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Abstract

Following the strategy in [28], as well as using ideas from [16] and [17], we prove
the low-energy excitation spectrum for Bose gases in the Gross–Pitaevskii regime in
the 3-dimensional box [−1/2, 1/2]3 with periodic boundary conditions and provide an
expansion of the ground state energy, extending previous results from [2, 17] to repulsive
L1 interaction potentials that are not necessarily compactly supported or spherically
symmetric. Our main theorem is valid under the assumptions that there is Bose–Einstein
condensation and that the leading order term of the ground state energy is 4πaN , where a
denotes the scattering length of the interaction potential. It only applies if the interaction
potential decays sufficiently fast.
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1 Introduction

The ideal gas has been well understood since the pioneering works of Bose and Einstein
in 1924 [5, 9]. Einstein applied ideas used by Bose for photons to a gas of atoms
and later predicted Bose–Einstein condensation [10]. Roughly speaking, Bose–Einstein
condensation occurs when many bosons occupy the same quantum state at very low
temperatures, which allows for effects like superfluidity.

The rigorous understanding of interacting Bose gases remains an important problem.
In 1947, the theory of interacting Bose gases was first introduced by Bogoliubov [4],
where he proposed an approximation of the low-lying excitation spectrum, which he
used to justify Landau’s criterion for superfluidity [18]. Namely, Bogoliubov discovered
that the excitation spectrum behaves linearly in p for small momenta p, which predicts
superfluidity by Landau’s criterion.

The first experimental observations of Bose–Einstein condensation were made in 1995
[1, 7] and were awarded the Nobel prize in 2001. These experimental breakthroughs
renewed the interest in formulas for the ground state of dilute Bose gases, like the ones
used in the experiments. In 1957, Dyson proved the upper bound for the leading order
term of the ground state energy of a hard-sphere gas [8]. The lower bound was proved
in 1998 by Lieb and Yngvason [25]. The Gross–Pitaevskii equation for the ground state
energy of trapped Bose gases [14, 15, 29] was rigorously justified by Lieb, Seiringer, and
Yngvason in 2000 [24].

For the first time in 2011, the Bogoliubov excitation spectrum was justified by Seiringer
for the homogeneous Bose gas on the torus in the mean-field regime [31]. Boccato,
Brennecke, Cenatiempo, and Schlein extended this result to the Gross–Pitaevskii regime
[2]. This result was further extended to trapped systems in R3 independently by Brennecke,
Schlein, and Schraven [6] and Nam and Triay [28]. A shorter proof for the excitation
spectrum of the homogeneous gas on the torus in the Gross–Pitaevskii regime for a more
general class of interaction potentials was provided by Hainzl, Schlein, and Triay [17].
While the interaction range is long in the mean-field regime and the interaction strength
is weak, in the Gross–Pitaevskii regime, the interaction range is short and the interaction
strength is strong. Hence, the Gross–Pitaevskii regime is a model for dilute systems,
such as the gases considered in the experiments [1, 7]. Because of the strong correlation
between the particles at short distances, a subtle correction in Bogoliubov’s theory is
required, which makes the analysis more challenging.

We consider a Bose gas on the torus in the Gross–Pitaevskii regime, i.e., the scaling of
the interaction potential of the Bosons is explicitly given by N2V (N ·). Following the
approach in [28] and using ideas from [16] and [17], we extend the results obtained in
[2, 17] to repulsive, not necessarily compactly supported or radial L1 potentials. In the
following section, we present the precise setting and the main theorem we intend to prove.
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1.1 Bose gases in a box
We consider a Bose gas consisting of N particles in a box Λ = [−1/2, 1/2]3 with periodic
boundary conditions. The Hamilton operator acting on ⊗N

sym L2(Λ), the space of square
integrable permutation symmetric functions of N variables xi ∈ Λ, is given by

HN =
N∑

i=1
−∆i +

∑
1⩽i<j⩽N

VN (xi − xj), (1.1)

where VN ∈ L1(Λ) is the periodization of ṼN := N2Ṽ (N ·) for some even function
0 ⩽ Ṽ ∈ L1(R3), i.e.,

VN (x) =
∑

z∈Z3

ṼN (x + z).

Since HN is non-negative, it can be defined as self-adjoint using Friedrichs’ method. We
denote the periodization of Ṽ by V and we assume that Ṽ satisfies

∥Ṽ 1B(0,R)c∥L1 ⩽ CR−γ (1.2)

for all R > 0, some γ ⩾ 1, and some constant C. This condition is satisfied, for example,
if Ṽ decays at least like |x|−3−γ .

We define the scattering length a > 0 of V through

8πa = inf
{∫

R3
(2|∇φ(x)|2 + Ṽ (x)|1 − φ(x)|2) dx : φ ∈ Ḣ1(R3)

}
, (1.3)

where Ḣ1(R3) := {φ ∈ L1
loc(R3) : ∥∇φ∥L2 < ∞ and lim|x|→∞ φ(x) = 0} is the homo-

geneous Sobolev space. Here, lim|x|→∞ φ(x) = 0 means that {x ∈ R3 : |φ(x)| > a}
has finite measure for all a > 0. Ḣ1(R3) is a Hilbert space with the inner product
⟨·, ·⟩Ḣ1 := ⟨∇·, ∇·⟩L2 . A proof for the completeness of Ḣ1(R3) can be found, for example,
in [13, Lemma 2.84].

It was proved in [25] that, if Ṽ is radial and has compact support, the ground state
energy λ1(HN ) of HN satisfies

lim
N→∞

λ1(HN )
N

= 4πa. (1.4)

That means the leading order of the ground state energy of HN depends only on the
scattering length of V .

In [22] was proved that, for radial Ṽ , the ground state ΨN exhibits complete Bose–
Einstein condensation (BEC) in the zero-momentum state u0 ≡ 1, i.e.,

lim
N→∞

⟨ΨN , a∗(u0)a(u0)ΨN ⟩
N

= 1, (1.5)

where a∗ and a are the creation and annihilation operators on Fock space defined in
Definition 2.5. This even holds for every normalized sequence ΨN of approximate ground
states in the sense that ⟨ΨN , HN ΨN ⟩ = λ1(HN ) + o(N).
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In the following, we make the assumptions that for the chosen potential V (1.4) holds
and we have BEC, i.e., for any normalized sequence ΨN , which satisfies ⟨ΨN , HN ΨN ⟩ =
λ1(HN )+o(N), (1.5) holds. We need these assumptions to prove the optimal convergence
rate for BEC in Chapter 6.

The main result we want to prove provides more information about the low-energy
spectrum of HN .

Theorem 1.1. Let 0 ⩽ κ < 1/13 such that (1.2) is satisfied for

γ = 1 + κ

1 − 2κ
.

Denote by λ1(HN ) the ground state energy of HN with HN defined as in (1.1). We have

λ1(HN ) = 4πa(N−1)+eΛa
2+1

2
∑

p∈2πZ3\{0}

(√
p4 + 16πap2−p2−8πa+(8πa)2

2p2

)
+O(N−κ),

where

eΛ = 4
(∫

Λ

1
p2 dp +

∑
z∈Z3\{0}

∫
Λ

( 1
(p + z)2 − 1

z2

)
dp

)
.

Moreover, the spectrum of HN − λ1(HN ) below a threshold 1 ⩽ Θ ⩽ Nκ/(1−ϑ) consists of
eigenvalues of the form ∑

p∈2πZ3\{0}
np

√
p4 + 16πap2 + O(N−κΘ1−ϑ)

with np ∈ N0 for all p ∈ 2πZ3 \ {0}, where only finitely many np are non-zero. We can
choose 0 ⩽ ϑ < 1 − 12κ arbitrarily for γ ∈ [6/5, 14/11) and

ϑ = 1 − 2κ

3

for γ ∈ [1, 6/5).

Remark. We want to show the connection of the Gross–Pitaevskii regime to the
thermodynamic limit. In 1957, Lee, Huang, and Yang [19] predicted that the ground
state energy per unit volume of dilute Bose gases with density ρ > 0 interacting through
a hard-sphere potential with scattering length a0 > 0 is of the form

E0 = 4πa0ρ2
(

1 + 128
15

√
π

√
ρa3

0

)
(1.6)

and the low-lying eigenvalues are of the form

E0 +
∑
p̸=0

np

√
p4 + 16πa0ρp2, np ∈ N0, (1.7)
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up to errors in the dilute limit ρa3
0 → 0. These formulas are expected to hold for a large

class of repulsive interaction potentials with scattering length a0 > 0. To describe such a
system of n Bosons, a Hamilton operator of the form

Hn,L =
n∑

i=1
−∆i +

∑
1⩽i<j⩽n

V (xi − xj)

is used, which acts on ⊗n
sym L2(ΛL), with ΛL = [−L/2, L/2]3. One is interested in the

thermodynamic limit n → ∞, nL−3 → ρ of the eigenvalues of such an operator. To
obtain lower bounds on the eigenvalues, ΛL can be divided into smaller boxes with
sidelength ℓ, which is done, for instance, in [12, 25] for the ground state energy and in
[16] for the excitation spectrum. It suffices only to consider Λℓ = [−ℓ/2, ℓ/2]3 with N
particles and the Hamilton operator HN,ℓ acting on ⊗N

sym L2(Λℓ). HN,ℓ can be rescaled
to obtain an operator on ⊗N

sym L2(Λ), namely

ℓ2TℓHN,ℓT ∗
ℓ =

N∑
i=1

−∆i +
∑

1⩽i<j⩽N

Vℓ(xi − xj),

where we used the unitary rescaling transform TℓΨ = ℓ3N/2Ψ(ℓ·). By choosing the
Gross–Pitaevskii length scale (also called healing length)

ℓGP = 1
√

ρa0
,

the scaling of the interaction potential of this operator is the Gross–Pitaevskii scaling.
In fact, we have ρ = Nℓ−3

GP and hence, ℓGP = Na0.
We want to compare our result Theorem 1.1 with the formulas (1.6) and (1.7), see

also [2] for more details. Using that the scattering length of VN is given by a0 = a/N
and the particle density in Λ is ρ = N , we notice that the ground state energy and the
low-lying eigenvectors of HN coincide with the Lee–Huang–Yang formulas up to an error
O(1). Replacing the sum over p ∈ 2πZ3 \ {0} in the formla for the ground state energy
in Theorem 1.1 with (2π)−3 times an integral over R3 yields

1
2

∑
p∈2πZ3\{0}

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)

≈ 1
(2π)3

1
2

∫
R3

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)
dp

= 4πa · 128
15

√
π

√
a3

= 4πa0ρ2 · 128
15

√
π

√
ρa3

0,

which is the second order term in (1.6). This and the term proportional to eΛ, which
arises due to the finiteness of Λ as a correction to the scattering length a, lead to an error
term of order 1. To better control the boundary effects and make the Lee–Huang–Yang
formulas visible, a larger length scale ℓ ≫ ℓGP is necessary.
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1.2 Proof strategy
We can write every Ψ ∈

⊗N
sym L2(Λ) as

Ψ = u⊗N
0 ξ0 + u⊗N−1

0 ⊗s ξ1 + u⊗N−2
0 ⊗s ξ2 + · · · + ξN ,

where u0 ≡ 1 is the condensate, ξn ∈
(
{u0}⊥)⊗sn for n = 1, . . . , N , and ξ0 ∈ C. As in

[28], we will start by conjugating HN with the unitary operator U : ⊗N
sym L2(Λ) → F⩽N

+ ,
Ψ 7→ (ξ0, . . . , ξN ), where F⩽N

+ is the truncated Fock space introduced in Section 2.3.
The operator U is used to map the creation and annihilation operators a∗(u0) and a(u0)
to

√
N − N , where N is the number operator introduced in Section 2.2. Due to the

complete BEC,
√

N − N is approximately equal to
√

N . Hence, U is a tool to rigorously
implement the c-number substitution in Bogoliubov’s approximation. Using the Fock
space formalism, which we will recall in Section 2.2, we will obtain

UHN U∗ = 1⩽N
+ H1⩽N

+ ≈ 1⩽N
+

(
N − 1

2 V̂ (0) + dΓ(−∆) + H2 + Q2 + Q3 + Q4

)
1⩽N

+ ,

with

H2 = N

∫
Λ2

VR,N (x − y)a∗
xay dx dy,

Q2 = 1
2

(
N − N − 1

2

)∫
Λ2

VN (x − y)axay dx dy + h.c.,

Q3 =
√

(N − N )+

∫
Λ2

VN (x − y)a∗
yaxay dx dy + h.c.,

Q4 = 1
2

∫
Λ2

VN (x − y)a∗
xa∗

yaxay dx dy.

Here, 1⩽N
+ is the projection onto F⩽N

+ and VR,N is the periodization of N2(Ṽ 1B(0,R))(N ·).
The transforms, which we will apply to H next, preserve F+, allowing us to estimate all
error terms on F+.

First, we want to conjugate H with a quadratic transform T1 as in [28]. To define T1,
we need the solution ω to the scattering equation

−∆ω = 1
2 ṼR(1 − ω),

where ṼR = Ṽ 1B(0,R). We define ωℓ,N = χ(·/ℓ)ω(N ·), with χ ≈ 1B(0,1) and RN−1 ≲
ℓ ≲ 1, and denote the periodization of −Nωℓ,N (x − y) by s̃1(x, y). Now, we can find a
quadratic transform T1 such that

T ∗
1 a∗(g)T1 = a∗

(√
1 + s2

1(g)
)

+ a(s1(g)), ∀g ∈ L2(Λ),

where s1 = Q⊗2s̃1 with Q = 1 − |u0⟩⟨u0|. The projection Q ensures that T1 preserves F+.
Conjugating with this transform renormalizes Q2 by replacing the short-range potential
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VN by a long-range potential εℓ,N = 2∆(ωℓ,N − ω(N ·)), and extracts the leading order
term of the ground state energy. We will obtain

T ∗
1 HT1 ≈ 4πa(N − 1) + 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + dΓ(−∆)

+ H
(T1)
2 + Q

(T1)
2 + Q

(T1)
3 + Q4 + E(T1)

2 ,

with

H
(T1)
2 = dΓ

(
NVR,N (x − y) + V̂R(0) − 8πaR

)
,

Q
(T1)
2 = N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)axay dx dy + h.c.,

Q
(T1)
3 =

√
N

∫
Λ2

VR,N (x − y)a∗
yaxay dx dy + h.c.,

E(T1)
2 = N

2

∫
Λ2

(VN − VR,N )(x − y)
(

1 −
∑

z∈Z3

ωℓ,N (x − y + z)
)

axay dx dy + h.c.,

where aR is the scattering length of VR. The error term E(T1)
2 can only be bounded after

applying the next transform.
With the second transform, we want to renormalize the diagonal quadratic term. We

will use a cubic transform, i.e., a unitary operator of the form eS where S is cubic in
creation and annihilation operators. Similarly to [28] and [16], we choose

S = θM K∗
c − KcθM ,

where θM ≈ 1{N⩽M}, 1 ⩽ M ⩽ N , and

K∗
c =

∫
Λ

a∗(Qx)a∗(kc,x)a(Qx) dx,

with kc = N−1/2s1. Again, the projection Q ensures that Tc preserves F+. The cut-off
θM allows us to determine the action of Tc by simple computations of commutators of
the form [A, S]. S is chosen such that

[dΓ(−∆) + Q4, S] + Q
(T1)
3 ≈ 0

and
H

(T1)
2 +

∫ 1

0

∫ 1

t
T −s

c [Q(T1)
3 , S]T s

c ds dt ≈ N
∑

p

ε̂ℓ,N (p)a∗
pap.

Conjugating with Tc yields

T ∗
c T ∗

1 HT1Tc ≈ 4πa(N − 1) + HBog + Q4,

with

HBog = 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp +

∑
p̸=0

p2a∗
pap + N

2
∑
p̸=0

ε̂ℓ,N (p)(2a∗
pap + a∗

pa∗
−p + apa−p).
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This essentially puts us in the mean-field regime, so we can diagonalize this operator
with a standard Bogoliubov transform T2. After justifying that we can replace Nε̂ℓ,N (p)
with 8πa, we will obtain

T ∗
2 T ∗

c T ∗
1 HT1TcT2 ≈ EN + dΓ(EBog),

with

dΓ(EBog) =
∑

p∈Λ∗\{0}

√
p4 + 16πap2a∗

pap,

EN = 4πa(N − 1) + eΛa
2 + 1

2
∑

p∈Λ∗\{0}

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)
,

eΛ = 4
(∫

Λ

1
p2 dp +

∑
z∈Z3\{0}

∫
Λ

( 1
(p + z)2 − 1

z2

)
dp

)
.

Finally, the bound
UHN U∗ ⩾ 4πaN + C−1N − C

can be shown on F⩽N
+ , which implies the optimal convergence rate for BEC. This bound

follows from our analysis and the assumptions that the ground state energy of HN is
given by 4πaN + o(N) (1.4) and we have BEC (1.5). We will use this inequality in the
proof of Theorem 1.1 to bound the error terms.

1.2.1 Organization of the proof

We will gather important definitions and lemmas in Chapter 2. More precisely, we will
prove the existence and properties of a minimizer for the variational problem (1.3) in
Section 2.1, we will recall the Fock space formalism in Section 2.2, and we will define
U , recall its properties, and conjugate HN with it in Section 2.3. In Section 2.4 we
will recall some properties of general quadratic transforms, which will be useful for the
definition of the quadratic transforms T1 and T2. In the remaining chapters, we will prove
Theorem 1.1. The conjugations with T1, Tc, and T2 will be carried out in Chapters 3,
4, and 5, respectively. Finally, we will provide a proof for the optimal rate of BEC in
Chapter 6, which will be used to conclude the proof of Theorem 1.1 in Chapter 7.

In Chapter A, we will provide proofs for some well-known results recalled in Sections 2.2,
2.3, and 2.4.

1.2.2 Notation

C always denotes a positive constant that only depends on V . We will often omit the
integration variables if there is no ambiguity. For g defined on Λ2, we will use the
notations gx := g(x, ·) and gy := g(·, y). We will use the following convention for the
Fourier transform

ĝ(p) =
∫

g(x)e−ip·x dx, ∀g ∈ L1.
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2 Preliminaries

2.1 Truncated scattering solution
It was proven, for example in [23, Appendix C], that (1.3) has a unique real-valued
minimizer 0 ⩽ φ ⩽ 1, which is spherically symmetric if 0 ⩽ Ṽ ∈ L1(R3) is radial and
compactly supported. A similar result for compactly supported 0 ⩽ Ṽ ∈ L∞(Rd) with
d ⩾ 3, which is not necessarily radial, was obtained in [27, Theorem 6]. We will adapt
the proof strategy in [27] to prove the following lemma.

Lemma 2.1. Let 0 ⩽ Ṽ ∈ L1(R3) be even and denote ṼR := Ṽ 1B(0,R) for R ⩾ 1. The
scattering length aR of ṼR defined through

8πaR = inf
{∫

R3
(2|∇φ(x)|2 + ṼR(x)|1 − φ(x)|2) dx : φ ∈ Ḣ1(R3)

}
(2.1)

satisfies
8π|a − aR| ⩽ ∥Ṽ − ṼR∥L1 , (2.2)

with a as in (1.3). Moreover, (2.1) has a unique real-valued minimizer ω ∈ Ḣ1(R3),
which is even, solves the scattering equation

−∆ω = 1
2 ṼR(1 − ω) (2.3)

in the sense of distributions, and satisfies the pointwise estimates

0 ⩽ ω(x) ⩽ 1, ω(x) ⩽ C

|x| + 1

for x ∈ R3, and
|∇ω(x)| ⩽ C

|x|2

for |x| ⩾ 2R, where C is a constant independent of R. Finally, we have

8πaR =
∫
R3

ṼR(1 − ω). (2.4)

We suppress the R-dependence of ω to simplify the notation.

Proof. Consider a minimizing sequence {φn}n∈N for the functional

E [φ] =
∫
R3

(2|∇φ(x)|2 + ṼR(x)|1 − φ(x)|2) dx.

9



Since E [φn] is bounded, {φn}n∈N is bounded in Ḣ1(R3) and {
√

ṼR(1 − φn)}n∈N is
bounded in L2(R3). By the Banach–Alaoglu theorem, φn ⇀ ω weakly in Ḣ1(R3) and√

ṼR(1 − φn) ⇀
√

ṼR(1 − ω) weakly in L2(R3) up to subsequences. This shows that ω is
a minimizer, by the weak lower semicontinuity of ∥·∥Ḣ1 and ∥·∥L2 .

Without loss of generality, we can assume that the ω is real-valued, since replacing it
by Re(ω) does not increase E :

E [ω] = E [Re(ω)] +
∫
R3

(
2|∇ Im(ω(x))|2 + ṼR(x)|Im(ω(x))|2

)
dx ⩾ E [Re(ω)].

We can also assume 0 ⩽ ω ⩽ 1, since we can replace ω by min(max(ω, 0), 1) without
increasing E .

Consider the functional

F [φ] =
∫
R3

(2|∇φ(x)|2 + Ṽ (x)|1 − φ(x)|2) dx.

Due to the inequality ṼR ⩽ Ṽ , we have E [φ] ⩽ F [φ] for all φ ∈ Ḣ1(R3). Thus, by
the definitions (1.3) and (2.1) of a and aR, respectively, we have aR ⩽ a. Hence, using
8πaR = E [ω] and the inequality 8πa ⩽ F [ω], we obtain

8π|a − aR| ⩽ F [ω] − E [ω] =
∫
R3

(Ṽ − ṼR)(x)|1 − ω(x)|2 dx ⩽ ∥Ṽ − ṼR∥L1 .

