsystem (Def. 1.36), 30

velocity, 3

Weyl quantization (Def. 3.9), 110

matrix mechanics composite system (Def. 2.44),

81

matrix mechanics product system (Def. 2.44),
81

matrix mechanics subsystem (Def. 2.44),
80

quantum mechanical (Def. 3.25), 128

T
tensor product
algebraic (Def. M.18), 176
Theorem
Kato-Rellich (Thm. 3.36), 136
little RAGE (Thm. 3.45), 141
Noether (Thm. 1.22), 17
Picard-Lindel6f (Thm. 1.4), 5
spectral theorem for matrices (Thm. M.14),
174
Wiener’s (Prop. 3.43), 140
trace
matrix, 175
trajectory, 3
transition probability (Ex. 2.20), 55
Translation symmetry
in quantum mechanics (Ex. 3.31), 132
Tsirelson’s Bound (Lemma 2.62), 93
tunneling effect (Ex. 3.50), 145
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