For the proof of (2.3), note that E [ω] ⩽ E [ω + tφ] for t ⩾ 0 and φ ∈ C∞
c (R3). We have

0 = d
dt

E [ω + tφ]
∣∣∣∣
t=0

= 2
∫
R3

(
2∇ω · ∇φ + ṼR(ω − 1)φ

)
and hence,

−∆ω = 1
2 ṼR(1 − ω)

in the sense of distributions.
Now we can prove that ω is the unique real-valued minimizer of (2.1). Since we have

0 ⩽ ω ⩽ 1 and ṼR is non-negative, (2.3) implies ∆ω ⩽ 0, i.e., ω is superharmonic. Thus,
by [21, Theorem 9.4], we either have ω > 0 or ω = 0. Let us first assume ω = 0. By
(2.3) this can only be true if ṼR = 0. Since every minimizer of (2.1) solves the scattering
equation (2.3), this implies that every minimizer of (2.1) is harmonic. By Harnack’s
inequality [21, Theorem 9.5] and the fact that every minimizer converges to zero and is
bounded, we conclude that ω = 0 is the unique minimizer of (2.1). Let us now assume
ω > 0. Assume there exists another real-valued minimizer ω̃. We define

h := 1√
2
√

ω2 + ω̃2.
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Observe that h ∈ Ḣ1(R3) due to the convexity inequality [21, Theorem 7.8] and the fact
that ω, ω̃ ∈ Ḣ1(R3). We compute

8πaR ⩽ E [h] =
∫
R3

(2|∇h|2 + ṼR|1 − h|2)

⩽
∫
R3

(
|∇ω|2 + |∇ω̃|2 + ṼR(1 −

√
2
√

ω2 + ω̃2 + 1
2(ω2 + ω̃2))

)
⩽
∫
R3

(
|∇ω|2 + |∇ω̃|2 + ṼR(1 − ω − ω̃ + 1

2(ω2 + ω̃2))
)

= 1
2
(
E [ω] + E [ω̃]

)
= 8πaR,

where we used the convexity inequality [21, Theorem 7.8] for the second inequality and
the simple bound

x + y ⩽
√

2
√

x2 + y2

for any x, y ∈ R, for the third inequality. In particular, equality in the convexity inequality
holds. Due to [21, Theorem 7.8] and the fact that ω > 0, this implies ω̃ = c · ω for some
constant c. Note that both ω and ω̃ solve the scattering equation (2.3). If we had c ≠ 1,
this would imply ṼR = 0, which is not possible, since in this case ω = 0 would be the
unique minimizer of (2.1). Therefore, ω is the unique real-valued minimizer of (2.1).

Since ṼR is even, we observe that ω̃ := ω(−·) also minimizes (2.1). Since ω is the
unique real-valued minimizer, this implies that ω is an even function.

Let
Gy(x) := 1

4π

1
|x − y|

be the Green’s function. Since ω is a nonnegative superharmonic function, i.e., ω ⩾ 0
a.e. and ∆ω = −1

2 ṼR(1 − ω) ⩽ 0 in the sense of distributions, by [21, Theorem 9.6],
µ := −∆ω is a positive Borel measure on R3 and

ω̃(x) :=
∫
R3

Gy(x) dµ(y) (2.5)

is finite for a.e. x ∈ R3 and satisfies ω = ω̃ + C a.e. for a constant C ⩾ 0. Both ω and ω̃
converge to 0 as |x| → ∞ and are therefore equal. Since ṼR is supported in B(0, R), we
have µ(A) = µ(A ∩ B(0, R)) for every Borel measurable set A and thus, for |x| ⩾ 2R we
obtain

ω(x) = 1
4π

∫
R3

1
|x − y|

dµ(y) ⩽ 1
|x|

1
4π

∫
B(0,R)

|x|
|x| − |y|

dµ(y)

⩽
1

|x|
1

4π

∫
B(0,R)

(
ṼR(1 − ω)

)
(y) dy ⩽

1
|x|

1
4π

∥ṼR∥L1 ⩽
1

|x|
1

4π
∥Ṽ ∥L1 ,

where we used ṼR(1 − ω) ⩽ ṼR. This implies for x ∈ R3

ω(x) ⩽ C

|x| + 1 ,
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since we have 0 ⩽ ω ⩽ 1. From (2.5), we obtain for |x| ⩾ 2R

∇ω(x) = − 1
8π

∫
R3

(
ṼR(1 − ω)

)
(y)

|x − y|3
(x − y) dy.

Similarly to before, this implies
|∇ω(x)| ⩽ C

|x|2

for |x| ⩾ 2R.
Let 0 ⩽ χ ⩽ 1 be smooth, radial, χ(x) = 1 if |x| ⩽ 1/2 and χ(x) = 0 if |x| ⩾ 1. Define

ωr := χ(·/r)ω. It can be shown (see, e.g., [13, proof of Lemma 2.81]) that ωr → ω in
Ḣ1(R3). Since we have ωr ∈ H1(R3), we can find sequences {φ

(r)
n }n∈N ⊂ C∞

c (R3) such
that φ

(r)
n → ωr in H1(R3). Hence, we can rewrite the scattering length

8πaR =
∫
R3

(
2|∇ω|2 + ṼR|1 − ω|2

)
= lim

r→∞

∫
R3

(
2∇ω · ∇ωr + ṼR|1 − ω|2

)
= lim

r,n→∞

∫
R3

(
2∇ω · ∇φ(r)

n + ṼR|1 − ω|2
)

= lim
r,n→∞

∫
R3

(
2ω(−∆φ(r)

n ) + ṼR|1 − ω|2
)

= lim
r,n→∞

∫
R3

(
ṼR(1 − ω)φ(r)

n + ṼR|1 − ω|2
)

= lim
r→∞

∫
R3

(
ṼR(1 − ω)ωr + ṼR|1 − ω|2

)
=
∫
R3

(
ṼR(1 − ω)ω + ṼR|1 − ω|2

)
=
∫
R3

ṼR(1 − ω),

where we used that ω minimizes (2.1) in the first equation and (2.3) in the fifth equation.
The second to last equation follows by dominated convergence since ωr → ω pointwise
and |ṼR(1 − ω)ωr| ⩽ ṼR ∈ L1(R3).

Note that by (1.2) and (2.2), we have

|a − aR| ⩽ CR−γ . (2.6)

We will denote the periodization of ṼR by VR and the periodization of ṼR,N := N2ṼR(N ·)
by VR,N .

As in [28, Section 2.2], we want to use a modified version of ω with a cut-off. For

4RN−1 < ℓ < 1/2,

we define
ωℓ,N (x) = χ(x/ℓ)ω(Nx),

where 0 ⩽ χ ⩽ 1 is smooth, radial, χ(x) = 1 if |x| ⩽ 1/2 and χ(x) = 0 if |x| ⩾ 1. Using
the notation ωN = ω(N ·) and χℓ = χ(·/ℓ), we obtain

−2∆ωℓ,N = ṼR,N (1 − ωN ) − εℓ,N (2.7)

in the sense of distributions, with

εℓ,N = 2∆(ωℓ,N − ωN ) = 4∇ωN · ∇χℓ + 2ωN ∆χℓ, (2.8)
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since ∆ωN ≡ 0 outside of B(0, RN−1) ⊂ B(0, ℓ/2). Note that εℓ,N ∈ C∞
c (R3), since

εℓ,N has support in {ℓ/2 ⩽ |x| ⩽ ℓ} and ωN is harmonic, and hence smooth, outside of
B(0, ℓ/2). Both ωℓ,N and εℓ,N are even and satisfy the following properties.

Lemma 2.2 (Properties of εℓ,N and ωℓ,N ). Let ℓ > 4RN−1. We have for x ∈ R3

0 ⩽ ωℓ,N (x) ⩽
C1{|x|⩽ℓ}
|Nx| + 1 , |∇ωℓ,N (x)| ⩽ |∇ωN (x)|1{|x|<2RN−1} +

CN1{|x|⩽ℓ}

|Nx|2 + 1
,

N |εℓ,N (x)| ⩽ Cℓ−31{ℓ/2⩽|x|⩽ℓ}.

Moreover,

∥ωℓ,N ∥L1 ⩽ CN−1ℓ2, ∥ωℓ,N ∥L2 ⩽ CN−1ℓ1/2,

∥∇ωℓ,N ∥L1 ⩽ CN−1ℓ, ∥∇ωN ∥L3/2(B(0,2RN−1)) ⩽ CN−1,

∥Nεℓ,N ∥L2 ⩽ Cℓ−3/2, ∥N∆εℓ,N ∥L1 ⩽ Cℓ−2,

and ∫
R3

Nεℓ,N = 8πaR.

Proof. We will use

0 ⩽ ω(x) ⩽ C

|x| + 1 and |∇ω(x)| ⩽ |∇ω(x)|1{|x|<2R} + C

|x|2 + 1

for x ∈ R3, from Lemma 2.1. Since |χℓ| ⩽ 1{|x|⩽ℓ} and |∇χℓ| ⩽ Cℓ−11{ℓ/2⩽|x|⩽ℓ}, we have

0 ⩽ ωℓ,N (x) ⩽
C1{|x|⩽ℓ}
|Nx| + 1

for x ∈ R3, and

|∇ωℓ,N (x)| ⩽
Cℓ−11{ℓ/2⩽|x|⩽ℓ}

|Nx| + 1 +
CN1{|x|⩽ℓ}

|Nx|2 + 1

⩽
CN1{ℓ/2⩽|x|⩽ℓ}

|Nx|2 + Nℓ
+

CN1{|x|⩽ℓ}

|Nx|2 + 1
⩽

CN1{|x|⩽ℓ}

|Nx|2 + 1

for |x| ⩾ 2RN−1. Using this, the pointwise bound on ∇ωℓ,N now follows from the fact
that ∇ωℓ,N ≡ ∇ωN on {|x| < 2RN−1} ⊂ {|x| < ℓ/2}. The pointwise bound on εℓ,N

follows from (2.8), the bounds |∇χℓ| ⩽ Cℓ−11{ℓ/2⩽|x|⩽ℓ} and |∆χℓ| ⩽ Cℓ−21{ℓ/2⩽|x|⩽ℓ},
and the fact that

|ωN (x)| ⩽ C

|Nx|
and |∇ωN (x)| ⩽ CN

|Nx|2
(2.9)

on {ℓ/2 ⩽ |x| ⩽ ℓ}.
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For the bound on ∥ωℓ,N ∥L1 , we compute

∥ωℓ,N ∥L1 ⩽
C

N

∫
R3

1{|x|⩽ℓ}
|x|

dx ⩽ CN−1ℓ2.

Similar computations yield the bounds on ∥ωℓ,N ∥L2 and ∥Nεℓ,N ∥L2 . The bound on
∥∇ωℓ,N ∥L1 also follows similarly, in combination with

∥∇ωℓ,N ∥L1(B(0,2RN−1)) = ∥∇ωN ∥L1(B(0,2RN−1)) = ∥∇ω∥L1(B(0,2R))N
−2.

We can bound ∥∇ωN ∥L3/2(B(0,2RN−1)) by using

∥∇ωN ∥L3/2(B(0,2RN−1)) = ∥∇ω∥L3/2(B(0,2R))N
−1.

For the last two bounds, we used that ∥∇ω∥L1(B(0,2R)) < ∞ and ∥∇ω∥L3/2(B(0,2R)) < ∞,
which follows from ∇ω ∈ L2(R3). Recall that εℓ,N is smooth. With (2.8) and the fact
that ωN is harmonic inside the support of εℓ,N , we can compute

∆εℓ,N = 8∇ωN · ∇(∆χℓ) + 2ωN ∆2χℓ = 8∇ωN,ℓ · ∇(∆χℓ) + 2ωN,ℓ∆2χℓ.

We have the bounds |∇(∆χℓ)| ⩽ Cℓ−31{ℓ/2⩽|x|⩽ℓ} and
∣∣∆2χℓ

∣∣ ⩽ Cℓ−41{ℓ/2⩽|x|⩽ℓ}. In
combination with the bounds on ∥ωℓ,N ∥L1 and ∥∇ωℓ,N ∥L1 , this implies ∥N∆εℓ,N ∥L1 ⩽
Cℓ−2.

By (2.3), we have the scattering equation

−2∆ωN = ṼR,N (1 − ωN )

in the sense of distributions. Using this, (2.8), the fact that χℓ ∈ C∞
c (R3), and (2.4), we

obtain ∫
R3

Nεℓ,N = N

∫
R3

(4∇ωN · ∇χℓ + 2ωN ∆χℓ) = N

∫
R3

2ωN (−∆χℓ)

= N

∫
R3

ṼR,N (1 − ωN ) =
∫
R3

ṼR(1 − ω) = 8πaR,

where we used that ṼR,N (1 − ωN )χℓ = ṼR,N (1 − ωN ) by the choice ℓ > 4RN−1.

2.2 Fock space formalism
In the following, let H be a subspace of L2(Λ).

Definition 2.3. Let n ∈ N. Then we define

Hn :=
n⊗

sym
H,

the space of permutation symmetric functions Ψ ∈ H⊗n of n variables xi ∈ Λ, i.e.,

Ψ(x1, . . . , xn) = Ψ(xσ(1), . . . , xσ(n))

for all permutations σ ∈ Sn. For n = 0 we define Hn := C.
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Definition 2.4 (Fock space). We define the bosonic Fock space

F(H) :=
∞⊕

n=0
Hn.

For ξ = (ξn)∞
n=0 ∈ F(H) we define the norm ∥·∥F(H) on F(H) by

∥ξ∥2
F(H) =

∞∑
n=0

∥ξn∥2
Hn .

Definition 2.5 (Creation and annihilation operators). Let g ∈ H. We define the creation
operator a∗(g) and the annihilation operator a(g) on F(H) by

(a∗(g)Ψ)(x1, . . . , xn+1) = 1√
n + 1

n+1∑
i=1

g(xi)Ψ(x1, . . . , xi−1, xi+1, . . . , xn),

(a(g)Ψ)(x1, . . . , xn−1) =
√

n

∫
Λ

g(xn)Ψ(x1, . . . , xn) dxn

for all Ψ ∈ Hn, n ∈ N. Additionally, we define the operator valued distributions a∗
x and

ax with x ∈ Λ such that

a∗(g) =
∫

Λ
g(x)a∗

x dx, a(g) =
∫

Λ
g(x)ax dx, ∀g ∈ H.

These operators satisfy the canonical commutation relations (CCR)

[a(f), a(g)] = [a∗(f), a∗(g)] = 0, [a(f), a∗(g)] = ⟨f, g⟩, ∀f, g ∈ H,

[ax, ay] = [a∗
x, a∗

y] = 0, [ax, a∗
y] = δ(x − y), ∀x, y ∈ Λ.

Lemma 2.6 (Second quantization for one- and two-body operators). Let A be a self-
adjoint operator on H with domain D(A). Then we define its second quantization as the
operator on the bosonic Fock space F(H)

dΓ(A) :=
∞⊕

n=0

( n∑
i=1

Ai

)
= 0 ⊕ A ⊕ (A ⊗ 1 + 1 ⊗ A) ⊕ · · ·

with domain
∞⋃

N=1

N⊕
n=0

D(A1 + · · · + An),

where D(A1 + · · · + An) ⊂ Hn is the domain of the operator A1 + · · · + An on Hn. If we
choose an orthonormal basis {un}n∈N of H such that un ∈ D(A) for all n ∈ N, we can
also rewrite it as

dΓ(A) =
∫

Λ
a∗

xAax dx =
∞∑

m,n=1
⟨um, Aun⟩a∗

man,
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where we used the notation a♯
n := a♯(un) with ♯ ∈ {∗, ·}. Let W ∈ L1(R3) be an even,

real-valued function. We think of W := W (x − y) as a two-body translation invariant
multiplication operator on H ⊗ H with domain D(W ). Its second quantization is defined
as the operator on the bosonic Fock space F(H)

∞⊕
n=0

( ∑
1⩽i<j⩽n

Wij

)
= 0 ⊕ 0 ⊕ W ⊕ (W12 + W13 + W23) ⊕ · · ·

with domain
∞⋃

N=1

N⊕
n=0

D

( ∑
1⩽i<j⩽n

Wij

)
,

where D
(∑

1⩽i<j⩽n Wij
)

⊂ Hn is the domain of the operator
∑

1⩽i<j⩽n Wij on Hn. If we
choose an orthonormal basis {un}n∈N of H such that um ⊗ un ∈ D(W ) for all m, n ∈ N,
we can rewrite it as

1
2

∫
Λ

∫
Λ

W (x − y)a∗
xa∗

yaxay dx dy = 1
2

∞∑
m,n,p,q=1

⟨um ⊗ un, Wup ⊗ uq⟩a∗
ma∗

napaq.

We will provide a proof for Lemma 2.6 in Section A.1; a proof can also be found in [32,
Lemmas 7.8 and 7.12] or [26, Section 5.2].

In particular, this lemma implies that the number operator N := dΓ(1) can be rewritten
as

N =
∫

Λ
a∗

xax dx =
∞∑

n=1
a∗

nan

for any orthonormal basis {un}n∈N of H.

2.3 The excitation Hamiltonian
We denote H = L2(Λ) and F = F(H). Let Λ∗ = 2πZ3. We can choose {up}p∈Λ∗ with
up(x) = eip·x explicitly as an orthonormal basis of L2(Λ) and we define a♯

p := a♯(up) with
♯ ∈ {∗, ·}. Using the method of second quantization, we can write the Hamiltonian (1.1)
as

HN =
∑

p∈Λ∗

p2a∗
pap + 1

2
∑

p,q,r∈Λ∗

V̂N (r)a∗
p+ra∗

qapaq+r

=
∫

Λ
a∗

x(−∆x)ax dx + 1
2

∫
Λ

∫
Λ

VN (x − y)a∗
xa∗

yaxay dx dy.

(2.10)

The right-hand side of (2.10) is an operator on F , but we will always consider its
restriction to the N -body sector, which is equal to (1.1). We will use the convention that
the indices appearing in creation and annihilation operators are always non-zero. Let
Q = 1 − |u0⟩⟨u0| and

H+ = QH, F+ = F(H+), F⩽N
+ =

N⊕
n=0

Hn
+, 1⩽N

+ = 1F⩽N
+

.
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We will use the unitary transform U : HN → F⩽N
+ introduced in [20]. It can be defined

by

U(Ψ) =
N⊕

k=0
Q⊗k

(
aN−k

0√
(N − k)!

Ψ
)

for every Ψ ∈ HN . Its adjoint is given by

U∗
( N⊕

k=0
ξk

)
=

N∑
k=0

(a∗
0)N−k√

(N − k)!
ξk

for all ξk ∈ Hk
+, k = 0, . . . , N . We have the following identities on F⩽N

+ :

Ua∗
0a0U∗ = N − N ,

Ua∗(f)a0U∗ = a∗(f)
√

N − N ,

Ua∗
0a(f)U∗ =

√
N − N a(f),

Ua∗(f)a(g)U∗ = a∗(f)a(g)

(2.11)

for all f, g ∈ H+. A proof for these identities will be provided in Section A.2. Now we
can prove the following lemma.

Lemma 2.7 (Operator bound on Fock space). The following operator identity holds on
F⩽N

+
UHN U∗ = 1⩽N

+ H1⩽N
+ ,

where
H = N − 1

2 V̂ (0) + dΓ(−∆) + H2 + Q2 + Q3 + Q4 + E(U) (2.12)

is an operator on the full Fock space F with

H2 = N

∫
Λ2

VR,N (x − y)a∗
xay dx dy,

Q2 = 1
2

(
N − N − 1

2

)∫
Λ2

VN (x − y)axay dx dy + h.c.,

Q3 =
√

(N − N )+

∫
Λ2

VN (x − y)a∗
yaxay dx dy + h.c.,

Q4 = 1
2

∫
Λ2

VN (x − y)a∗
xa∗

yaxay dx dy,

and E(U) satisfies the quadratic form estimate on F

±E(U) ⩽ CR−γN + C
N 2

N
+ εQ4 + ε−1C

(N + 1)2

N3 (2.13)

for all ε > 0.

H is an operator on the full Fock space F . In the following chapters, we will restrict it
to F+ to simplify the notation.
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Proof. Applying the identities (2.11), we can compute

UHN U∗ = 1⩽N
+

(∑
p

p2a∗
pap + N − 1

2 V̂ (0) − N (N − 1)
2N

V̂ (0)

+ (N − N )
∑

p

V̂N (p)a∗
pap

+ 1
2

√
(N − N )(N − N − 1)

∑
p

V̂N (p)apa−p + h.c.

+
√

N − N
∑
p,q

V̂N (p)a∗
qapaq−p + h.c.

+ 1
2
∑
p,q,r

V̂N (r)a∗
p+ra∗

qapaq+r

)
1⩽N

+ .

(2.14)

Using this, we obtain UHN U∗ = 1⩽N
+ H1⩽N

+ with H given by (2.12) and E(U) by

E(U) = 1⩽N
+

(
−N (N − 1)

2N
V̂ (0) − N

∫
Λ2

VN (x − y)a∗
xay dx dy

+N

∫
Λ2

(VN − VR,N )(x − y)a∗
xay dx dy

+1
2

(√
(N − N )(N − N − 1)+ − N + N + 1

2

)∫
Λ2

VN (x − y)axay dx dy + h.c.

)
1⩽N

+

=: 1⩽N
+ (E(U,1) + E(U,2) + E(U,3))1⩽N

+ .

Because of the projections, we only need to estimate E(U,1), E(U,2), and E(U,3) on F⩽N
+ .

We obtain

±E(U,1) ⩽ C
N 2

N
+ CN

∫
Λ2

VN (x − y)a∗
xax dx dy ⩽ C

N 2

N
+ C∥VN ∥L1N 2 ⩽ C

N 2

N
,

where we used Cauchy–Schwarz and the fact that VN (x − y) = VN (y − x) in the first
inequality and ∥VN ∥L1 ⩽ CN−1 in the last inequality.

Similarly, we have

±E(U,2) ⩽ N∥VN − VR,N ∥L1N ⩽ CR−γN ,

where we used (1.2) in the last inequality.
For estimating E(U,3) we use the elementary inequality∣∣∣∣√1 − t

√
(1 − t − N−1)+ − 1 + t + 1

2N

∣∣∣∣ ⩽ C

(
t

N
+ 1

N2

)
for all 0 ⩽ t ⩽ 1. We obtain for all ε > 0

±E(U,3) ⩽ εQ4 + ε−1N2∥VN ∥L1

(√
1 − N

N

√(
1 − N + 1

N

)
+

− 1 + N
N

+ 1
2N

)2

⩽ εQ4 + Cε−1 (N + 1)2

N3
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on F⩽N
+ , where we used Cauchy–Schwarz in the first inequality and ∥VN ∥L1 ⩽ CN−1 in

the second inequality. This completes the proof of the lemma.

2.4 General quadratic transforms
It is well-known, see, e.g., [32, Chapter 9], that for every real, symmetric Hilbert–Schmidt
operator s on H, there exists a unitary transformation T on the Fock space F such that

T ∗a∗(g)T = a∗(c(g)) + a(s(g)), ∀g ∈ H,

where c =
√

1 + s2.
We will need the following lemma about the conservation of the particle number.

Lemma 2.8. The transformation T satisfies

T ∗(N + 1)jT ⩽ exp(Cj∥s∥HS)(N + 1)j , ∀j ⩾ 1,

where Cj is a constant independent of s.

We will prove this lemma and construct T in Section A.3.
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3 Quadratic renormalization

3.1 Definition of the first quadratic transform
Similarly to [16, Section 3], we define s1, s̃1 : Λ2 → R by

s1 = Q⊗2s̃1, s̃1(x, y) = −
∑

z∈Z3

Nωℓ,N (x − y + z), (3.1)

with ωℓ,N defined as in Section 2.1. We will also denote the operator with integral kernel
s1(x, y) by s1. We want to define the operators (here, 1 denotes the identity and s1
denotes the operator, not its kernel)

c1 :=
√

1 + s2
1 and p1 := c1 − 1 =

√
1 + s2

1 − 1 = s2
1

(
1 +

√
1 + s2

1

)−1
.

In the following lemma, we will show some useful properties of s1, c1, and p1. In particular,
we will prove that s1 is bounded. Since s1 is symmetric, it follows that s1 is self-adjoint
and bounded. Hence, c1 and p1 are well defined.
Lemma 3.1 (Properties of s1). Assume that 4RN−1 < ℓ < 1/2. Then we have

s1(x, y) = s̃1(x, y) + Nω̂ℓ,N (0)
and, in particular,

|s1(x, y) − s̃1(x, y)| ⩽ Cℓ2.

Moreover, there exist constants C > 0, independent of N and ℓ, such that

∥s1∥op ⩽ Cℓ2, ∥s1∥L2 + ∥s1∥L∞L2 ⩽ Cℓ1/2, ∥s1∥L∞ ⩽ CN,

∥∇s1∥op ⩽ Cℓ,

∥p1∥op ⩽ Cℓ4, ∥p1∥L2 + ∥p1∥L∞L2 ⩽ Cℓ5/2,

∥∇p1∥op ⩽ Cℓ3, ∥∇xp1∥L∞L2 ⩽ Cℓ3/2,

∥c1∥op ⩽ C,

where we denoted ∥g∥L∞L2 = max(∥g∥L∞
1 L2

2
, ∥g∥L∞

2 L2
1
).

Proof. By writing Q = 1 − P with P = |u0⟩⟨u0|, we obtain s1 = s̃1 − (P ⊗ 1)s̃1 − (1 ⊗
P )s̃1 + (P ⊗ P )s̃1 and hence

s1(x, y) = s̃1(x, y) +
∫

Λ

∑
z∈Z3

Nωℓ,N (x − y + z) dx +
∫

Λ

∑
z∈Z3

Nωℓ,N (x − y + z) dy

−
∫

Λ

∑
z∈Z3

Nωℓ,N (x − y + z) dx dy

= s̃1(x, y) + Nω̂ℓ,N (0).
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Here we used that ωℓ,N is supported in Λ. Since we have Nω̂ℓ,N (0) = N∥ωℓ,N ∥L1 ⩽ Cℓ2

by Lemma 2.2, this implies

|s1(x, y) − s̃1(x, y)| ⩽ Cℓ2.

For the bound on ∥s1∥op, notice that the kernel of s̃1 is a finite sum. In fact, all terms
with max{|zi| : i = 1, 2, 3} ⩾ 2 are zero since ωℓ,N is supported in Λ. Hence, we have

∥s1∥op ⩽ ∥s̃1∥op ⩽ CN∥ωℓ,N ∥L1 ⩽ Cℓ2,

where we used Lemma 2.2 for the last inequality. Similarly, for the bound on ∥∇s1∥op,
we have

∥∇s1∥op = ∥∇s̃1∥op ⩽ CN∥∇ωℓ,N ∥L1 ⩽ Cℓ,

where we used Lemma 2.2 again.
Since ∥s1∥L2 ⩽ ∥s1∥L∞L2 , we only need to bound ∥s1∥L∞L2 . We have

∥s1∥L∞L2 ⩽ Cℓ2 + ∥s̃1∥L∞L2 ⩽ Cℓ2 + CN∥ωℓ,N ∥L2 ⩽ Cℓ1/2,

where we used Lemma 2.2 and ℓ ⩽ 1.
Because the kernel of s̃1 is a finite sum, we have

∥s1∥L∞ ⩽ Cℓ2 + ∥s̃1∥L∞ ⩽ Cℓ2 + CN∥ωℓ,N ∥L∞ ⩽ CN,

where we used that ∥ωℓ,N ∥L∞ ⩽ C by Lemma 2.2 and ℓ ⩽ 1.
Next, we want to prove the bounds for

p1 = s2
1

(
1 +

√
1 + s2

1

)−1
=: s2

1A.

Since 0 ⩽ A ⩽ 1, we have

∥p1∥op ⩽ C∥s1∥2
op∥A∥op ⩽ Cℓ4,

∥∇p1∥op ⩽ C∥∇s1∥op∥s1∥op∥A∥op ⩽ Cℓ3.

Again, since ∥p1∥L2 ⩽ ∥p1∥L∞L2 , we only need to bound ∥p1∥L∞L2 . For all g ∈ L2(Λ)
and x ∈ Λ we have∣∣∣∣∫

Λ
p1(x, y)g(y) dy

∣∣∣∣ =
∣∣∣∣∫

Λ
s1(x, y)(s1Ag)(y) dy

∣∣∣∣
⩽ ∥s1(x, ·)∥L2∥s1∥op∥A∥op∥g∥L2

⩽ C∥s1∥L∞L2∥s1∥op∥g∥L2

⩽ Cℓ5/2∥g∥L2 .
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This implies ∥p1∥L∞L2 ⩽ Cℓ5/2. The proof of ∥∇xp1∥L∞L2 ⩽ Cℓ3/2 is similar. Notice
that [∇, s1] = 0. Using this, we obtain for all g ∈ L2(Λ) and x ∈ Λ∣∣∣∣∫

Λ
∇xp1(x, y)g(y) dy

∣∣∣∣ =
∣∣∣∣∫

Λ
s1(x, y)(∇s1Ag)(y) dy

∣∣∣∣
⩽ ∥s1(x, ·)∥L2∥∇s1∥op∥A∥op∥g∥L2

⩽ C∥s1∥L∞L2∥∇s1∥op∥g∥L2

⩽ Cℓ3/2∥g∥L2 .

This proves ∥∇xp1∥L∞L2 ⩽ Cℓ3/2.
Finally, since c1 = 1 + p1 and ∥p1∥op ⩽ Cℓ4 ⩽ C, we have ∥c1∥op ⩽ C.

We want to use a quadratic transform similar to that in [28, Section 4]. Since s1(x, y)
is in L2(Λ2), s1 is a Hilbert Schmidt operator on L2(Λ). Also, notice that s1(x, y) is
real and symmetric. Hence, as remarked in Section 2.4, we can define the first quadratic
transform T1, that satisfies

T ∗
1 a∗(g)T1 = a∗(c1(g)) + a(s1(g)), ∀g ∈ H. (3.2)

This operator is a unitary transform on F+ since s1 is an operator on H+. With this
transformation, we want to renormalize Q2 and extract contributions which allow us to
reconstruct the leading order term of the ground state energy 4πaN . In the remainder of
this chapter, we will prove the following lemma.

Lemma 3.2. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 HT1 = 4πa(N − 1) + 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + dΓ(−∆)

+ H
(T1)
2 + Q

(T1)
2 + Q

(T1)
3 + Q4 + E(T1)

2 + E(T1)
(3.3)

on F+, with

H
(T1)
2 = dΓ

(
NVR,N (x − y) + V̂R(0) − 8πaR

)
,

Q
(T1)
2 = N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)axay dx dy + h.c.,

Q
(T1)
3 =

√
N

∫
Λ2

VR,N (x − y)a∗
yaxay dx dy + h.c.,

Q4 = 1
2

∫
Λ2

VN (x − y)a∗
xa∗

yaxay dx dy,

E(T1)
2 = N

2

∫
Λ2

(VN − VR,N )(x − y)
(

1 −
∑

z∈Z3

ωℓ,N (x − y + z)
)

axay dx dy + h.c.,
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and

±E(T1) ⩽ CNR−γ + Cℓ4 dΓ(−∆) + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ εQ4 + ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N

) (3.4)

for all 0 < ε ⩽ 1.

Remark. • The condition 4RN−1 < ℓ ensures that ωℓ,N ≡ ωN on the support of
ṼR,N . Since ℓ is bounded from above, ∥s1∥L2 is bounded by Lemma 3.1, which
ensures that the powers of the particle number are conserved, see Lemma 2.8.

• Although E(T1) does not leave F+ invariant, we interpret the quadratic form estimate
(3.4) as ±⟨ξ, E(T1)ξ⟩ ⩽ ⟨ξ, Aξ⟩ for all ξ ∈ F+, where A is the right-hand side of
(3.4).

From (2.12) we have

T ∗
1 HT1 = N − 1

2 V̂ (0) + T ∗
1 dΓ(−∆)T1 + T ∗

1 H2T1

+ T ∗
1 Q2T1 + T ∗

1 Q3T1 + T ∗
1 Q4T1 + T ∗

1 E(U)T1. (3.5)

In the following sections, we will estimate the terms on the right-hand side of (3.5). Then
we will use these estimates to prove Lemma 3.2 in Section 3.7.

3.2 Estimating T ∗
1 dΓ(−∆)T1

Lemma 3.3. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 dΓ(−∆)T1 = dΓ(−∆) + 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + Q

(T1)
2 + E(T1)

dΓ(−∆)

+ N

2

∫
Λ

(
VR(1 − ω)ω

)
(x) dx

− N

2

∫
Λ2

(
VR,N (x − y)

∑
z∈Z3

(1 − ωℓ,N )(x − y + z)
)

(a∗
xa∗

y + axay) dx dy

on F+, with
±E(T1)

dΓ(−∆) ⩽ Cℓ4 dΓ(−∆) + Cℓ2(N + 1).

Proof. Using T ∗
1 a∗

xT1 = a∗(c1,x) + a(s1,x), the CCR, and c1 = 1 + p1, we obtain

T ∗
1 dΓ(−∆)T1 =

∫
Λ

∇x(a∗(c1,x) + a(s1,x))∇x(a(c1,x) + a∗(s1,x))

=
∫

Λ
∇xa∗(c1,x)∇xa(c1,x) +

∫
Λ

∇xa∗(s1,x)∇xa(s1,x)
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+
∫

Λ
(∇xa∗(c1,x)∇xa∗(s1,x) + ∇xa(c1,x)∇xa(s1,x)) + ∥∇xs1∥2

L2

=
∫

Λ
∇xa∗

x∇xax +
∫

Λ
(−∆xs1)(x, y)(a∗

xa∗
y + axay) + ∥∇xs1∥2

L2 (3.6)

+
∫

Λ
(∇xa∗

xa(∇xp1,x) + a∗(∇xp1,x)∇xax)

+
∫

Λ
a∗(∇xp1,x)a(∇xp1,x) +

∫
Λ

a∗(∇xs1,x)a(∇xs1,x)

+
∫

Λ
(a∗(∇xp1,x)a∗(∇xs1,x) + a(∇xp1,x)a(∇xs1,x)).

The terms in the last three lines of (3.6) are error terms. First, we want to bound them.
Let ξ ∈ F+, then by Cauchy–Schwarz we have

∣∣∣∣〈ξ,

∫
Λ

∇xa∗
xa(∇xp1,x)ξ

〉∣∣∣∣ ⩽ ∫
Λ

∥∇xaxξ∥∥a(∇xp1,x)ξ∥

⩽
(∫

Λ
∥∇xaxξ∥2

)1/2(∫
Λ

∥a(∇xp1,x)ξ∥2
)1/2

⩽ ∥dΓ(−∆)1/2ξ∥∥∇p1∥op∥N 1/2ξ∥
⩽ Cℓ4⟨ξ, dΓ(−∆)ξ⟩ + Cℓ2⟨ξ, N ξ⟩,

where we used
∫

Λ a∗(∇xp1,x)a(∇xp1,x) ⩽ ∥∇p1∥2
opN and Lemma 3.1. Similarly, we have

∣∣∣∣〈ξ,

∫
Λ

a∗(∇xp1,x)a(∇xp1,x)ξ
〉∣∣∣∣ ⩽ ∥∇p1∥2

op⟨ξ, N ξ⟩ ⩽ Cℓ6⟨ξ, N ξ⟩,∣∣∣∣〈ξ,

∫
Λ

a∗(∇xs1,x)a(∇xs1,x)ξ
〉∣∣∣∣ ⩽ ∥∇s1∥2

op⟨ξ, N ξ⟩ ⩽ Cℓ2⟨ξ, N ξ⟩,∣∣∣∣〈ξ,

∫
Λ

a∗(∇xp1,x)a∗(∇xs1,x)ξ
〉∣∣∣∣ ⩽ ∫

Λ
∥a(∇xs1,x)ξ∥∥a∗(∇xp1,x)ξ∥

⩽ ∥∇s1∥op∥N 1/2ξ∥∥∇xp1∥L∞L2∥(N + 1)1/2ξ∥

⩽ Cℓ5/2⟨ξ, (N + 1)ξ⟩,

for all ξ ∈ F+. Here we used a(∇xp1,x)a∗(∇xp1,x) ⩽ ∥∇xp1∥2
L∞L2(N + 1) for the last

bound.
The first term in (3.6) is dΓ(−∆). For the second term, notice that s1 − s̃1 is constant

by Lemma 3.1. Hence, we have −∆xs1 = −∆xs̃1. Using the definition of s̃1 (3.1) and
the scattering equation (2.7), we obtain

−∆xs̃1(x, y) =
∑

z∈Z3

N∆xωℓ,N (x−y+z) = N

2
∑

z∈Z3

(
εℓ,N − ṼR,N (1−ωN )

)
(x−y+z), (3.7)
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so the second term in (3.6) is

Q
(T1)
2 − N

2

∫
Λ2

(∑
z∈Z3

(
ṼR,N (1 − ωN )

)
(x − y + z)

)
(a∗

xa∗
y + axay) dx dy

= Q
(T1)
2 − N

2

∫
Λ2

(
VR,N (x − y)

∑
z∈Z3

(1 − ωℓ,N )(x − y + z)
)

(a∗
xa∗

y + axay) dx dy.

For the third term in (3.6), we use ∇xs1 = ∇xs̃1, the definition of s̃1 (3.1), (3.7), and
ṼR,N ωℓ,N ≡ VR,N ωN on Λ. Doing an integration by parts, we obtain

∥∇xs1∥2
L2 =

∫
Λ2

s̃1(x, y)(−∆xs̃1)(x, y) dx dy

= −N2

2

∫
Λ

(
ωℓ,N εℓ,N − VR,N (1 − ωN )ωN

)
(x) dx

= −N2

2

∫
Λ

(ωℓ,N εℓ,N )(x) dx + N

2

∫
Λ

(
VR(1 − ω)ω

)
(x) dx (3.8)

Note that ∆ωN and ωℓ,N − ωN have disjoint support and recall the definition (2.8) of
εℓ,N . We have∫

R3
ωN εℓ,N = 2

∫
R3

ωN ∆(ωℓ,N − ωN ) = 2
∫
R3

∆ωN (ωℓ,N − ωN ) = 0.

Using this and an integration by parts, we can rewrite the first term in (3.8)

− N2

2

∫
Λ

(ωℓ,N εℓ,N )(x) dx = −N2

2

∫
R3

(
(ωℓ,N − ωN )εℓ,N

)
(x) dx

= N2
∫
R3

|∇(ωℓ,N − ωN )(x)|2 dx = (2π)−3N2
∫
R3

|p(ω̂ℓ,N − ω̂N )(p)|2 dp

= (2π)−3N2
∫
R3

|p2(ω̂ℓ,N − ω̂N )(p)|2
p2 dp = (2π)−3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp,

(3.9)

which finishes the proof.

3.3 Estimating T ∗
1 H2T1

Recall
H2 = N

∫
Λ2

VR,N (x − y)a∗
xay dx dy.

Lemma 3.4. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 H2T1 = H2 + E(T1)

H2

on F+, with
±E(T1)

H2
⩽ Cℓ1/2(N + 1).
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Notice that H2 = dΓ(NVR,N (x−y)), where NVR,N (x−y) is the kernel of a self-adjoint
integral operator with ∥NVR,N (x − y)∥op ⩽ ∥V ∥L1 ⩽ C. Hence, it suffices to prove the
following lemma.
Lemma 3.5. Assume that 4RN−1 < ℓ < 1/2. We have

±
(
T ∗

1 dΓ(A)T1 − dΓ(A)
)
⩽ C∥A∥opℓ1/2(N + 1)

on F for any bounded, self-adjoint operator A on H with kernel A(x, y).
Proof. Using (3.2), the CCR, and c1 = p1 + 1, we get

T ∗
1 dΓ(A)T1 =

∫
Λ2

A(x, y)(a∗(c1,x) + a(s1,x))(a(c1,y) + a∗(s1,y))

=
∫

Λ3
s1(u, x)A(x, y)s1(y, u) + dΓ(c1Ac1 + s1As1)

+
(∫

Λ2
A(x, y)a∗(c1,x)a∗(s1,y) + h.c.

)
= dΓ(A) + Tr(s1As1) + dΓ(p1Ap1 + p1A + Ap1 + s1As1)

+
(∫

Λ2
(c1As1)(x, y)a∗

xa∗
y + h.c.

)
.

(3.10)

We want to estimate the error terms on the right-hand side of (3.10) using the bounds in
Lemma 3.1. Since ∥s1∥HS = ∥s1∥L2 ⩽ Cℓ1/2, we have

|Tr(s1As1)| ⩽ ∥A∥op∥s1∥2
HS ⩽ C∥A∥opℓ.

Using ∥s1∥op ⩽ Cℓ2 and ∥p1∥op ⩽ Cℓ4, we obtain

± dΓ(p1Ap1 + p1A + Ap1 + s1As1) ⩽ N ∥p1Ap1 + p1A + Ap1 + s1As1∥op

⩽ N ∥A∥op(2∥p1∥op + ∥p1∥2
op + ∥s1∥2

op)
⩽ CN ∥A∥opℓ4.

By Lemma 3.1, we have ∥c1∥op ⩽ C and thus

∥c1As1∥HS ⩽ ∥c1∥op∥A∥op∥s1∥HS ⩽ C∥A∥opℓ1/2.

Using this, we obtain

±
(∫

Λ2
(c1As1)(x, y)a∗

xa∗
y + h.c.

)
⩽ ∥c1As1∥HS(N + 1) ⩽ C∥A∥opℓ1/2(N + 1).

This holds since for a Hilbert-Schmidt operator B with kernel B(x, y) we have〈
ξ,

∫
Λ2

B(x, y)a∗
xa∗

yξ

〉
⩽
(∫

Λ
∥axξ∥2

)1/2(∫
Λ

∥a∗(Bx)ξ∥2
)1/2

⩽ ∥N 1/2ξ∥(∥B∥2
op∥N 1/2ξ∥2 + ∥B∥2

HS∥ξ∥2)1/2

⩽ ∥B∥HS⟨ξ, (N + 1)ξ⟩

for all ξ ∈ F , where we used Cauchy–Schwarz and ∥B∥op ⩽ ∥B∥HS.
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3.4 Estimating T ∗
1 Q2T1

Recall
Q2 = 1

2

(
N − N − 1

2

)∫
Λ2

VN (x − y)axay dx dy + h.c.

Lemma 3.6. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 Q2T1 = N

2

∫
Λ2

VN (x − y)(a∗
xa∗

y + axay) dx dy

+
(

N + 1
2 − N

)∫
Λ

(VRω)(x) dx + E(T1)
Q2

on F+, with

±E(T1)
Q2

⩽ R−γ(N + N) + Cℓ1/2(N + 1) + εQ4 + ε−1C
(N + 1)2

N

for all 0 < ε ⩽ 1.

Proof. Using T ∗
1 axT1 = a(c1,x) + a∗(s1,x) and the CCR, we obtain

T ∗
1 axayT1 =

(
a(c1,x) + a∗(s1,x)

)(
a(c1,y) + a∗(s1,y)

)
=
(
a(c1,x)a(c1,y) + ⟨c1,x, s1,y⟩ + a∗(s1,x)a(c1,y) + a∗(s1,y)a(c1,x) + a∗(s1,x)a∗(s1,y)

)
.

With this, we can write

T ∗
1 Q2T1 = 1

2

(
1 − T ∗

1 N T1 + 1/2
N

)∫
Λ2

NVN (x − y)
(
a(c1,x)a(c1,y) + ⟨c1,x, s1,y⟩

+ a∗(s1,x)a(c1,y) + a∗(s1,y)a(c1,x) + a∗(s1,x)a∗(s1,y)
)

dx dy + h.c. (3.11)

We will need the following lemma to bound the error terms.

Lemma 3.7. Let g, h ∈ L2(Λ2), ♯1, ♯2 ∈ {∗, ·}, and ξ′, ξ ∈ F+. Then we have∣∣∣∣〈ξ′,

∫
Λ2

NVN (x − y)a♯1(gx)a♯2(hy)ξ
〉∣∣∣∣

⩽ C∥V ∥L1∥g∥L2∥h∥L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

(3.12)

∣∣∣∣〈ξ′,

∫
Λ2

NVN (x − y)a♯1(gx)ayξ

〉∣∣∣∣ ⩽ C∥V ∥L1∥g∥L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥, (3.13)∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)axayξ

〉∣∣∣∣ ⩽ CN−1/2∥V ∥1/2
L1 ∥ξ′∥∥Q

1/2
4 ξ∥, (3.14)∣∣∣∣∫

Λ2
NVN (x − y)⟨p1,x, s1,y⟩

∣∣∣∣ ⩽ C∥V ∥L1∥p1∥L2∥s1∥L2 . (3.15)
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Proof of Lemma 3.7. We will denote a♯ = (a♯)∗. Let ξ′, ξ ∈ F+. First, we want to prove
(3.12). We have∣∣∣∣〈ξ′,

∫
Λ2

NVN (x − y)a♯1(gx)a♯2(hy)ξ
〉∣∣∣∣

⩽
∫

Λ2
NVN (x − y)∥a♯1(gx)ξ′∥∥a♯2(hy)ξ∥

⩽
∫

Λ2
NVN (x − y)∥gx∥L2∥(N + 1)1/2ξ′∥∥hy∥L2∥(N + 1)1/2ξ∥

⩽ C∥V ∥L1∥g∥L2∥h∥L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥.

Similarly, we obtain (3.13). Let η > 0, we have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)axayξ

〉∣∣∣∣ ⩽ ∫
Λ2

VN (x − y)∥ξ′∥∥axayξ∥

⩽ η−1
∫

Λ2
VN (x − y)∥ξ′∥2 + η

∫
Λ2

VN (x − y)∥axayξ∥2

⩽ η−1N−1∥V ∥L1∥ξ′∥2 + Cη∥Q
1/2
4 ξ∥2.

Optimizing in η shows (3.14). Using Hölder’s inequality and ⟨p1,x, s1,y⟩ ⩽ ∥p1,x∥L2∥s1,y∥L2

yields (3.15).

Using c1 = 1 + p1 and Lemma 3.7, we get from (3.11)

T ∗
1 Q2T1 = 1

2

∫
Λ2

NVN (x − y)(a∗
xa∗

y + axay)

+
∫

Λ2
NVN (x − y)s1(x, y)

− (T ∗
1 N T1 + 1/2)

∫
Λ2

VN (x − y)s1(x, y) + E ,

(3.16)

with∣∣⟨ξ′, Eξ⟩
∣∣ ⩽ C(∥p1∥2

L2 + ∥p1∥L2 + ∥s1∥L2 + ∥p1∥L2∥s1∥L2 + ∥s1∥2
L2)

× (∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥ + N−1∥(T ∗
1 N T1 + 1)ξ′∥∥(N + 1)ξ∥)

+ CN−1/2∥(T ∗
1 N T1 + 1)ξ′∥∥Q

1/2
4 ξ∥

⩽ Cℓ1/2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥ + Cℓ1/2N−1∥(N + 1)ξ′∥∥(N + 1)ξ∥

+ CN−1/2∥(N + 1)ξ′∥∥Q
1/2
4 ξ∥

for all ξ′, ξ ∈ F+. Here we used Lemma 3.1 to bound ∥p1∥L2 , ∥s1∥L2 and Lemma 2.8 to
bound T ∗

1 N T1 ⩽ C(N + 1). This implies

±E ⩽ Cℓ1/2(N + 1) + Cℓ1/2N−1(N + 1)2 + εQ4 + ε−1CN−1(N + 1)2, ∀ε > 0.
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Now we want to deal with the second term in (3.16). By Lemma 3.1 we have ∥s1∥L∞ ⩽ CN
and |s1(x, y) − s̃1(x, y)| ⩽ Cℓ2. Therefore, we obtain∣∣∣∣∫

Λ2
N(VN − VR,N )(x − y)s1(x, y)

∣∣∣∣ ⩽ CN2∥VN − VR,N ∥L1 ⩽ CNR−γ

and, using ∥NVR,N ∥L1 ⩽ C,∫
Λ2

NVN (x − y)s1(x, y) = −
∫

Λ2

∑
z∈Z3

N2VR,N (x − y)ωℓ,N (x − y + z) dx dy + E

= −
∫

Λ
N2(VR,N ωN )(x) dx + E = −

∫
Λ

N(VRω)(x) dx + E ,

with
±E ⩽ C(NR−γ + ℓ2).

Similarly for the third term in (3.16), we have

−(T ∗
1 N T1 + 1/2)

∫
Λ2

VN (x − y)s1(x, y) = −(T ∗
1 N T1 + 1/2)

∫
Λ2

VR,N (x − y)s̃1(x, y) + E

= (T ∗
1 N T1 + 1/2)

∫
Λ

(VRω)(x) dx + E ,

with
±E ⩽ CR−γ(N + 1) + Cℓ2N−1(N + 1),

where we used Lemma 2.8 to bound T ∗
1 N T1 + 1/2 ⩽ C(N + 1). By definition, we have

N = dΓ(1), so we can apply Lemma 3.5 to obtain

±(T ∗
1 N T1 − N ) ⩽ Cℓ1/2(N + 1).

Hence, using ∥VRω∥L1 ⩽ C, we get

−(T ∗
1 N T1 + 1/2)

∫
Λ2

VN (x − y)s1(x, y) = (N + 1/2)
∫

Λ
(VRω)(x) dx + E ,

with
±E ⩽ CR−γ(N + 1) + Cℓ1/2(N + 1).

3.5 Estimating T ∗
1 Q3T1

Recall
Q3 =

√
(N − N )+

∫
Λ2

VN (x − y)a∗
yaxay dx dy + h.c.

Lemma 3.8. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 Q3T1 =

√
N

∫
Λ2

VR,N (x − y)a∗
yaxay dx dy + h.c. + E(T1)

Q3
= Q

(T1)
3 + E(T1)

Q3
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on F+, with

±E(T1)
Q3

⩽ Cℓ1/2 (N + 1)3/2

N1/2 + εQ4 + ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N

)
for all 0 < ε ⩽ 1.

Proof. We will use the notation NT1 = T ∗
1 N T1. Using T ∗

1 a∗
xT1 = a∗(c1,x) + a(s1,x) and

the CCR, we obtain

T ∗
1 Q3T1 =

√
(N − NT1)+

∫
Λ2

VN (x − y)(a∗(c1,y) + a(s1,y))(a(c1,x) + a∗(s1,x))

× (a(c1,y) + a∗(s1,y)) dx dy + h.c.

=
√

(N − NT1)+

∫
Λ2

VN (x − y)(a∗(c1,y) + a(s1,y))
(
a(c1,x)a(c1,y) + ⟨c1,x, s1,y⟩

+ a∗(s1,x)a(c1,y) + a∗(s1,y)a(c1,x) + a∗(s1,x)a∗(s1,y)
)

dx dy + h.c. (3.17)

We will need the following lemma to bound the error terms.

Lemma 3.9. Let g, h ∈ L2(Λ2), ♯1, ♯2 ∈ {∗, ·}, and ξ′, ξ ∈ F+. Then we have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗(c1,y)a♯1(gx)ayξ

〉∣∣∣∣
⩽ CN−1∥V ∥L1∥g∥L∞L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.18)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗(c1,y)axa(hy)ξ
〉∣∣∣∣

⩽ CN−1∥V ∥L1∥h∥L∞L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.19)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗(c1,y)a♯1(gx)a♯2(hy)ξ
〉∣∣∣∣

⩽ CN−1∥V ∥L1∥g∥L∞L2∥h∥L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.20)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a(s1,y)a♯1(gx)ayξ

〉∣∣∣∣
⩽ CN−1∥V ∥L1∥g∥L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.21)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a(s1,y)axa(hy)ξ
〉∣∣∣∣

⩽ CN−1∥V ∥L1∥h∥L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.22)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a(s1,y)a♯1(gx)a♯2(hy)ξ
〉∣∣∣∣

⩽ CN−1∥V ∥L1∥g∥L2∥h∥L2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥,

(3.23)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a♯1(gy)axayξ

〉∣∣∣∣
⩽ CN−1/2∥V ∥1/2

L1 ∥g∥L2∥(N + 1)1/2ξ′∥∥Q
1/2
4 ξ∥,

(3.24)
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∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)⟨p1,x, s1,y⟩(a∗(c1,y) + a(s1,y))ξ
〉∣∣∣∣

⩽ Cℓ3N−1∥V ∥L1∥(N + 1)1/2ξ′∥∥ξ∥.

(3.25)

Proof of Lemma 3.9. Let ξ′, ξ ∈ F+. First, we want to prove (3.18).∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗(c1,y)a♯1(gx)ayξ

〉∣∣∣∣ ⩽ ∫
Λ2

VN (x − y)∥a(c1,y)ξ′∥∥a♯1(gx)ayξ∥

⩽
∫

Λ2
VN (x − y)∥gx∥L2∥a(c1,y)ξ′∥∥ay(N + 1)1/2ξ∥

⩽ η−1
∫

Λ2
VN (x − y)∥a(c1,y)ξ′∥2 + η∥g∥2

L∞L2

∫
Λ2

VN (x − y)∥ay(N + 1)1/2ξ∥2

⩽ η−1N−1∥V ∥L1∥c1∥2
op∥N 1/2ξ′∥2 + ηN−1∥g∥2

L∞L2∥V ∥L1∥(N + 1)ξ∥2

⩽ CN−1∥V ∥L1∥g∥L∞L2∥N 1/2ξ′∥∥(N + 1)ξ∥,

where we optimized over η in the last inequality and used that ∥c1∥op ⩽ C by Lemma 3.1.
Changing state ξ′ → (N + 1)1/4 and ξ → (N + 1)−1/4 and using (N + 1)ax = axN proves
(3.18). The bounds (3.19)–(3.23) can be shown similarly, but for (3.21)–(3.23) we use
∥s1∥L2 ⩽ Cℓ1/2 ⩽ C instead of ∥c1∥op ⩽ C.

Recall the notation a♯ = (a♯)∗. For (3.24) we have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a♯1(gy)axayξ

〉∣∣∣∣
⩽ η−1

∫
Λ2

VN (x − y)∥a♯1(gy)ξ′∥2 + η

∫
Λ2

VN (x − y)∥axayξ∥2

⩽ η−1N−1∥V ∥L1∥g∥2
L2∥(N + 1)1/2ξ′∥2 + η∥Q

1/2
4 ξ∥2

⩽ CN−1/2∥V ∥1/2
L1 ∥g∥L2∥(N + 1)1/2ξ′∥∥Q

1/2
4 ξ∥,

where we optimized over η in the last inequality.
For (3.25) we have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)⟨p1,x, s1,y⟩(a∗(c1,y) + a(s1,y))ξ
〉∣∣∣∣

⩽
∫

Λ2
VN (x − y)∥p1,x∥L2∥s1,y∥L2(∥a(c1,y)ξ′∥ + ∥a∗(s1,y)ξ′∥)∥ξ∥

⩽ η

∫
Λ2

VN (x − y)(∥a(c1,y)ξ′∥2 + ∥a∗(s1,y)ξ′∥2)

+ η−1
∫

Λ2
VN (x − y)∥p1,x∥2

L2∥s1,y∥2
L2∥ξ∥2

⩽ CηN−1∥V ∥L1∥(N + 1)1/2ξ′∥2 + η−1N−1∥V ∥L1∥p1∥2
L∞L2∥s1∥2

L2∥ξ∥2

⩽ Cℓ3N−1∥V ∥L1∥(N + 1)1/2ξ′∥∥ξ∥,

where we optimized over η and used the bounds ∥s1∥L2 ⩽ Cℓ1/2 ⩽ C, ∥c1∥op ⩽ C, and
∥p1∥L∞L2∥s1∥L2 ⩽ Cℓ3 from Lemma 3.1.

32



Using c1 = 1 + p1 and Lemma 3.9, we obtain from (3.17)

T ∗
1 Q3T1 =

(√
(N − NT1)+

∫
Λ2

VN (x − y)a∗
yaxay dx dy + h.c.

)
+
(√

(N − NT1)+

∫
Λ2

VN (x − y)s1(x, y)(a∗(c1,y) + a(s1,y)) + h.c.

)
+ E ,

(3.26)

where for all ξ′, ξ ∈ F+ we have∣∣⟨ξ′, Eξ⟩
∣∣ ⩽ Cℓ1/2N−1∥(N + 1)3/4

√
(N − NT1)+ξ′∥∥(N + 1)3/4ξ∥

+ Cℓ1/2N−1/2∥(N + 1)1/2
√

(N − NT1)+ξ′∥∥Q
1/2
4 ξ∥

⩽ Cℓ1/2N−1/2∥(N + 1)3/4ξ′∥∥(N + 1)3/4ξ∥

+ Cℓ1/2∥(N + 1)1/2ξ′∥∥Q
1/2
4 ξ∥.

Here we used the bound (N − NT1)+ ⩽ N and

∥s1∥L∞L2 , ∥p1∥L∞L2 , ∥s1∥L2 , ∥p1∥L2 ⩽ Cℓ1/2

from Lemma 3.1.
To extract the main contribution from the first term in (3.26), we write

√
N −

√
(N − NT1)+ = 1{NT1⩽N}

(√
N −

√
(N − NT1)+

)
+ 1{NT1 >N}√

N.

By Lemma 2.8, we have∣∣∣∣〈ξ′,1{NT1⩽N}
(√

N −
√

(N − NT1)+
) ∫

Λ2
VN (x − y)a∗

yaxay dx dyξ

〉∣∣∣∣
⩽ ε−1N−1∥V ∥L1

∥∥∥∥N 1/2
(√

N −
√

(N − NT1)+
)
1{NT1⩽N}ξ′

∥∥∥∥2
+ ε∥Q

1/2
4 ξ∥2

⩽ ε−1C

∥∥∥∥NT1√
N

ξ′
∥∥∥∥2

+ ε∥Q
1/2
4 ξ∥2

⩽ ε−1CN−1∥∥(N + 1)ξ′∥∥2 + ε∥Q
1/2
4 ξ∥2

and ∣∣∣∣〈ξ′,1{NT1 >N}√
N

∫
Λ2

VN (x − y)a∗
yaxay dx dyξ

〉∣∣∣∣
⩽ ε−1∥V ∥L1∥N 1/21{NT1 >N}ξ′∥2 + ε∥Q

1/2
4 ξ∥2

⩽ ε−1CN−1∥(N + 1)ξ′∥2 + ε∥Q
1/2
4 ξ∥2

for all ξ′, ξ ∈ F+ and ε > 0. Here we used

1{NT1⩽N}N1{NT1⩽N} ⩽ CN,
√

N −
√

(N − NT1)+ ⩽ C
NT1√

N
,
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and

1{NT1 >N}N1{NT1 >N} ⩽ C1{NT1 >N}(NT1 + 1) ⩽ CN−1(NT1 + 1)2 ⩽ CN−1(N + 1)2.

Finally, using 0 ⩽ VN − VR,N ⩽ VN , we have∣∣∣∣〈ξ′,
√

N

∫
Λ2

(VN − VR,N )(x − y)a∗
yaxay dx dyξ

〉∣∣∣∣
⩽ ε−1∥V − VR∥L1∥N 1/2ξ′∥2 + ε∥Q

1/2
4 ξ∥2

⩽ ε−1CR−γ∥N 1/2ξ′∥2 + ε∥Q
1/2
4 ξ∥2

for all ξ′, ξ ∈ F+ and ε > 0.
Now we want to deal with the second term in (3.26). First, using

|s1(x, y) − s̃1(x, y)| ⩽ Cℓ2, ∥c1∥op ⩽ C, ∥s1∥L∞L2 ⩽ Cℓ1/2 ⩽ C

from Lemma 3.1, we obtain∣∣∣∣〈ξ′,
√

(N − NT1)+

∫
Λ2

VN (x − y)(s1(x, y) − s̃1(x, y))(a∗(c1,y) + a(s1,y))ξ
〉∣∣∣∣

⩽ Cℓ2N−1∥V ∥L1(∥c1∥op + ∥s1∥L∞L2)∥(N + 1)1/2
√

(N − NT1)+ξ′∥∥ξ∥

⩽ Cℓ2N−1/2∥(N + 1)1/2ξ′∥∥ξ∥.

Hence, we have√
(N − NT1)+

∫
Λ2

VN (x − y)s1(x, y)(a∗(c1,y) + a(s1,y)) + h.c.

=
√

(N − NT1)+

∫
Λ2

VN (x − y)s̃1(x, y)(a∗(c1,y) + a(s1,y)) + h.c. + E ,

with
±E ⩽ Cℓ2N−1/2(N + 1)1/2.

Notice that we have〈
ξ′, T1

(
−
√

(N − NT1)+

∫
Λ2

VN (x − y)s̃1(x, y)(a∗(c1,y) + a(s1,y)) dx dy

)
T ∗

1 ξ

〉
=
〈

ξ′,

(
−
√

(N − N )+

∫
Λ2

VN (x − y)s̃1(x, y)a∗
y dx dy

)
ξ

〉
=
〈

ξ′,

(
−
√

(N − N )+N

∫
Λ2

VN (x)
∑

z∈Z3

ωℓ,N (x + z)a∗
y dx dy

)
ξ

〉

=
〈

ξ′,

(
−
√

(N − N )+N

∫
Λ

VN (x)
∑

z∈Z3

ωℓ,N (x + z) dx

)
a∗

0ξ

〉
= 0

for all ξ′, ξ ∈ F+. Since T1 is a unitary transform on F+, this implies〈
ξ′,

(
−
√

(N − NT1)+

∫
Λ2

VN (x − y)s̃1(x, y)(a∗(c1,y) + a(s1,y)) dx dy + h.c.

)
ξ

〉
= 0

for all ξ′, ξ ∈ F+. This finishes the proof of Lemma 3.8.
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3.6 Estimating T ∗
1 Q4T1

Recall

Q4 = 1
2

∫
Λ2

VN (x − y)a∗
xa∗

yaxay dx dy.

Lemma 3.10. Assume that 4RN−1 < ℓ < 1/2. We have

T ∗
1 Q4T1 = Q4 − N

2

∫
Λ2

(
VN (x − y)

∑
z∈Z3

ωℓ,N (x − y + z)
)

(a∗
xa∗

y + axay) dx dy

+ N

2

∫
Λ

(VRω2)(x) dx + E(T1)
Q4

on F+, with

±E(T1)
Q4

⩽ CNR−γ + Cℓ1/2(N + 1) + εQ4 + ε−1Cℓ1/2 (N + 1)2

N

for all 0 < ε ⩽ 1.

Proof. Using T ∗
1 a∗

xT1 = a∗(c1,x) + a(s1,x) and the CCR, we obtain

T ∗
1 Q4T1 = 1

2

∫
Λ2

VN (x − y)(a∗(c1,x) + a(s1,x))(a∗(c1,y) + a(s1,y))

× (a(c1,x) + a∗(s1,x))(a(c1,y) + a∗(s1,y)) dx dy

= 1
2

∫
Λ2

VN (x − y)
(
a∗(c1,x)a∗(c1,y) + ⟨s1,x, c1,y⟩ + a∗(c1,x)a(s1,y)

+ a∗(c1,y)a(s1,x) + a(s1,x)a(s1,y)
)(

a(c1,x)a(c1,y) + ⟨c1,x, s1,y⟩

+ a∗(s1,y)a(c1,x) + a∗(s1,x)a(c1,y) + a∗(s1,x)a∗(s1,y)
)

dx dy.

(3.27)

Writing c1(x, y) = δx,y + p1(x, y), we can expand the above expression and obtain a sum
of quartic, quadratic, and constant terms. The quartic terms are of the form

1
2

∫
Λ2

VN (x − y)a♯1(g1,x)a♯2(g2,y)a♯3(g3,x)a♯4(g4,y)

with gi ∈ {δx,y}∪L2(Λ2) and ♯i ∈ {∗, ·} with the condition that (♯1, ♯2, ♯3, ♯4) is in normal
order if at least one of the gi is δx,y. Among these terms, only the term with gi = δx,y for
all i ∈ {1, 2, 3, 4} contributes; all the other terms are errors. In the following lemma, we
will prove the bounds for the error terms.
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Lemma 3.11. Let gi ∈ L2(Λ2). Then we have for all ε > 0 on F+

±
(∫

Λ2
VN (x − y)a♯1(g1,x)a♯2(g2,y)a♯3(g3,x)a♯4(g4,y) + h.c.

)
⩽ CN−1∥V ∥L1∥g1∥L2∥g2∥L∞L2∥g3∥L2∥g4∥L∞L2(N + 1)2,

(3.28)

±
(∫

Λ2
VN (x − y)a∗

xa♯2(g2,y)a♯3(g3,x)a♯4(g4,y) + h.c.
)

⩽ CN−1∥V ∥L1∥g2∥L∞L2∥g3∥L2∥g4∥L∞L2(N + 1)2,
(3.29)

±
(∫

Λ2
VN (x − y)a∗

xa∗
ya♯3(g3,x)a♯4(g4,y) + h.c.

)
⩽ εQ4 + ε−1CN−1∥V ∥L1∥g3∥2

L2∥g4∥2
L∞L2(N + 1)2,

(3.30)

±
(∫

Λ2
VN (x − y)a∗

xa♯2(g2,y)a♯3(g3,x)ay + h.c.
)

⩽ CN−1∥V ∥L1∥g2∥L∞L2∥g3∥L∞L2(N + 1)2,
(3.31)

±
(∫

Λ2
VN (x − y)a∗

xa♯2(g2,y)a♯4(g4,y)ax + h.c.
)

⩽ CN−1∥V ∥L1∥g2∥L∞L2∥g4∥L∞L2(N + 1)2,
(3.32)

±
(∫

Λ2
VN (x − y)a∗

xa∗
ya♯3(g3,x)ay + h.c.

)
⩽ εQ4 + ε−1CN−1∥V ∥L1∥g3∥2

L∞L2(N + 1)2,
(3.33)

±
(∫

Λ2
VN (x − y)a∗

xa∗
ya♯4(g4,y)ax + h.c.

)
⩽ εQ4 + ε−1CN−1∥V ∥L1∥g4∥2

L∞L2(N + 1)2.
(3.34)

Proof of Lemma 3.11. Recall the notation a♯ = (a♯)∗. Let ξ′, ξ ∈ F+. First, we want to
prove (3.28). We have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a♯1(g1,x)a♯2(g2,y)a♯3(g3,x)a♯4(g4,y)ξ
〉∣∣∣∣

⩽
∫

Λ2
VN (x − y)∥a♯2(g2,y)a♯1(g1,x)ξ′∥∥a♯3(g3,x)a♯4(g4,y)ξ∥

⩽ C

∫
Λ2

VN (x − y)∥g1,x∥L2∥g2,y∥L2∥(N + 1)ξ′∥∥g3,x∥L2∥g4,y∥L2∥(N + 1)ξ∥

⩽ CN−1∥V ∥L1∥g1∥L2∥g2∥L∞L2∥g3∥L2∥g4∥L∞L2∥(N + 1)ξ′∥∥(N + 1)ξ∥.

The proof for (3.29) is similar. We obtain∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗
xa♯2(g2,y)a♯3(g3,x)a♯4(g4,y)ξ

〉∣∣∣∣
⩽
∫

Λ2
VN (x − y)∥a♯2(g2,y)axξ′∥∥a♯3(g3,x)a♯4(g4,y)ξ∥

⩽ C

∫
Λ2

VN (x − y)∥g2,y∥L2∥(N + 1)1/2axξ′∥∥g3,x∥L2∥g4,y∥L2∥(N + 1)ξ∥

⩽ CN−1∥V ∥L1∥g2∥L∞L2∥g3∥L2∥g4∥L∞L2∥(N + 1)ξ′∥∥(N + 1)ξ∥.
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Let ε > 0. We have∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗
xa∗

ya♯3(g3,x)a♯4(g4,y)ξ
〉∣∣∣∣

⩽ ε

∫
Λ2

VN (x − y)∥axayξ′∥2 + ε−1
∫

Λ2
VN (x − y)∥a♯3(g3,x)a♯4(g4,y)ξ∥2

⩽ Cε∥Q
1/2
4 ξ′∥2 + Cε−1

∫
Λ2

VN (x − y)∥g3,x∥2
L2∥g4,y∥2

L2∥(N + 1)ξ∥2

⩽ Cε∥Q
1/2
4 ξ′∥2 + Cε−1N−1∥V ∥L1∥g3∥2

L2∥g4∥2
L∞L2∥(N + 1)ξ∥2,

this proves (3.30). Now we prove (3.31),∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗
xa♯2(g2,y)a♯3(g3,x)ayξ

〉∣∣∣∣
⩽
∫

Λ2
VN (x − y)∥a♯2(g2,y)axξ′∥∥a♯3(g3,x)ayξ∥

⩽ C

∫
Λ2

VN (x − y)∥g2,y∥L2∥g3,x∥L2∥(N + 1)1/2axξ′∥∥(N + 1)1/2ayξ∥

⩽ CN−1∥V ∥L1∥g2∥L∞L2∥g3∥L∞L2∥(N + 1)ξ′∥∥(N + 1)ξ∥.

The estimate (3.32) can be proven similarly. Let us now prove (3.33). For all ε > 0 we
have ∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)a∗
xa∗

ya♯3(g3,x)ayξ

〉∣∣∣∣
⩽ ε

∫
Λ2

VN (x − y)∥axayξ′∥2 + ε−1
∫

Λ2
VN (x − y)∥a♯3(g3,x)ayξ∥2

⩽ Cε∥Q
1/2
4 ξ′∥2 + Cε−1

∫
Λ2

VN (x − y)∥g3,x∥2
L2∥(N + 1)1/2ayξ∥2

⩽ Cε∥Q
1/2
4 ξ′∥2 + Cε−1N−1∥V ∥L1∥g3∥2

L∞L2∥(N + 1)ξ∥2.

Similarly, we obtain the estimate (3.34).

The quadratic terms in (3.27) are either of the form

1
2

∫
Λ2

VN (x − y)s1(x, y)a♯1(g1,x)a♯2(g2,y)

or of the form
1
2

∫
Λ2

VN (x − y)⟨p1,x, s1,y⟩a♯1(g1,x)a♯2(g2,y)

with gi ∈ {δx,y} ∪ L2(Λ2) and ♯i ∈ {∗, ·} with the condition that (♯1, ♯2) is in normal
order if at least one of the gi is δx,y. The constant terms in (3.27) are of the form

1
2

∫
Λ2

VN (x − y)g1(x, y)g2(x, y)
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with gi ∈ L∞(Λ2). Only the quadratic terms of the first form with gi = δx,y for i = 1, 2
and the constant term with gi = s1 for i = 1, 2 contribute. Using

∥s1∥L∞ ⩽ CN, ∥⟨p1,x, s1,y⟩∥L∞ ⩽ C∥p1∥L∞L2∥s1∥L∞L2 ⩽ Cℓ3,

∥s1∥L2 ⩽ Cℓ1/2, ∥p1∥L2 ⩽ Cℓ5/2

from Lemma 3.1 and the following lemma, we can bound all the other quadratic and
constant terms.

Lemma 3.12. Let gi ∈ L2(Λ2), h ∈ L∞(Λ2), ♯1, ♯2 ∈ {∗, ·}, and ξ′, ξ ∈ F+. Then we
have ∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)h(x, y)a♯1(g1,x)a♯2(g2,y)ξ
〉∣∣∣∣

⩽ CN−1∥V ∥L1∥h∥L∞∥g1∥L2∥g2∥L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

(3.35)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)h(x, y)a♯1(g1,x)ayξ

〉∣∣∣∣
⩽ CN−1∥V ∥L1∥h∥L∞∥g1∥L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

(3.36)

∣∣∣∣〈ξ′,

∫
Λ2

VN (x − y)h(x, y)axayξ

〉∣∣∣∣ ⩽ CN−1/2∥V ∥1/2
L1 ∥h∥L∞∥ξ′∥∥Q

1/2
4 ξ∥, (3.37)∣∣∣∣∫

Λ2
VN (x − y)g1(x, y)g2(x, y)

∣∣∣∣ ⩽ CN−1∥V ∥L1∥g1∥L∞∥g2∥L∞ . (3.38)

The proof of Lemma 3.12 is similar to that of Lemma 3.7, and we will omit it.
By Lemma 3.1 we have

|s1(x, y) − s̃1(x, y)| ⩽ Cℓ2

and therefore
1
2

∫
Λ2

VN (x − y)s1(x, y)(a∗
xa∗

y + axay) dx dy

= −N

2

∫
Λ2

(
VN (x − y)

∑
z∈Z3

ωℓ,N (x − y + z)
)

(a∗
xa∗

y + axay) dx dy + E ,

with
±E ⩽ ε−1Cℓ4N−1 + εQ4

for all ε > 0. Here we used (3.37) to get the bound for E . For the constant term, we have∣∣∣∣∫
Λ2

(VN − VR,N )(x − y)s1(x, y)2 dx dy

∣∣∣∣ ⩽ C∥N2(VN − VR,N )∥L1 ⩽ CNR−γ

and ∣∣∣∣∫
Λ2

VR,N (x − y)(s1 − s̃1)(x, y)2 dx dy

∣∣∣∣ ⩽ C∥NVR,N ∥L1ℓ2 ⩽ Cℓ2,

where we used ∥s1∥L∞ ⩽ CN and

|s1(x, y)2 − s̃1(x, y)2| ⩽ |s1(x, y) − s̃1(x, y)|(|s1(x, y)| + |s̃1(x, y)|) ⩽ Cℓ2N
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from Lemma 3.1. Thus, we obtain

1
2

∫
Λ2

VN (x − y)s1(x, y)2 dx dy = 1
2

∫
Λ2

VR,N (x − y)s̃1(x, y)2 dx dy + E

= N2

2

∫
Λ2

VR,N (x − y)
(∑

z∈Z3

ωℓ,N (x − y + z)2
)

dx dy + E

= N2

2

∫
Λ

(VR,N ω2
N )(x) dx + E = N

2

∫
Λ

(VRω2)(x) dx + E ,

with
±E ⩽ C(NR−γ + ℓ2).

Finally, using this, Lemma 3.11, and Lemma 3.12 we obtain

T ∗
1 Q4T1 = Q4 − N

2

∫
Λ2

(
VN (x − y)

∑
z∈Z3

ωℓ,N (x − y + z)
)

(a∗
xa∗

y + axay) dx dy

+ N

2

∫
Λ

(VRω2)(x) dx + E ,

with
±E ⩽ CNR−γ + Cℓ1/2(N + 1) + εQ4 + ε−1Cℓ1/2N−1(N + 1)2.

This concludes the proof of Lemma 3.10.

3.7 Proof of Lemma 3.2
Proof. Inserting Lemmas 3.3, 3.4, 3.6, 3.8, and 3.10 in (3.5), we obtain

T ∗
1 HT1 = N − 1

2 V̂ (0) − N − 1
2

∫
Λ

(VRω)(x) dx + 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp

+ dΓ(−∆) + Q
(T1)
2 + H2 + N

∫
Λ

(VRω)(x) dx + Q
(T1)
3 + Q4

+ E(T1)
2 + E(T1)

1 + T ∗
1 E(U)T1,

with

E(T1)
2 = N

2

∫
Λ2

(
(VN − VR,N )(x − y)

∑
z∈Z3

(1 − ωℓ,N )(x − y + z)
)

(a∗
xa∗

y + axay) dx dy

and

±E(T1)
1 ⩽ CNR−γ + Cℓ4 dΓ(−∆) + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ εQ4 + ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N

)
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for all 0 < ε ⩽ 1. The constant term equals 4πa(N − 1) up to an error. Indeed, using
(1.2), (2.4), and (2.6), we obtain∣∣∣∣N − 1

2 V̂ (0) − N − 1
2

∫
Λ

(VRω)(x) dx − 4πa(N − 1)
∣∣∣∣

⩽
N − 1

2 ∥V − VR∥L1 +
∣∣∣∣N − 1

2

∫
R3

(
ṼR(1 − ω)

)
(x) dx − 4πaR(N − 1)

∣∣∣∣
+ 4π|aR − a|(N − 1)

⩽ CNR−γ .

Moreover, we have

H2 + N
∫

Λ
(VRω)(x) dx = H2 + (V̂R(0) − 8πaR)N = H

(T1)
2 .

Lemma 3.10 implies

T ∗
1 Q4T1 ⩽ C

(
N + Q4 + ℓ1/2(N + 1) + ℓ1/2 (N + 1)2

N

)
by choosing ε = 1 and noticing that

±N

2

∫
Λ2

(
VN (x − y)

∑
z∈Z3

ωℓ,N (x − y + z)
)

(a∗
xa∗

y + axay) dx dy ⩽
N2

2

∫
Λ

VN (x) dx + Q4

⩽ CN + Q4.

With this, Lemma 2.8 and the bound (2.13) for E(U), we have for all ε > 0

± T ∗
1 E(U)T1 ⩽ CR−γ(N + 1) + C

(N + 1)2

N

+ ε

(
N + Q4 + ℓ1/2(N + 1) + ℓ1/2 (N + 1)2

N

)
+ ε−1C

(N + 1)2

N3 .

Replacing ε by N−2ε, we obtain the bound

± T ∗
1 E(U)T1 ⩽ CR−γ(N + 1)

+ ε

(
N−1 + N−2Q4 + ℓ1/2 (N + 1)

N2 + ℓ1/2 (N + 1)2

N3

)
+ ε−1C

(N + 1)2

N

for all 0 < ε ⩽ 1. Gathering all the error terms and using N−1, ℓ, ε ⩽ 1 to simplify them
concludes the proof.
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4 Cubic renormalization

4.1 Definition of the cubic transform
We follow the strategy used in [16, Section 5] and [28, Section 5]. Recall the definition
(3.1) of s1 and let us define the operator kc := N−1/2s1. For M ⩾ 50 we define the
function θM : R+ → R+ by

θM (x) =


1 x ⩽ M

2 + 10,
1
2
(4x−3M

40−M + 1
)

M
2 + 10 ⩽ x ⩽ M − 10,

0 x ⩾ M − 10.

For j ∈ [0, 10] it satisfies θM (x ± j) = 1 when x ⩽ M/2, θM (x ± j) = 0 when x ⩾ M , and

∥θM − θM (· ± j)∥L∞ ⩽ CM−1. (4.1)

We will use the notation θM,±j = θM (· ± j) for j ⩾ 0. In the following, we will write
θM = θM (N ) and similarly θM,±j = θM,±j(N ).

Recall Q = 1 − |u0⟩⟨u0| and let Q(x, y) be its integral kernel. We define

K∗
c =

∫
Λ

q∗
xa∗(kc,x)qx dx, Kc =

∫
Λ

q∗
xa(kc,x)qx dx,

where
qx =

∫
Λ

Q(x, y)ay dy = a(Qx).

We use qx instead of ax in the definitions of K∗
c and Kc to ensure they leave F+ invariant.

These operators satisfy the following commutation relations with the usual creation and
annihilation operators

[qx, a∗
y] = δx,y − 1, ∀x, y ∈ Λ.

Since qx|ξ⟩ = ax|ξ⟩ for all ξ ∈ F+, qx may be replaced by ax in all normal ordered
expressions on F+.

Now we want to prove that iθM K∗
c + iKcθM is self-adjoint. In fact, it is symmetric

and also bounded, since we have

∥θM K∗
c ∥op ⩽ ∥θM (N + 1)3/2∥op∥(N + 1)−3/2K∗

c ∥op ⩽ CM3/2∥kc∥L∞L2 < ∞,

where we used ∥kc∥L∞L2 ⩽ N−1/2∥s1∥L∞L2 ⩽ CN−1/2ℓ1/2 from Lemma 3.1. Therefore,
iθM K∗

c + iKcθM is self-adjoint and hence, we can define the cubic transform

Tc = exp
(

θM

∫
Λ

q∗
xa∗(kc,x)qx dx − h.c.

)
= exp(θM K∗

c − KcθM ).
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This transformation renormalizes Q
(T1)
3 on the sector with N ≲ M . More precisely, it is

chosen such that [dΓ(−∆) + Q4, θM K∗
c − KcθM ] + Q

(T1)
3 ≈ 0 and it extracts contributions

that allow us to renormalize H
(T1)
2 . Due to the cutoff, it suffices to compute commutators

of the form [A, θM K∗
c − KcθM ] to determine the action of the transform.

Lemma 4.1. Assume that 4RN−1 < ℓ < 1/2 and that MN−1 ⩽ ℓ. We have

T ∗
c T ∗

1 HT1Tc = 4πa(N − 1) + HBog + Q4 + E(Tc) (4.2)

on F+, with

HBog = 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp +

∑
p̸=0

p2a∗
pap + N

2
∑
p̸=0

ε̂ℓ,N (p)(2a∗
pap + a∗

pa∗
−p + apa−p),

Q4 = 1
2

∫
Λ2

VN (x − y)a∗
xa∗

yaxay dx dy,

and

±E(Tc) ⩽ CNR−γ + CM1/2N−1/2(dΓ(−∆) + Q4 + ℓ−1(N + 1))

+ Cℓ2 dΓ(−∆) + Cℓ4Q4 + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ 1
4Q4 + ε(Q4 + N + 1)

+ ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N
+ Cj

(N + 1)j+1

M j

)
(4.3)

for all j ⩾ 1 and 0 < ε ⩽ 1.

For t ∈ R, we define the unitary operator on F :

T t
c = exp(t(θM K∗

c − KcθM )).

We will need the following bound on the particle number. The proof can also be found
in [28].

Lemma 4.2. Assume that 4RN−1 < ℓ < 1/2, M ⩽ N , and t ∈ [−1, 1]. On F we have

T −t
c (N + 1)jT t

c ⩽ Cj(N + 1)j , ∀j ⩾ 1,

where Cj is a constant independent of N .

Proof. We prove the bound for t ∈ [0, 1], the proof for t ∈ [−1, 0) is similar. Recall that
θM K∗

c − KcθM is bounded with ∥θM K∗
c − KcθM ∥op ⩽ CM3/2∥kc∥L∞L2 and note that it

satisfies 1{N >M}(θM K∗
c − KcθM ) = 0. Hence, T t

c leaves the domain of (N + 1)j invariant
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for all j ⩾ 1. In fact, let ξ ∈ F with
∥∥(N + 1)jξ

∥∥ < ∞, then

∥(N + 1)jT t
c ξ∥ =

∥∥∥∥∥
∞∑

m=0
(N + 1)j tm(θM K∗

c − KcθM )m

m! ξ

∥∥∥∥∥
=
∥∥∥∥∥(N + 1)j1{N >M}ξ +

∞∑
m=0

(N + 1)j1{N⩽M} tm(θM K∗
c − KcθM )m

m! ξ

∥∥∥∥∥
⩽
∥∥∥(N + 1)j1{N >M}ξ

∥∥∥+
∞∑

m=0

∥∥∥(N + 1)j1{N⩽M}
∥∥∥

op

∥∥∥∥ tm(θM K∗
c − KcθM )m

m!

∥∥∥∥
op

∥ξ∥

⩽ ∥(N + 1)jξ∥ + (M + 1)jeCtM3/2∥kc∥L∞L2 ∥ξ∥ < ∞.

We can improve this bound with a Grönwall argument. By the Duhamel formula, for all
0 ⩽ t ⩽ 1 and j ⩾ 1 we have

T −t
c (N + 1)jT t

c = (N + 1)j +
∫ t

0
T −s

c [(N + 1)j , θM K∗
c − KcθM ]T s

c ds

= (N + 1)j +
∫ t

0
T −s

c

(
θM K∗

c ((N + 2)j − (N + 1)j) + h.c.
)
T s

c ds,

where we used N K∗
c = K∗

c (N + 1) and N θM = θM N . Using ∥(N + 1)−3/2K∗
c ∥op ⩽

C∥kc∥L∞L2 ⩽ CN−1/2ℓ1/2, (N +2)j − (N +1)j ⩽ Cj(N +1)j−1, and that θM = 0 outside
of {N ⩽ M}, we obtain

T −t
c (N + 1)jT t

c ⩽ (N + 1)j + CjN−1/2ℓ1/2
∫ t

0
T −s

c 1{N⩽M}(N + 1)j+1/2T s
c ds

⩽ (N + 1)j + CjM1/2N−1/2
∫ t

0
T −s

c (N + 1)jT s
c ds.

Let ξ ∈ F such that ⟨ξ, (N + 1)jξ⟩ < ∞. Due to the bound from above, u(s) =
⟨ξ, T −s

c (N + 1)jT s
c ξ⟩ is finite and we have

u(t) ⩽ ⟨ξ, (N + 1)jξ⟩ + Cj

∫ t

0
u(s) ds,

where we used M1/2N−1/2 ⩽ 1. Applying the Grönwall lemma concludes the proof.

From (3.3) we obtain

T ∗
c T ∗

1 HT1Tc = 4πa(N − 1) + 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + T ∗

c dΓ(−∆)Tc

+ T ∗
c H

(T1)
2 Tc + T ∗

c (Q(T1)
2 + E(T1)

2 )Tc + T ∗
c Q

(T1)
3 Tc + T ∗

c Q4Tc + T ∗
c E(T1)Tc. (4.4)

In the following sections, we will estimate the terms on the right-hand side of (4.4). Then
we will use these estimates to prove Lemma 4.1 in Section 4.6.
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4.2 Estimates involving dΓ(−∆) and Q4

In this section, we want to estimate the terms T ∗
c dΓ(−∆)Tc and T ∗

c Q4Tc.

Lemma 4.3. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, NR−γ ⩽ C, and t ∈ [0, 1].
We have on F+

T −t
c dΓ(−∆)T t

c ⩽ C(dΓ(−∆) + Q4 + 1), (4.5)
T −t

c Q4T t
c ⩽ C(Q4 + N + 1 + MN−1 dΓ(−∆)). (4.6)

To prove Lemma 4.3, we will need some a priori estimates on the commutators
[dΓ(−∆), K∗

c − Kc] and [Q4, K∗
c − Kc], which we will show in the following two lemmas.

Lemma 4.4. Assume that 4RN−1 < ℓ < 1/2. We have on F⩽M
+

[dΓ(−∆), K∗
c ] =

√
N

∫
Λ2

(∑
z∈Z3

(
ṼR,N (ωN − 1)

)
(x − y + z)

)
a∗

xa∗
yax dx dy + E(Tc)

dΓ(−∆),

where E(Tc)
dΓ(−∆) satisfies the bounds

±E(Tc)
dΓ(−∆) + h.c. ⩽ CM1/2N−1/2(dΓ(−∆) + ℓ−1N )

and
±E(Tc)

dΓ(−∆) + h.c. ⩽ CM1/2N−1/2ℓ−1/2 dΓ(−∆).

Lemma 4.5. Assume that 4RN−1 < ℓ < 1/2. We have on F⩽M
+

[Q4, K∗
c ] = −

√
N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

a∗
xa∗

yax dx dy + E(Tc)
Q4

,

with
±E(Tc)

Q4
+ h.c. ⩽ CMN−1(dΓ(−∆) + Q4 + ℓ1/2) + εQ4 + ε−1CR−γN

for all 0 < ε ⩽ 1.

Proof of Lemma 4.4. First, we note that

kc(x, y) = −
√

N
∑

z∈Z3

ωℓ,N (x − y + z) +
√

Nω̂ℓ,N (0) = −
√

N
∑

p∈Λ∗\{0}
ω̂ℓ,N (p)eip·(y−x)

= −
√

N
∑

p∈Λ∗\{0}
ω̂ℓ,N (p)up(y)u−p(x),

due to kc = N−1/2s1, the definition of s1 (3.1), Lemma 3.1, and the fact that ωℓ,N is
even. Hence, we can write

K∗
c =

∫
Λ

q∗
xa∗(kc,x)qx dx = −

√
N

∑
p,q∈Λ∗\{0}

ω̂ℓ,N (p)a∗
qa∗

pap+q.
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We compute

[dΓ(−∆), K∗
c ] = −

√
N

∑
p,q∈Λ∗\{0}

ω̂ℓ,N (p)(q2 + p2 − (p + q)2)a∗
qa∗

pap+q

= −2
√

N
∑

p,q∈Λ∗\{0}
p2ω̂ℓ,N (p)a∗

qa∗
pap+q − 2

√
N

∑
p,q∈Λ∗\{0}

ipω̂ℓ,N (p)a∗
qa∗

pa(∇up+q)

= 2
∫

Λ2
(−∆xkc)(x, y)q∗

xa∗
yqx − 2

∫
Λ2

(∇xkc)(x, y)q∗
xa∗

y∇xqx

and, using the definition of εℓ,N (2.8),

−∆xkc(x, y) =
√

N
∑

z∈Z3

(∆xωN )(x − y + z) +
√

N

2
∑

z∈Z3

εℓ,N (x − y + z).

On F⩽M
+ we can replace qx with ax and obtain

[dΓ(−∆), K∗
c ] = 2

√
N

∫
Λ2

∑
z∈Z3

(∆xωN )(x − y + z)a∗
xa∗

yax

+
√

N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yax − 2
∫

Λ2
(∇xkc)(x, y)a∗

xa∗
y∇xax

=: 2
√

N

∫
Λ2

∑
z∈Z3

(∆xωN )(x − y + z)a∗
xa∗

yax + G1 + G2.

Using the scattering equation (2.3) in the first term yields the correct main term in
Lemma 4.4. We conclude the proof by estimating the error terms G1 and G2.

To bound G1, we need the estimate

dΓ(Φ) ⩽ C∥Φ∥L3/2 dΓ(−∆), ∀Φ ∈ L3/2(Λ)

on F+. In fact, since we have

|⟨g, Φg⟩| =
∣∣∣∣∫

Λ
Φ(x)|g(x)|2 dx

∣∣∣∣ ⩽ ∥Φ∥L3/2∥g∥2
L6 ⩽ C∥Φ∥L3/2

(
∥g∥2

L2 + ∥∇g∥2
L2
)
,

for all g ∈ H1(Λ), by the Hölder and Sobolev inequalities, and N ⩽ dΓ(−∆) on F+, we
obtain

dΓ(Φ) ⩽ C∥Φ∥L3/2

∫
Λ

a∗
x(1 − ∆x)ax dx ⩽ C∥Φ∥L3/2 dΓ(−∆)

on F+. We want to apply this bound to Φ(x) := εℓ,N (x − y + z) for fixed y and z. By
Lemma 2.2 we have

|εℓ,N (x − y + z)| ⩽ CN−1ℓ−31{|x−y+z|⩽ℓ},
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which we will use to bound the Lp–norms of εℓ,N . Now we can estimate for all ξ′, ξ ∈ F⩽M
+∣∣∣∣〈ξ′,

√
N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yaxξ

〉∣∣∣∣
⩽ η

√
N

∫
Λ2

∑
z∈Z3

|εℓ,N (x − y + z)|∥axayξ′∥2 + η−1√
N

∫
Λ2

∑
z∈Z3

|εℓ,N (x − y + z)|∥axξ∥2

⩽ ηC
√

N∥εℓ,N ∥L3/2M∥dΓ(−∆)1/2ξ′∥2 + η−1C
√

N∥εℓ,N ∥L1∥N 1/2ξ∥2

⩽ ηCN−1/2ℓ−1M∥dΓ(−∆)1/2ξ′∥2 + η−1CN−1/2∥N 1/2ξ∥2

⩽ CM1/2N−1/2ℓ−1/2∥dΓ(−∆)1/2ξ′∥∥N 1/2ξ∥,

where we used Cauchy–Schwarz and the fact that the sum over z ∈ Z3 is finite since only
terms with |z| ⩽ 3 contribute. In the last inequality, we optimized over η > 0.

For G2, we first note that for x, y ∈ Λ

|∇xkc(x, y)| ⩽
√

N
∑

z∈Z3

|∇xωℓ,N (x − y + z)|

⩽
√

N
∑

z∈Z3

|∇ωN (x − y + z)|1{|x−y+z|<2RN−1} +
CN1|x−y+z|⩽ℓ

|N(x − y + z)|2 + 1

⩽
∑

|z|⩽3

√
N |∇ωN (x − y + z)|1{|x−y+z|<2RN−1} + 1√

N

C

|x − y + z|2

by Lemma 2.2. For all f ∈ H1(Λ2), z ∈ Z3, and a.e. y ∈ Λ, we want to use the Hardy
inequality ∫

Λ

|f(x, y)|2

|x − y + z|2
dx ⩽ C∥f(·, y)∥2

H1(Λ) (4.7)

and the inequality∫
Λ

|∇ωN (x − y + z)|1{|x−y+z|<2RN−1}|f(x, y)|2 dx

⩽ ∥∇ωN ∥L3/2(B(0,2RN−1))∥f(·, y)∥2
L6(Λ) ⩽ CN−1∥f(·, y)∥2

H1(Λ),

which follows from the Sobolev embedding H1(Λ) ⊂ L6(Λ) and Lemma 2.2. These
inequalities imply

|∇xkc(x, y)| ⩽ CN−1/2(1 − ∆x).

Now we can estimate on F⩽M
+

±
∫

Λ2
(∇xkc)(x, y)a∗

xa∗
y∇xax + h.c.

⩽ η

∫
Λ2

|∇xkc(x, y)|a∗
xa∗

yayax + η−1
∫

Λ2
|∇xkc(x, y)|∇xa∗

x∇xax

⩽ ηC

∫
Λ2

N−1/2a∗
xa∗

y(1 − ∆x)ayax + η−1
∫

Λ2
N−1/2|∇xs1(x, y)|∇xa∗

x∇xax
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⩽ ηCN−1/2N dΓ(−∆) + η−1C
√

N∥∇ωℓ,N ∥L1

∫
Λ

∇xa∗
x∇xax

⩽ ηCN−1/2N dΓ(−∆) + η−1CN−1/2ℓ dΓ(−∆)
⩽ CM1/2N−1/2ℓ1/2 dΓ(−∆),

where we chose η = ℓ1/2M−1/2 and used ∥∇ωℓ,N ∥L1 ⩽ CN−1ℓ from Lemma 2.2.

Proof of Lemma 4.5. Since we have qx = ax on F⩽M
+ in all normal ordered expressions,

we can compute

[Q4, K∗
c ] = −

∫
Λ2

VN (x − y)
(√

N
∑

z∈Z3

ωℓ,N (x − y + z) −
√

Nω̂ℓ,N (0)
)

a∗
xa∗

yax

−
∫

Λ2
VN (x − y)a∗

xa∗
ya(kc,x) +

∫
Λ3

VN (x − y)a∗
xa∗

ya∗
vkc(v, y)avax

+
∫

Λ3
VN (x − y)a∗

xa∗
va∗(kc,v)axay −

∫
Λ3

VN (x − y)a∗
xa∗

ya∗(kc,v)avax

=: −
√

N

∫
Λ2

VN (x − y)
(∑

z∈Z3

ωℓ,N (x − y + z)
)

a∗
xa∗

yax +
5∑

i=1
Ii.

The first term is the main contribution and can be written as

−
√

N

∫
Λ2

VN (x − y)
(∑

z∈Z3

ωℓ,N (x − y + z)
)

a∗
xa∗

yax

= −
√

N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

a∗
xa∗

yax + E ,

with

± E = ±
√

N

∫
Λ2

(VR,N − VN )(x − y)
(∑

z∈Z3

ωℓ,N (x − y + z)
)

a∗
xa∗

yax

⩽ εQ4 + ε−1∥N(VR,N − VN )∥L1N ⩽ εQ4 + ε−1CR−γN

for all 0 < ε ⩽ 1, where we used |VR,N − VN | ⩽ VN . It remains to bound the other terms.
For I1, recall the bound ω̂ℓ,N (0) = ∥ωℓ,N ∥L1 ⩽ CN−1ℓ2 from Lemma 2.2. With this we
can bound on F⩽M

+

±I1 + h.c. ⩽ ηN−1ℓ4Q4 + η−1∥VN ∥L1N ⩽ CN−1ℓ2(Q4 + dΓ(−∆)),

where we used N ⩽ dΓ(−∆) and optimized over η > 0. For I2, we obtain on F⩽M
+

±I2 + h.c. ⩽ ηQ4 + η−1∥VN ∥L1∥kc∥2
opN ⩽ CN−1ℓ2(Q4 + dΓ(−∆)),
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where used ∥kc∥op = N−1/2∥s1∥op ⩽ CN−1/2ℓ2 from Lemma 3.1, N ⩽ dΓ(−∆), and
optimized over η > 0. We want to bound I3 next. By Lemma 2.2, we have

|kc(v, y) −
√

Nω̂ℓ,N (0)|2 ⩽ N
∑

z∈Z3

|ωℓ,N (v − y + z)|2

⩽ N
∑

z∈Z3

(
C1|v−y+z|⩽ℓ

|N(v − y + z)| + 1

)2
⩽

1
N

∑
|z|⩽3

C

|v − y + z|2
.

Using Cauchy–Schwarz, the bound Nω̂ℓ,N (0)2 ⩽ CN−1ℓ4 ⩽ C, which follows from
Lemma 2.2, and the Hardy inequality (4.7), we obtain on F⩽M

+

± I3 + h.c. = ±
∫

Λ3
VN (x − y)a∗

xa∗
ya∗

v

(
kc(v, y) −

√
Nω̂ℓ,N (0) +

√
Nω̂ℓ,N (0)

)
avax + h.c.

⩽ ηC

∫
Λ3

VN (x − y)a∗
xa∗

ya∗
vavayax

+ η−1C

∫
Λ3

VN (x − y)
(
|kc(v, y) −

√
Nω̂ℓ,N (0)|2 + Nω̂ℓ,N (0)2)a∗

xa∗
vavax

⩽ ηCN Q4 + η−1CN−1
∫

Λ3
VN (x − y)

(∑
|z|⩽3

1
|v − y + z|2

+ Nω̂ℓ,N (0)2
)

a∗
xa∗

vavax

⩽ ηCMQ4 + η−1CN−1∥VN ∥L1

∫
Λ2

a∗
xa∗

v(1 − ∆v)avax

⩽ ηCMQ4 + η−1CN−2N dΓ(−∆) ⩽ CMN−1Q4 + CMN−1 dΓ(−∆),

where we chose η = N−1. The term I4 can be bounded on F⩽M
+ by

±I4 + h.c. = ±
∫

Λ3
VN (x − y)a∗

xa∗
va∗(kc,v)axay + h.c.

⩽ η∥VN ∥L1∥kc∥2
L∞L2N 3 + η−1Q4 ⩽ CMN−1ℓ1/2(Q4 + dΓ(−∆)),

where we used ∥kc∥L∞L2 = N−1/2∥s1∥L∞L2 ⩽ CN−1/2ℓ1/2 from Lemma 3.1, N ⩽
dΓ(−∆), and optimized over η > 0. Similarly, we have on F⩽M

+

±I5 + h.c. = ∓
∫

Λ3
VN (x − y)a∗

xa∗
ya∗(kc,v)avax + h.c.

⩽ ηQ4 + η−1∥VN ∥L1∥kc∥2
L∞L2(N + 1)3

⩽ CMN−1ℓ1/2(Q4 + dΓ(−∆) + 1).

Proof of Lemma 4.3. First, we want to show

T −t
c

(
Q4 + dΓ(−∆)

)
T t

c ⩽ C
(
Q4 + dΓ(−∆) + 1

)
(4.8)

for t ∈ [0, 1]. Using the Duhamel formula, Lemma 4.4 and Lemma 4.5, Cauchy–Schwarz
with VR,N ⩽ VN and ∥NVN ∥L1 ⩽ C, Lemma 4.2, N ⩽ dΓ(−∆) on F+, MN−1 ⩽ ℓ ⩽ 1,
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θM ⩽ 1, R−γ ⩽ 1, and choosing ε = 1, we obtain

T −t
c

(
Q4 + dΓ(−∆)

)
T t

c −
(
Q4 + dΓ(−∆)

)
=
∫ t

0
T −s

c [Q4 + dΓ(−∆), θM K∗
c − KcθM ]T s

c ds

= −
∫ t

0
T −s

c θM

(√
N

∫
Λ2

VR,N (x − y)a∗
xa∗

yax dx dy − E(Tc)
dΓ(−∆) − E(Tc)

Q4
+ h.c.

)
T s

c ds

⩽
∫ t

0
T −s

c

(
Q4 + CN

)
T s

c ds + C

∫ t

0
T −s

c

(
Q4 + dΓ(−∆) + 1

)
T s

c ds

⩽ C

∫ t

0
T −s

c

(
Q4 + dΓ(−∆)

)
T s

c ds + C.

Applying the Grönwall lemma shows (4.8). This immediately implies the bound (4.5) for
the kinetic operator dΓ(−∆). Repeating this argument for Q4, choosing ε = MN−1 in
Lemma 4.5, and additionally using 0 ⩽ ωN ⩽ 1, M−1NR−γ ⩽ C, and (4.8), we have

T −t
c Q4T t

c − Q4 =
∫ t

0
T −s

c [Q4, θM K∗
c − KcθM ]T s

c ds

⩽
∫ t

0
T −s

c

(
Q4 + CN + (E(Tc)

Q4
+ h.c.)

)
T s

c ds

⩽
∫ t

0
T −s

c Q4T s
c ds + CMN−1

∫ t

0
T −s

c

(
Q4 + dΓ(−∆) + ℓ1/2)T s

c ds + C(N + 1)

⩽
∫ t

0
T −s

c Q4T s
c ds + CMN−1(Q4 + dΓ(−∆) + 1

)
+ C(N + 1)

⩽
∫ t

0
T −s

c Q4T s
c ds + C

(
Q4 + MN−1 dΓ(−∆) + N + 1

)
.

Applying the Grönwall lemma again, we obtain (4.6).

4.3 Estimating T ∗
c H

(T1)
2 Tc

Lemma 4.6. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, and t ∈ [0, 1]. We have

T −t
c H

(T1)
2 T t

c = H
(T1)
2 + E

on F+, with
±E ⩽ CM1/2N−1/2ℓ1/2(N + 1).

Since we have H
(T1)
2 = dΓ

(
NVR,N (x−y)+ V̂R(0)−8πaR

)
and ∥NVR,N (x−y)+ V̂R(0)−

8πaR∥op ⩽ C, it suffices to prove the following lemma.

Lemma 4.7. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, and t ∈ [0, 1]. Let A be a
bounded, self-adjoint operator on H with kernel A(x, y). We have

±
(
T −t

c dΓ(A)T t
c − dΓ(A)

)
⩽ C∥A∥opM1/2N−1/2ℓ1/2(N + 1)

on F+.
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Proof. We use the Duhamel formula

T ∗
c dΓ(A)Tc − dΓ(A) =

∫ t

0
T −s

c [dΓ(A), θM K∗
c − KcθM ]T s

c ds

and calculate

[dΓ(A), θM K∗
c − KcθM ] =: θM

5∑
i=1

Ii + h.c.,

where

I1 =
∫

Λ3
A(x, v)kc(y, v)a∗

xa∗
yay =

∫
Λ

a∗((Akc)y)a∗
yay,

I2 =
∫

Λ3
A(x, y)kc(y, v)a∗

xa∗
vay =

∫
Λ

a∗(Ay)a∗(kc,y)ay,

I3 = −
∫

Λ3
A(x, y)kc(x, v)a∗

xa∗
vay = −

∫
Λ

a∗
xa∗(kc,x)a(Ax),

I4 = −
∫

Λ4
A(x, y)kc(v, z)a∗

xa∗
zav = −

∫
Λ2

a∗(Ay)a∗(kc,v)av,

I5 =
∫

Λ4
A(x, y)kc(v, z)a∗

va∗
zay =

∫
Λ2

a∗
va∗(kc,v)a(Ax).

Because of θM , it suffices to bound these terms on F⩽M
+ . We will use kc = N−1/2s1 and

the inequalities ∥s1∥L∞L2 ⩽ Cℓ1/2 and ∥s1∥op ⩽ Cℓ2 from Lemma 3.1. For ξ′, ξ ∈ F⩽M
+ ,

we have ∣∣⟨ξ′, I1ξ⟩
∣∣ ⩽ ∫

Λ
∥(N + 1)−1/4aya((Akc)y)ξ′∥∥(N + 1)1/4ayξ∥

⩽ η sup
y∈Λ

∥(Akc)y∥2
L2∥(N + 1)3/4ξ′∥2 + η−1∥(N + 1)3/4ξ∥2

⩽ C∥A∥opM1/2N−1/2∥s1∥L∞L2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥

⩽ C∥A∥opM1/2N−1/2ℓ1/2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

∣∣⟨ξ′, I2ξ⟩
∣∣ ⩽ ∫

Λ
∥(N + 1)−1/4a(kc,y)a(Ay)ξ′∥∥(N + 1)1/4ayξ∥

⩽ η∥A∥2
op sup

y∈Λ
∥kc,y∥2

L2∥(N + 1)3/4ξ′∥2 + η−1∥(N + 1)3/4ξ∥2

⩽ C∥A∥opM1/2N−1/2ℓ1/2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

∣∣⟨ξ′, I3ξ⟩
∣∣ ⩽ ∫

Λ
∥(N + 1)−1/4a(kc,x)axξ′∥∥(N + 1)1/4a(Ax)ξ∥

⩽ η sup
x∈Λ

∥kc,x∥2
L2∥(N + 1)3/4ξ′∥2 + η−1∥A∥2

op∥(N + 1)3/4ξ∥2

⩽ C∥A∥opM1/2N−1/2ℓ1/2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,
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∣∣⟨ξ′, I4ξ⟩
∣∣ ⩽ ∫

Λ2
∥(N + 1)−1/4a(kc,v)a(Ay)ξ′∥∥(N + 1)1/4avξ∥

⩽ η∥A∥2
op∥kc∥2

op∥(N + 1)3/4ξ′∥2 + η−1∥(N + 1)3/4ξ∥2

⩽ C∥A∥opM1/2N−1/2ℓ2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

and

∣∣⟨ξ′, I5ξ⟩
∣∣ ⩽ ∫

Λ2
∥(N + 1)−1/4a(kc,v)avξ′∥∥(N + 1)1/4a(Ax)ξ∥

⩽ η sup
v∈Λ

∥kc,v∥2
L2∥(N + 1)3/4ξ′∥2 + η−1∥A∥2

op∥(N + 1)3/4ξ∥2

⩽ C∥A∥opM1/2N−1/2ℓ1/2∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

where we optimized over η > 0 in each inequality. Using Lemma 4.2 finishes the proof.

4.4 Estimating T ∗
c (Q(T1)

2 + E (T1)
2 )Tc

Recall

Q
(T1)
2 = N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

y dx dy + h.c.,

E(T1)
2 = N

2

∫
Λ2

(VN − VR,N )(x − y)
(

1 −
∑

z∈Z3

ωℓ,N (x − y + z)
)

a∗
xa∗

y dx dy + h.c.

Lemma 4.8. Assume that 4RN−1 < ℓ < 1/2 and that MN−1 ⩽ ℓ. We have

T ∗
c (Q(T1)

2 + E(T1)
2 )Tc = Q

(T1)
2 + E

on F+, with

± E ⩽ CM1/2N−1/2ℓ−1(N + 1) + CNR−γ + 1
4Q4

+ ε(N + 1 + MN−1 dΓ(−∆)) + ε−1CℓR−γ(N + 1)

for all 0 < ε ⩽ 1.

Proof. By the Duhamel formula, we have

T ∗
c Q

(T1)
2 Tc − Q

(T1)
2 =

∫ 1

0
T −t

c [Q(T1)
2 , θM K∗

c − KcθM ]T t
c dt.

By Lemma 4.2, it is enough to show ±[Q(T1)
2 , θM K∗

c − KcθM ] ⩽ CM1/2N−1/2ℓ−1(N + 1).
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On F+ we have

[Q(T1)
2 , θM K∗

c − KcθM ] = N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)[a∗
xa∗

y, θM K∗
c − KcθM ] + h.c.

=
(

θM
N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)[a∗
xa∗

y, K∗
c ]

− θM,−1
N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)[a∗
xa∗

y, Kc]

+ (θM,−2 − θM )N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yK∗
c

− N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yKc(θM − θM,+2)
)

+ h.c.

(4.9)

Let us bound the first two terms in (4.9). Disregarding θM , we have on F+

N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)[a∗
xa∗

y, K∗
c ]

= −N

∫
Λ3

∑
z∈Z3

εℓ,N (x − y + z)kc(x, v)a∗
xa∗

ya∗
v + N

∫
Λ4

∑
z∈Z3

εℓ,N (x − y + z)kc(t, v)a∗
xa∗

va∗
t

= −N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

ya∗(kc,x) + 8πaR

∫
Λ2

a∗
xa∗

va∗(kc,v) =: I1 + I2

and

− N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)[a∗
xa∗

y, Kc]

= N

∫
Λ3

∑
z∈Z3

εℓ,N (x − y + z)kc(x, v)a∗
xa∗

vav

+ N

∫
Λ3

∑
z∈Z3

εℓ,N (x − y + z)kc(x, v)a∗
xa∗

yav − N

∫
Λ4

∑
z∈Z3

εℓ,N (x − y + z)kc(t, v)a∗
xa∗

t av

+ N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)kc(x, y)a∗
x − N

∫
Λ3

∑
z∈Z3

εℓ,N (x − y + z)kc(x, v)a∗
v

= 8πaR

∫
Λ2

kc(x, v)a∗
xa∗

vav + N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

ya(kc,x)

− 8πaR

∫
Λ2

a∗
xa∗(kc,v)av + N

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)kc(x, y)a∗
x − 8πaR

∫
Λ

a∗(kc,x)

=:
7∑

i=3
Ii,

where we used that qx = ax on F+ in all normal ordered expressions. Thanks to θM , it
is enough to bound the above terms on F⩽M

+ .
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By Lemma 2.2, we have ∥Nεℓ,N ∥L2 ⩽ Cℓ−3/2 and by Lemma 3.1, we have ∥s1∥L2 +
∥s1∥L∞L2 ⩽ Cℓ1/2. Using this we can bound all Ii. We have on F⩽M

+

±I1 + h.c. ⩽ η

∫
Λ2

a∗
xa∗

yayax + η−1C∥Nεℓ,N ∥2
L2∥kc∥2

L∞L2(N + 1)

⩽ ηCN 2 + η−1CN−1ℓ−3∥s1∥2
L∞L2(N + 1)

⩽ ηCMN + η−1CN−1ℓ−2(N + 1)
⩽ CM1/2N−1/2ℓ−1(N + 1),

where we optimized over η > 0. Similarly, we obtain

±I2 + h.c. ⩽ CM1/2N−1/2ℓ1/2(N + 1),
±I3 + h.c. ⩽ CM1/2N−1/2ℓ1/2N ,

±I4 + h.c. ⩽ CM1/2N−1/2ℓ−1N ,

±I5 + h.c. ⩽ CM1/2N−1/2ℓ1/2N .

For I6, we have on F⩽M
+

±I6 + h.c. ⩽ η∥Nεℓ,N ∥2
L2N + η−1∥kc∥2

L2 ⩽ ηCℓ−3N + η−1CN−1ℓ ⩽ CM1/2N−1/2ℓ−1,

where we optimized over η > 0. Similarly, we obtain

±I7 + h.c. ⩽ CM1/2N−1/2ℓ1/2.

Now we want to bound the last two terms in (4.9). We have on F+

± (θM,−2 − θM )N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yK∗
c + h.c.

⩽ η

∫
Λ2

(θM,−2 − θM )2a∗
xa∗

yayax + η−1∥Nεℓ,N ∥2
L21

{N⩽M}KcK
∗
c

⩽ ηC∥θM,−2 − θM ∥2
op1

{N⩽M}N 2 + η−1Cℓ−3M2N Kc(N + 1)−3K∗
c

⩽ ηCM−21{N⩽M}N 2 + η−1Cℓ−3M2∥(N + 1)3/2K∗
c ∥2

opN
⩽ ηCM−1N + η−1Cℓ−2M2N−1N
⩽ CM1/2N−1/2ℓ−1N ,

where we used the bounds ∥(N + 1)3/2K∗
c ∥op ⩽ C∥kc∥L∞L2 ⩽ CN−1/2∥s1∥L∞L2 ⩽

CN−1/2ℓ1/2 and (4.1), and optimized over η > 0. Similarly, we have on F+

±N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

yKc(θM − θM,+2) + h.c. ⩽ CM1/2N−1/2ℓ−1N .

We proceed similarly for E(T1)
2 . By the Duhamel formula, we have

T ∗
c E(T1)

2 Tc − E(T1)
2 =

∫ 1

0
T −t

c [E(T1)
2 , θM K∗

c − KcθM ]T t
c dt.
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To bound [E(T1)
2 , θM K∗

c − KcθM ], we expand it as in (4.9). Using ∥N(VN − VR,N )∥L1 ⩽
CR−γ from (1.2) and ∥kc∥L∞ = N−1/2∥s1∥L∞ ⩽ CN1/2 from Lemma 3.1, we obtain

±[E(T1)
2 , θM K∗

c − KcθM ] ⩽ CM1/2N1/2R−γ + ε

8Q4 + ε−1CℓR−γ(N + 1)

for all 0 < ε ⩽ 1. The proof of this bound is similar to the one above, and we skip the
details. Applying (4.6) and Lemma 4.2, we have

± (T ∗
c E(T1)

2 Tc − E(T1)
2 ) ⩽ CM1/2N1/2R−γ

+ ε

8(Q4 + N + 1 + MN−1 dΓ(−∆)) + ε−1CℓR−γ(N + 1)

for all 0 < ε ⩽ 1. It remains to bound E(T1)
2 . Using VN − VR,N ⩽ VN and∣∣∣∣1 −

∑
z∈Z3

ωℓ,N (x − y + z)
∣∣∣∣ ⩽ 1,

we obtain
±E(T1)

2 ⩽
1
8Q4 + C∥N2(VN − VR,N )∥L1 ⩽

1
8Q4 + CNR−γ .

Gathering all the bounds, we conclude the proof.

4.5 Estimating T ∗
c Q

(T1)
3 Tc

Recall
Q

(T1)
3 =

√
N

∫
Λ2

VR,N (x − y)a∗
ya∗

xay dx dy + h.c.

Using the Duhamel formula, we can expand

T ∗
c Q

(T1)
3 Tc =

∫ 1

0

∫ 1

t
T −s

c [Q(T1)
3 , θM K∗

c − KcθM ]T s
c ds dt +

∫ 1

0
T −t

c Q
(T1)
3 T t

c dt. (4.10)

In the next lemma, we will compute the commutator in the first integral.

Lemma 4.9. Assume that 4RN−1 < ℓ < 1/2 and that MN−1 ⩽ ℓ. We have

[Q(T1)
3 , θM K∗

c − KcθM ] = −2N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay) + E

on F+, with

±E ⩽ CMN−1 dΓ(−∆) + CM1/2N−1/2ℓ1/2(Q4 + N + 1) + C2j N j+1

M j

for all j ⩾ 1.
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Proof. First, we compute the commutator [Q(T1)
3 , θM K∗

c − KcθM ], using that qx = ax on
F+ in all normal ordered expressions and kc = N−1/2s1. We obtain

[Q(T1)
3 , θM K∗

c − KcθM ]

= θM

√
N

∫
Λ2

VR,N (x − y)[a∗
ya∗

xay, K∗
c ] − θM,+1

√
N

∫
Λ2

VR,N (x − y)[a∗
ya∗

xay, Kc]

+
√

N

∫
Λ2

VR,N (x − y)a∗
ya∗

xayK∗
c (θM,+1 − θM,+2)

+
√

N

∫
Λ2

VR,N (x − y)a∗
ya∗

xayKc(θM,+1 − θM ) + h.c.

= θM,+1

∫
Λ2

VR,N (x − y)s1(x, y)(a∗
yay + a∗

xay) + h.c.

+
{

θM,+1

(
−
∫

Λ2
VR,N (x − y)(a∗(s1,y) + a∗(s1,x))ay

)
+ h.c.

}
+
{

θM,+1

(∫
Λ2

VR,N (x − y)a∗
xa∗

ya(s1,x)ay +
∫

Λ3
VR,N (x − y)a∗

xa∗
ya(s1,v)av

)
+ θM

(∫
Λ3

VR,N (x − y)a∗
xa∗

ya∗
vs1(v, y)av −

∫
Λ3

VR,N (x − y)a∗
xa∗

ya∗(s1,v)av

−
∫

Λ2
VR,N (x − y)a∗

xa∗
ya∗(s1,x)ay

)
+ h.c.

}
+
{

θM

∫
Λ3

VR,N (x − y)(a∗
y + a∗

x)a∗
va∗(s1,v)ay

− θM,+1

∫
Λ3

VR,N (x − y)(a∗
y + a∗

x)a∗
va(s1,v)ay + h.c.

}
+
{

θM,+1

∫
Λ3

VR,N (x − y)a∗
v(a∗

ys1(v, x) + a∗
xs1(v, y))ayav + h.c.

}
+
{√

N

∫
Λ2

VR,N (x − y)a∗
ya∗

xayK∗
c (θM,+1 − θM,+2) + h.c.

}
+
{√

N

∫
Λ2

VR,N (x − y)a∗
ya∗

xayKc(θM,+1 − θM ) + h.c.

}

=: 2
∫

Λ2
VR,N (x − y)s1(x, y)(a∗

yay + a∗
xay) +

7∑
i=1

Ii,

where
I1 = (θM,+1 − 1)

∫
Λ2

VR,N (x − y)s1(x, y)(a∗
yay + a∗

xay) + h.c.

and the other Ii are the terms in curly brackets. By Lemma 3.1 and Lemma 2.2, we have

±
∫

Λ2

(
VR,N (x − y)s1(x, y) + N

∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay)

= ±
∫

Λ2
VR,N (x − y)Nω̂ℓ,N (0)(a∗

yay + a∗
xay) ⩽ C∥VR,N ∥L1∥Nωℓ,N ∥L1N ⩽ CN−1ℓ2N .
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Hence, it just remains to estimate the error terms Ii. For I1 we use

0 ⩽ (1 − θM,+1) ⩽ 1{N >M/2}.

Applying Cauchy–Schwarz and Lemma 3.1, we obtain

±I1 ⩽ 1{N >M/2}∥VR,N ∥L1∥s1∥L∞N

+ ∥VR,N ∥L1∥s1∥L∞

(∫
Λ

(θM,+1 − 1)a∗
xax(θM,+1 − 1) +

∫
Λ
1{N >M/2}a∗

yay1
{N >M/2}

)
⩽ C1{N >M/2}∥VR,N ∥L1∥s1∥L∞N

⩽ C2j N j+1

M j

for all j ⩾ 1. Similarly, using 0 ⩽ θM , θM,+1 ⩽ 1{N⩽M} and Lemma 3.1, we can bound
the other error terms. We obtain

±I2 ⩽ C∥VR,N ∥L1∥s1∥L2N ⩽ CN−1ℓ1/2N ,

±I3 ⩽ η1CQ4 + η−1
1 C∥VR,N ∥L1∥s1∥2

L∞L21
{N⩽M}(N + 1)2

+ η2C1{N⩽M}N Q4 + η−1
2 C∥VR,N ∥L1∥s1∥2

L∞L2N
⩽ CM1/2N−1/2ℓ1/2(Q4 + N ),

where we optimized over η1, η2 > 0, and

±I4 ⩽ ηC1{N⩽M}∥VR,N ∥L1N 2 + η−1C1{N⩽M}∥VR,N ∥L1∥s1∥2
L2(N + 1)2

⩽ CMN−1ℓ1/2(N + 1),

where we optimized over η > 0. By Lemma 2.2, we have

|s1(v, y)|2 ⩽ N2 ∑
z∈Z3

|ωℓ,N (v − y + z)|2

⩽ N2 ∑
z∈Z3

(
C1|v−y+z|⩽ℓ

|N(v − y + z)| + 1

)2
⩽
∑

|z|⩽3

C

|v − y + z|2
.

Using this, the Hardy inequality (4.7), and N ⩽ dΓ(−∆), we obtain

±I5 ⩽ C1{N⩽M}
∫

Λ3
VR,N (x − y)

(∑
|z|⩽3

1
|v − y + z|2

)
a∗

ya∗
vavay

+ C1{N⩽M}
∫

Λ3
VR,N (x − y)a∗

ya∗
vavay

⩽ C∥VR,N ∥L11
{N⩽M}N dΓ(−∆) + C1{N⩽M}∥VR,N ∥L1N 2

⩽ CMN−1 dΓ(−∆).
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Next, we want to bound I6 and I7. Using (4.1) and ∥(N + 1)−3/2K∗
c ∥op ⩽ C∥kc∥L∞L2 ⩽

CN−1/2ℓ1/2, we have

±I6 ⩽ ηQ4 + η−1N∥VR,N ∥L1

∫
Λ

(θM,+1 − θM,+2)Kca
∗
yayK∗

c (θM,+1 − θM,+2)

⩽ ηQ4 + η−1C(N + 1)2(θM,+1 − θM,+2)Kc(N + 1)−3K∗
c (θM,+1 − θM,+2)(N + 1)2

⩽ ηQ4 + η−1CM−2∥(N + 1)−3/2K∗
c ∥2

op1
{N⩽M}(N + 1)4

⩽ ηQ4 + η−1CMN−1ℓ(N + 1)
⩽ CM1/2N−1/2ℓ1/2(Q4 + N + 1),

where we optimized over η > 0. Similarly, we obtain

±I7 ⩽ CM1/2N−1/2ℓ1/2(Q4 + N + 1).

Gathering all the bounds and using M1/2N−1/2 ⩽ 1, we conclude the proof.

Now, we can compute the first integral in (4.10).

Lemma 4.10. Assume that 4RN−1 < ℓ < 1/2 and that MN−1 ⩽ ℓ. We have∫ 1

0

∫ 1

t
T −s

c [Q(T1)
3 , θM K∗

c − KcθM ]T s
c ds dt

= − dΓ
(∫

Λ
(VRω)(x) dx + N

∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

+ E(Tc)
Q3

on F+, with

±E(Tc)
Q3

⩽ CMN−1 dΓ(−∆) + CM1/2N−1/2ℓ1/2(Q4 + N + 1) + Cj
(N + 1)j+1

M j

for all j ⩾ 1.

Proof. By Lemma 4.9, we have

[Q(T1)
3 , θM K∗

c − KcθM ] = −2N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay) + E ,

with

±E ⩽ CMN−1 dΓ(−∆) + CM1/2N−1/2ℓ1/2(Q4 + N + 1) + C2j N j+1

M j
.

Since

− 2N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay)

= −2 dΓ
(∫

Λ
(VRω)(x) dx + N

∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)
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and ∥∥∥∥∫
Λ

(VRω)(x) dx + N
∑

z∈Z3

(ṼR,N ωN )(x − y + z)
∥∥∥∥

op
⩽ 2∥VRω∥L1 ⩽ C,

we can apply Lemma 4.7 and we obtain

− 2N

∫ 1

0

∫ 1

t
T −s

c

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay)T s
c ds dt

= −N

∫
Λ2

(∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

(a∗
yay + a∗

xay) + Ẽ ,

with
±Ẽ ⩽ CM1/2N−1/2ℓ1/2(N + 1).

It remains to estimate the error term∫ 1

0

∫ 1

t
T −s

c ET s
c ds dt.

Using Lemma 4.3, Lemma 4.2, and MN−1 ⩽ ℓ ⩽ 1, we get

±
∫ 1

0

∫ 1

t
T −s

c ET s
c ds dt ⩽ CMN−1(dΓ(−∆) + Q4 + 1)

+ CM1/2N−1/2ℓ1/2(Q4 + N + 1 + MN−1 dΓ(−∆))

+ Cj
(N + 1)j+1

M j

⩽ CMN−1 dΓ(−∆) + CM1/2N−1/2ℓ1/2(Q4 + N + 1)

+ Cj
(N + 1)j+1

M j

for all j ⩾ 1.

4.6 Proof of Lemma 4.1
Proof. Applying the Duhamel formula to (4.4) and using (4.10) and Lemma 4.10, we
obtain

T ∗
c T ∗

1 HT1Tc = 4πa(N − 1) + 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + dΓ(−∆) + Q4

+
∫ 1

0
T −t

c

(
[dΓ(−∆) + Q4, θM K∗

c − KcθM ] + Q
(T1)
3

)
T t

c dt

− dΓ
(∫

Λ
(VRω)(x) dx + N

∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

+ T ∗
c H

(T1)
2 Tc + T ∗

c (Q(T1)
2 + E(T1)

2 )Tc + T ∗
c E(T1)Tc + E(Tc)

Q3
,
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with

±E(Tc)
Q3

⩽ CMN−1 dΓ(−∆) + CM1/2N−1/2ℓ1/2(Q4 + N + 1) + Cj
(N + 1)j+1

M j

for all j ⩾ 1. Inserting Lemmas 4.4, 4.5, 4.6, and 4.8, we have

T ∗
c T ∗

1 HT1Tc = 4πa(N − 1) + 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + dΓ(−∆) + Q4

− dΓ
(∫

Λ
(VRω)(x) dx + N

∑
z∈Z3

(ṼR,N ωN )(x − y + z)
)

+ dΓ
(
NVR,N (x − y) + V̂R(0) − 8πaR

)
+ N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

y dx dy + h.c.

+
∫ 1

0
T −t

c

(
(1 − θM )

√
N

∫
Λ2

VR,N (x − y)a∗
ya∗

xay dx dy + h.c.

)
T t

c dt

+
∫ 1

0
T −t

c

(
θM (E(Tc)

dΓ(−∆) + E(Tc)
Q4

) + h.c.
)
T t

c dt + T ∗
c E(T1)Tc + E(Tc)

1 ,

where the last two lines are error terms and

± E(Tc)
1 ⩽ CM1/2N−1/2ℓ−1(N + 1) + CMN−1 dΓ(−∆)

+ CM1/2N−1/2ℓ1/2Q4 + Cj
(N + 1)j+1

M j
+ CNR−γ + 1

4Q4

+ ε(N + 1) + ε−1CℓR−γ(N + 1)

for all j ⩾ 1 and 0 < ε ⩽ 1. We can rewrite

dΓ(−∆) =
∑

p

p2a∗
pap

and
N

2

∫
Λ2

∑
z∈Z3

εℓ,N (x − y + z)a∗
xa∗

y dx dy + h.c. = N

2
∑

p

ε̂ℓ,N (p)(a∗
pa∗

−p + apa−p).

Using (2.4), we obtain

dΓ
(
NVR,N (x−y)+ V̂R(0)−8πaR

)
−dΓ

(∫
Λ

(VRω)(x) dx+N
∑

z∈Z3

(ṼR,N ωN )(x−y +z)
)

= dΓ
(

N
∑

z∈Z3

(ṼR,N (1 − ωN ))(x − y + z)
)

We want to replace this with

dΓ
(

N
∑

z∈Z3

εℓ,N (x − y + z)
)

= N
∑

p

ε̂ℓ,N (p)a∗
pap.
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For this purpose we want to bound dΓ(Φ(x − y)), with

Φ(x) = N
∑

z∈Z3

(ṼR,N (1 − ωN ) − εℓ,N )(x + z).

Note that we have Φ̂(0) = 0 by using (2.4) and Lemma 2.2, and ∇Φ̂(0) = 0 since
ṼR,N (1 − ωN ) and εℓ,N are even. Hence, using supp(ṼR,N ) ∪ supp(εℓ,N ) ⊂ {|x| ⩽ ℓ}, we
have

|Φ̂(p)| = |Φ̂(p) − Φ̂(0) − p · ∇Φ̂(0)| ⩽ C∥|·|2Φ∥L1p2 ⩽ C∥Φ∥L1ℓ2p2 ⩽ Cℓ2p2.

Using this, we obtain for g ∈ H1(Λ)∣∣∣∣∫
Λ2

g(x)Φ(x − y)g(y) dx dy

∣∣∣∣ =
∥∥∥∥∑

p

ĝ(p)Φ̂(p)ĝ(p)
∥∥∥∥ ⩽ Cℓ2

∥∥∥∥∑
p

p2ĝ(p)ĝ(p)
∥∥∥∥ ⩽ Cℓ2∥g∥2

H1 .

This shows Φ(x − y) ⩽ Cℓ2(1 − ∆) and hence, we have on F+

± dΓ(Φ(x − y)) ⩽ Cℓ2 dΓ(−∆).

It remains to bound the error terms. We use 0 ⩽ (1−θM ) ⩽ 1{N >M/2} and VR,N ⩽ VN

to obtain

± (1 − θM )
√

N

∫
Λ2

VR,N (x − y)a∗
ya∗

xay dx dy

⩽ εQ4 + ε−1N∥VN ∥L11
{N >M/2}N ⩽ εQ4 + ε−1Cj

N j+1

M j
.

for all j ⩾ 1 and ε > 0. Using Lemma 4.2, Lemma 4.3, the bounds in Lemma 4.4 and
Lemma 4.5, and (3.4), we have∫ 1

0
T −t

c

(
(1 − θM )

√
N

∫
Λ2

VR,N (x − y)a∗
ya∗

xay dx dy

)
T t

c dt

+
∫ 1

0
T −t

c

(
θM (E(Tc)

dΓ(−∆) + E(Tc)
Q4

) + h.c.
)
T t

c dt + T ∗
c E(T1)Tc

⩽ CNR−γ + CM1/2N−1/2(dΓ(−∆) + Q4 + ℓ−1(N + 1))

+ Cℓ4(dΓ(−∆) + Q4) + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ ε(Q4 + N + 1) + ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N
+ Cj

(N + 1)j+1

M j

)
for all j ⩾ 1 and 0 < ε ⩽ 1. We simplified the estimate using MN−1 ⩽ ℓ ⩽ 1.

Collecting all the error bounds, we conclude the proof.
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5 Diagonalization

In this chapter, we will use a transform similar to that in [16, Section 6]. We want to
diagonalize the Bogoliubov Hamiltonian from Lemma 4.1

HBog = 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp +

∑
p̸=0

p2a∗
pap + N

2
∑
p̸=0

ε̂ℓ,N (p)(2a∗
pap + a∗

pa∗
−p + apa−p).

As remarked in Section 2.4, by choosing

s =
∑
p̸=0

sinh(τp)|up⟩⟨up|,

we can define a quadratic transform on F+

T2 = exp
(1

2
∑
p̸=0

τp(a∗
pa∗

−p − apa−p)
)

=: exp(K2),

that satisfies
T ∗

2 a∗
pT2 = cosh(τp)a∗

p + sinh(τp)a−p, (5.1)

where

τp = sinh−1(νp), νp = − sgn(Bp)

√√√√√1
2

(
Ap√

A2
p − B2

p

− 1
)

,

Ap = p2 + Nε̂ℓ,N (p), Bp = Nε̂ℓ,N (p),

for p ∈ Λ∗ \ {0}, if we can show that s is a Hilbert–Schmidt operator, which is equivalent
to ∑

p|νp|2 < ∞. First, note that νp is well-defined for ℓ small enough. We have
∇ε̂ℓ,N (0) = 0, since εℓ,N is even, and, by Lemma 2.2, N |εℓ,N (x)| ⩽ Cℓ−31{|x|⩽ℓ} and
Nε̂ℓ,N (0) = 8πaR. Hence, we obtain ∥N∆ε̂ℓ,N ∥L∞ ⩽ ∥|·|2Nεℓ,N ∥L1 ⩽ Cℓ2 and

|Nε̂ℓ,N (p) − 8πaR| = |Nε̂ℓ,N (p) − Nε̂ℓ,N (0) − p · N∇ε̂ℓ,N (0)|
⩽ C min(1, ∥|·|2Nεℓ,N ∥L1p2) ⩽ C min(1, ℓ2p2). (5.2)

Thus, Ap > |Bp| and νp is well-defined for all p, if ℓ is small enough. From (5.2), we have
p4 + 2p2Bp ⩾ Cp4. Thus, using

∣∣√1 + x − 1 − x/2
∣∣ ⩽ Cx2 for −1 ⩽ x ⩽ 1, we obtain

|νp|2 = 1
2

p2 + Bp − p2
√

1 + 2p−2Bp√
p4 + 2p2Bp

⩽
Cp−2B2

p√
p4 + 2p2Bp

⩽ Cp−4B2
p ⩽ Cp−4, (5.3)
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which shows ∑p|νp|2 < ∞. Using (5.1), we can compute

T ∗
2

(
HBog − 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp

)
T2 =

∑
p̸=0

(
Ap sinh(τp)2 + Bp cosh(τp) sinh(τp)

)
+
∑
p̸=0

(
Ap(cosh(τp)2 + sinh(τp)2) + 2Bp cosh(τp) sinh(τp)

)
a∗

pap

+
∑
p̸=0

(
Ap cosh(τp) sinh(τp) + Bp

2 (cosh(τp)2 + sinh(τp)2)
)

(a∗
pa∗

−p + apa−p).

We have

cosh(τp)2 + sinh(τp)2 = 1 + 2 sinh(τp)2 = 1 +
Ap −

√
A2

p − B2
p√

A2
p − B2

p

= Ap√
A2

p − B2
p

,

cosh(τp) sinh(τp) = sinh(τp)
√

sinh(τp)2 + 1 = νp

√
ν2

p + 1

= − sgn(Bp)

√√√√√1
2

(
Ap√

A2
p − B2

p

− 1
)√√√√√1

2

(
Ap√

A2
p − B2

p

+ 1
)

= −sgn(Bp)
2

√√√√ A2
p

A2
p − B2

p

− 1 = −1
2

Bp√
A2

p − B2
p

,

sinh(τp)2 = 1
2

Ap −
√

A2
p − B2

p√
A2

p − B2
p

.

With these identities, we obtain

T ∗
2 HBogT2 = 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + 1

2
∑
p̸=0

(√
A2

p − B2
p − Ap

)
+
∑
p̸=0

√
A2

p − B2
pa∗

pap

= 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp + 1

2
∑
p̸=0

(√
p4 + 2Nε̂ℓ,N (p)p2 − p2 − Nε̂ℓ,N (p)

)
+
∑
p̸=0

√
p4 + 2Nε̂ℓ,N (p)p2a∗

pap

=:
( 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp −

∑
p̸=0

|Nε̂ℓ,N (p)|2

4p2

)
+ eBog +

∑
p̸=0

epa∗
pap. (5.4)

The main result in this chapter is the following lemma.

Lemma 5.1. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, and ℓ is small enough. We
have

T ∗
2 T ∗

c T ∗
1 HT1TcT2 = EN + dΓ(EBog) + T ∗

2 Q4T2 + E(T2)
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on F+, with Q4 as in Lemma 4.1,

dΓ(EBog) =
∑

p∈Λ∗\{0}

√
p4 + 16πap2a∗

pap,

EN = 4πa(N − 1) + eΛa
2 + 1

2
∑

p∈Λ∗\{0}

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)
,

eΛ = 4
(∫

Λ

1
p2 dp +

∑
z∈Z3\{0}

∫
Λ

( 1
(p + z)2 − 1

z2

)
dp

)
,

and
±E(T2) ⩽ CNR−γ + CM1/2N−1/2(dΓ(−∆) + T ∗

2 Q4T2 + ℓ−1(N + 1)
)

+ Cℓ2 dΓ(−∆) + Cℓ4T ∗
2 Q4T2 + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ 1
4T ∗

2 Q4T2 + ε(T ∗
2 Q4T2 + N + 1)

+ ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N
+ Cj

(N + 1)j+1

M j

)
(5.5)

for all j ⩾ 1 and 0 < ε ⩽ 1.
For the proof of Lemma 5.1 we need the following lemma, which essentially shows that

we can replace Nε̂ℓ,N (p) with 8πa in (5.4).
Lemma 5.2. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, and ℓ is small enough. We
have the pointwise bound∣∣∣∣ep −

√
p4 + 16πap2

∣∣∣∣ ⩽ Cℓ2p2 + CR−γ . (5.6)

Moreover, we have∣∣∣∣∣∣eBog − 1
2

∑
p∈Λ∗\{0}

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)∣∣∣∣∣∣ ⩽ Cℓ + CR−γ , (5.7)

∣∣∣∣∣∣
( 1

(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp −

∑
p∈Λ∗\{0}

|Nε̂ℓ,N (p)|2

4p2

)
− eΛa

2

∣∣∣∣∣∣ ⩽ Cℓ1/2 + CR−γ . (5.8)

We will need the following bounds on the number operator, the kinetic term dΓ(−∆),
and the term Q4.
Lemma 5.3. Assume that 4RN−1 < ℓ < 1/2, MN−1 ⩽ ℓ, and ℓ is small enough. We
have

T −t
2 (N + 1)jT t

2 ⩽ Cj(N + 1)j , (5.9)
T ∗

2 dΓ(−∆)T2 ⩽ C(dΓ(−∆) + ℓ−1), (5.10)
T ∗

2 Q4T2 ⩽ CQ4 + CN−1ℓ−2 + CN−1(N + 1)2, (5.11)
for all j ⩾ 1 and t ∈ [0, 1].

63



We begin by proving Lemma 5.2 and Lemma 5.3. At the end of the chapter, we will
prove Lemma 5.1.

Proof of Lemma 5.2. First, we prove (5.6). Using the inequality
∣∣√1 + x −

√
1 + y

∣∣ ⩽
C|x − y| for x, y ⩾ −1/2 and the bounds (5.2) and (2.6), we obtain∣∣∣∣ep −

√
p4 + 16πap2

∣∣∣∣ ⩽ C|Nε̂ℓ,N (p) − 8πaR| + C|aR − a| ⩽ Cℓ2p2 + CR−γ .

Next, let us prove (5.7). We have

v(x) =
√

1 + 2x − 1 − x + x2

2 = O(x3), v′(x) = O(x2),

and |v(x) − v(y)| = |v′(θx + (1 − θ)y)||x − y| for some θ = θ(x, y) ∈ [0, 1]. Applying this
to

x = Nε̂ℓ,N (p)p−2, y = 8πap−2,

and using the bounds (5.2) and (2.6), we obtain

p2
∣∣∣v(Nε̂ℓ,N (p)p−2) − v(8πap−2)

∣∣∣ ⩽ p2(Cp−4|Nε̂ℓ,N (p)p−2 − 8πap−2|
)

⩽ C
|Nε̂ℓ,N (p) − 8πaR| + |8πaR − 8πa|

p4 ⩽ C
min(1, ℓ2p2) + R−γ

p4 .

Hence, we have∣∣∣∣∣∣eBog − 1
2

∑
p∈Λ∗\{0}

(√
p4 + 16πap2 − p2 − 8πa + (8πa)2

2p2

)∣∣∣∣∣∣
⩽ C

∑
p∈Λ∗\{0}

min(1, ℓ2p2) + R−γ

p4 ⩽ C
∑

0<|p|⩽ℓ−1

ℓ2

p2 +C
∑

|p|>ℓ−1

1
p4 +CR−γ ⩽ Cℓ+CR−γ .

Finally, we prove (5.8). We compute

1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp −

∑
p∈Λ∗\{0}

|Nε̂ℓ,N (p)|2

4p2

=
∫
R3

|Nε̂ℓ,N (2πp)|2
4(2πp)2 dp −

∑
z∈Z3\{0}

|Nε̂ℓ,N (2πz)|2

4(2πz)2

=
∫

Λ

|Nε̂ℓ,N (2πp)|2
4(2πp)2 dp +

∑
z∈Z3\{0}

(∫
Λ+z

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |Nε̂ℓ,N (2πz)|2

4(2πz)2 dp

)
.

In the first term we can replace Nε̂ℓ,N (2πp) with 8πaR, up to an error term, by using
the bound ∥Nε̂ℓ,N ∥L∞ ⩽ ∥Nεℓ,N ∥L1 ⩽ C and (5.2). We find∣∣∣∣∣

∫
Λ

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |8πaR|2

4(2πp)2 dp

∣∣∣∣∣ ⩽ C

∫
Λ

|Nε̂ℓ,N (2πp) − 8πaR|
4(2πp)2 dp ⩽ Cℓ2.
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For the second term, we separate the sum into terms with 0 < |z| ⩽ ℓ−1/2 and terms
with |z| > ℓ−1/2. The sum over |z| > ℓ−1/2 is an error term and can be bounded in the
following way. First, we compute for |z| > ℓ−1/2

∫
Λ+z

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |Nε̂ℓ,N (2πz)|2

4(2πz)2 dp

= 1
16π2

∫
Λ

(
z2(|Nε̂ℓ,N (2π(p + z))|2 − |Nε̂ℓ,N (2πz)|2

)
(p + z)2z2 − 2p · z|Nε̂ℓ,N (2πz)|2

(p + z)2z2

− p2|Nε̂ℓ,N (2πz)|2
(p + z)2z2

)
dp

= 1
16π2

∫
Λ

({
z2(Nε̂ℓ,N (2π(p + z)) − Nε̂ℓ,N (2πz) − p · N∇ε̂ℓ,N (2πz)

)
(p + z)2z2

×
(
Nε̂ℓ,N (2π(p + z)) + Nε̂ℓ,N (2πz)

)}
+
{

p · N∇ε̂ℓ,N (2πz)(Nε̂ℓ,N (2π(p + z)) + Nε̂ℓ,N (2πz))
(p + z)2z2

}
−
{2p · z|Nε̂ℓ,N (2πz)|2

(p + z)2z2

}
−
{

p2|Nε̂ℓ,N (2πz)|2
(p + z)2z2

})
dp

=: 1
16π2

(
G1(z) + G2(z) + G3(z) + G4(z)

)
.

To bound G1(z), we use

|Nε̂ℓ,N (2π(p + z)) − Nε̂ℓ,N (2πz) − p · N∇ε̂ℓ,N (2πz)||Nε̂ℓ,N (2π(p + z)) + Nε̂ℓ,N (2πz)|
⩽ C∥N∆ε̂ℓ,N ∥L∞∥|·|2Nε̂ℓ,N ∥L∞p2((p + z)−2 + z−2)
⩽ Cp2((p + z)−2 + z−2),

which follows from a Taylor expansion, the bound ∥N∆ε̂ℓ,N ∥L∞ ⩽ ∥|·|2Nεℓ,N ∥L1 ⩽ Cℓ2,
and the bound ∥|·|2Nε̂ℓ,N ∥L∞ ⩽ ∥N∆εℓ,N ∥L1 ⩽ Cℓ−2 from Lemma 2.2. Thus, we have

|G1(z)| ⩽ Cz−4.

Next, we notice that G2(z) = −G2(−z), since ε̂ℓ,N is an even function. From this
symmetry, we deduce∑

|z|>ℓ−1/2

G2(z) =
∑

z∈(N×Z2)∪({0}×N×Z)∪({0}×{0}×N),
|z|>ℓ−1/2

G2(z) + G2(−z) = 0.

For G3(z), we use ∥Nε̂ℓ,N ∥L∞ ⩽ ∥Nεℓ,N ∥L1 ⩽ C and∫
Λ

p · z dp = 0

65



to obtain

|G3(z)| =
∣∣∣∣∣
∫

Λ

2p · z|Nε̂ℓ,N (2πz)|2
z4 − 2p · z|Nε̂ℓ,N (2πz)|2

(p + z)2z2 dp

∣∣∣∣∣
⩽ C

∫
Λ

2|p · z|2 + |p · z|p2

(p + z)2z4 dp ⩽ Cz−4.

Finally, we use ∥Nε̂ℓ,N ∥L∞ ⩽ ∥Nεℓ,N ∥L1 ⩽ C to bound

|G4(z)| ⩽ Cz−4.

In conclusion, we have∣∣∣∣∣∣
∑

|z|>ℓ−1/2

(∫
Λ+z

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |Nε̂ℓ,N (2πz)|2

4(2πz)2 dp

)∣∣∣∣∣∣ ⩽ C
∑

|z|>ℓ−1/2

1
z4 ⩽ Cℓ1/2.

For the sum over 0 < |z| ⩽ ℓ−1/2, we write∫
Λ+z

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |Nε̂ℓ,N (2πz)|2

4(2πz)2 dp

=
{∫

Λ+z

|Nε̂ℓ,N (2πp)|2
4(2πp)2 − |8πaR|2

4(2πp)2 dp

}
+
{ |8πaR|2

4(2πz)2 − |Nε̂ℓ,N (2πz)|2

4(2πz)2

}
+
{∫

Λ+z

|8πaR|2

4(2πp)2 − |8πaR|2

4(2πz)2 dp

}
=: I1(z) + I2(z) + I3(z).

Again, by using the bound ∥Nε̂ℓ,N ∥L∞ ⩽ ∥Nεℓ,N ∥L1 ⩽ C and (5.2), we find

|I1(z)| ⩽
∫

Λ+z

|Nε̂ℓ,N (2πp) − 8πaR|
4(2πp)2 dp ⩽ Cℓ2

and similarly,
|I2(z)| ⩽ Cℓ2.

This shows the bound∑
0<|z|⩽ℓ−1/2

|I1(z) + I2(z)| ⩽
∑

0<|z|⩽ℓ−1/2

Cℓ2 ⩽ Cℓ1/2.

Similarly to G3(z) and G4(z), we can bound

|I3(z)| ⩽ Cz−4.

This implies ∣∣∣∣ ∑
|z|>ℓ−1/2

I3(z)
∣∣∣∣ ⩽ Cℓ1/2.
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Summing up all the terms, we obtain

1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp −

∑
p∈Λ∗\{0}

|Nε̂ℓ,N (p)|2

4p2

= 4a2
R

(∫
Λ

1
p2 dp +

∑
z∈Z3\{0}

∫
Λ

( 1
(p + z)2 − 1

z2

)
dp

)
+ E = eΛa

2
R + E ,

with
|E| ⩽ Cℓ1/2.

By (2.6) we have
∣∣a2 − a2

R

∣∣ ⩽ C|a − aR| ⩽ CR−γ , which finishes the proof.

Proof of Lemma 5.3. The first bound (5.9) follows from Lemma 2.8.
For the proof of (5.10), we compute

T ∗ dΓ(−∆)T = T ∗
(∑

p̸=0
p2a∗

pap

)
T

=
∑
p̸=0

p2(cosh(τp)a∗
p + sinh(τp)a−p

)(
cosh(τp)ap + sinh(τp)a∗

−p

)
=
∑
p̸=0

p2(cosh(τp)2a∗
pap + cosh(τp) sinh(τp)(a∗

pa∗
−p + a−pap)

+ sinh(τp)2a∗
−pa−p + sinh(τp)2)

⩽
∑
p̸=0

p2(1 + 2 sinh(τp)2)a∗
pap +

∑
p̸=0

p2(cosh(τp)2a∗
pap + sinh(τp)2a−pa∗

−p

)
+
∑
p̸=0

p2 sinh(τp)2

= 2
∑
p̸=0

p2(1 + 2ν2
p)a∗

pap + 2
∑
p̸=0

p2ν2
p .

Using (5.3) and Bp = Nε̂ℓ,N (p), we obtain

T ∗ dΓ(−∆)T ⩽ C dΓ(−∆) + C
∑
p̸=0

|Nε̂ℓ,N (p)|2

p2 .

To estimate the last term, we use that by (5.8), we have∣∣∣∣∣∣ 1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp −

∑
p̸=0

|Nε̂ℓ,N (p)|2

4p2

∣∣∣∣∣∣ ⩽ C.

By using (3.9) and Lemma 2.2, we can bound the integral. We obtain

1
(2π)3

∫
R3

|Nε̂ℓ,N (p)|2
4p2 dp = −N2

2

∫
Λ

(ωℓ,N εℓ,N )(x) dx ⩽ Cℓ−3
∫
R3

1{|x|⩽ℓ}
|x|

dx ⩽ Cℓ−1.
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This finishes the proof of (5.10).
Finally, we prove (5.11). Using the Duhamel formula, we have

T ∗Q4T = Q4 +
∫ 1

0
e−tK2 [Q4, K2]etK2 dt.

Computing the commutator yields

[Q4, K2] = 1
2
∑
p,q

V̂N (p − q)τqa∗
pa∗

−p +
∑
p,q,r

V̂N (r)τpa∗
p+ra∗

−pa∗
qaq+r + h.c.

Rewriting this in position space, we find the bound

[Q4, K2] = 1
2

∫
Λ2

VN (x − y)τ̌(x − y)a∗
xa∗

y +
∫

Λ3
VN (x − y)τ̌(x − v)a∗

xa∗
ya∗

vay + h.c.

⩽ Q4 +
∫

Λ2
VN (x − y)|τ̌(x − y)|2 +

∫
Λ3

VN (x − y)a∗
xa∗

ya∗
v(N + 1)−1avayax

+
∫

Λ3
VN (x − y)|τ̌(x − v)|2a∗

y(N + 1)ay

⩽ CQ4 + ∥VN ∥L1∥τ∥2
1 + ∥VN ∥L1∥τ∥2

2(N + 1)2.

Using |τp| ⩽ |νp|, (5.3), and Lemma 2.2, we obtain

∥τ∥1 ⩽ ∥ν∥1 ⩽
∑
p̸=0

|Nε̂ℓ,N (p)|
p2 ⩽ C

∑
p̸=0

min(1, p−2∥N∆εℓ,N ∥L1)
p2

⩽ C
∑
p̸=0

min(1, p−2ℓ−2)
p2 ⩽ C

∑
0<|p|⩽ℓ−1

1
p2 + C

∑
|p|>ℓ−1

ℓ−2

p4 ⩽ Cℓ−1

and
∥τ∥2

2 ⩽ ∥ν∥2
2 ⩽

∑
p̸=0

1
p4 ⩽ C.

Hence, applying (5.9), we have

T ∗Q4T = Q4 + C

∫ 1

0
e−tK2

(
Q4 + N−1ℓ−2 + N−1(N + 1)2)etK2 dt

⩽ Q4 + CN−1ℓ−2 + CN−1(N + 1)2 + C

∫ 1

0
e−tK2Q4etK2 dt.

The bound (5.11) now follows from the Grönwall lemma.

Proof of Lemma 5.1. Applying Lemma 5.2 to (5.4), we obtain from Lemma 4.1

T ∗
2 T ∗

c T ∗
1 HT1TcT2 = EN + dΓ(EBog) + T ∗

2 Q4T2 + T ∗
2 E(Tc)T2 + E ,

with
±E ⩽ Cℓ1/2 + Cℓ2 dΓ(−∆) + CR−γ(N + 1).
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Using (4.3) and Lemma 5.3, we have

T ∗
2 E(Tc)T2 ⩽ CNR−γ + CM1/2N−1/2(dΓ(−∆) + T ∗

2 Q4T2 + ℓ−1(N + 1)
)

+ Cℓ2 dΓ(−∆) + Cℓ4T ∗
2 Q4T2 + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ 1
4T ∗

2 Q4T2 + ε
(
T ∗

2 Q4T2 + N + 1)

+ ε−1C

(
(R−γ + ℓ)(N + 1) + (N + 1)2

N
+ Cj

(N + 1)j+1

M j

)
for all j ⩾ 1 and 0 < ε ⩽ 1. We simplified the bound using MN−1 ⩽ ℓ ⩽ 1.
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6 Optimal BEC

In this chapter, we will prove the following lemma. The proof is similar to that of [28,
Lemma 31] and [17, Proposition 20] and uses a localization technique from [20].

Lemma 6.1. On the truncated Fock space F⩽N
+ , we have

UHN U∗ = 1⩽N
+ H1⩽N

+ ⩾ 4πaN + C−1N − C,

for some constant C > 0 independent of N .

Proof. We introduce the notation N+ = N − a∗
0a0. Recall that for any normalized

sequence ΨN of approximate ground states such that

lim
N→∞

⟨ΨN , HN ΨN ⟩
N

= 4πa,

we made the assumption that (1.5) holds, which is equivalent to

lim
N→∞

⟨ΨN , N+ΨN ⟩
N

= 0. (6.1)

Let f, g : R → [0, 1] be smooth such that f(x)2 + g(x)2 = 1 for all x ∈ R, f(x) = 1
for x ⩽ 1/2, and f(x) = 0 for x ⩾ 1. For M0 ⩾ 1 we define fM0 := f(N /M0) and
gM0 := g(N /M0). We have

H = fM0HfM0 + gM0HgM0 + EM0 ,

where
EM0 = 1

2([fM0 , [fM0 , H]] + [gM0 , [gM0 , H]]). (6.2)

From (2.14), we easily obtain on F⩽N
+ with h = f, g

[hM0 , [hM0 , H]]

= 1
2
(
h((N + 2)/M0) − h(N /M0)

)2√(N − N )(N − N − 1)
∫

Λ2
VN (x − y)axay + h.c.

+
(
h((N + 1)/M0) − h(N /M0)

)2√
N − N

∫
Λ2

VN (x − y)a∗
yaxay + h.c.,

which implies
±EM0 ⩽ CM−2

0 (Q4 + N). (6.3)
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We can assume that γ = 1 and we choose R = Nℓ/5, M0 = δαN , and M = δβN for
δα, δβ > 0 fixed and to be chosen later. Denoting U := T1TcT2, we obtain from Lemma 5.1
on F+

U∗HU = EN + dΓ(EBog) + T ∗
2 Q4T2 + E(T2) ⩾ 4πaN − C + dΓ(−∆) + T ∗

2 Q4T2 + E(T2),

where

±E(T2) ⩽ Cℓ−1 + Cδ
1/2
β

(
dΓ(−∆) + T ∗

2 Q4T2 + ℓ−1(N + 1)
)

+ Cℓ2 dΓ(−∆) + Cℓ4T ∗
2 Q4T2 + Cℓ1/2(N + 1) + Cℓ1/2 (N + 1)3/2

N1/2

+ 1
4T ∗

2 Q4T2 + ε(T ∗
2 Q4T2 + N + 1)

+ ε−1C

(
(N−1ℓ−1 + ℓ)(N + 1) + (N + 1)2

N
+ Cjδ−j

β

(N + 1)j+1

N j

)
for all j ⩾ 1 and 0 < ε ⩽ 1. By choosing j = 1, ε = 1/4, δβ = ℓ4, and ℓ sufficiently small
and fixed and using N ⩽ dΓ(−∆) on F+, for N large enough, we can absorb all terms
proportional to N and dΓ(−∆) into dΓ(−∆) and all terms proportional to T ∗

2 Q4T2 into
T ∗

2 Q4T2. Hence, we have on F+

U∗HU ⩾ 4πaN + 1
4(dΓ(−∆) + T ∗

2 Q4T2) − C

(
ℓ−1 + ℓ1/2 (N + 1)3/2

N1/2 + ℓ−4 (N + 1)2

N

)
.

We denote NU := U∗N U . From the bounds in Lemma 2.8 and Lemma 4.2 follows

(N + 1)j ⩽ Cj(NU + 1)j ⩽ C ′
j(N + 1)j

for all j ⩾ 1. With this and the bounds dΓ(−∆) ⩾ N and Q4 ⩾ 0 on F+, we obtain

U∗fM0(H − 4πaN)fM0U ⩾ f(NU/M0)U∗(H − 4πaN)Uf(NU/M0)

⩾ f(NU/M0)
(1

4(dΓ(−∆) + T ∗
2 Q4T2)

− C

(
ℓ−1 + ℓ1/2 (N + 1)3/2

N1/2 + ℓ−4 (N + 1)2

N

))
f(NU/M0)

⩾
1
4f(NU/M0)N f(NU/M0)

− Cf(NU/M0)2
(

ℓ−1 + ℓ1/2 (NU + 1)3/2

N1/2 + ℓ−4 (NU + 1)2

N

)
⩾ Cf(NU/M0)2(NU − ℓ−1 − (ℓ1/2M

1/2
0 N−1/2 + ℓ−4M0N−1)NU

)
⩾ Cf(NU/M0)2((1 − ℓ1/2δ1/2

α − ℓ−4δα)NU − ℓ−1).
Choosing δα sufficiently small and fixed and conjugating back by U , we have

fM0(H − 4πaN)fM0 ⩾ f2
M0(C−1N − C).
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By an argument from [3, Proposition 6.1], we obtain

1⩽N
+ gM0(H − 4πaN)gM01

⩽N
+ ⩾ C1⩽N

+ g2
M0N ⩾ C1⩽N

+ g2
M0N .

Since, by (1.4), we have

1
N
1⩽N

+ gM0(H − 4πaN)gM01
⩽N
+ ⩾ 1⩽N

+ g2
M0

(
λ1(HN )

N
− 4πa

)
N→∞−−−−→ 0,

we would otherwise find a normalized sequence {ξN } ⊂ supp(gM01
⩽N
+ ) ⊂ {N+ ⩾ M0/2}

such that (up to a subsequence)

lim
N→∞

1
N

⟨ξN , (H − 4πaN)ξN ⟩ = 0.

This would contradict (6.1).
In conclusion, we have

1⩽N
+ H1⩽N

+ ⩾ 1⩽N
+
(
4πaN + C−1N − C − Cδ−2

α N−2Q4
)
1⩽N

+ .

From (2.12), we can derive the straightforward bound

1⩽N
+ H1⩽N

+ ⩾ 1⩽N
+

(1
2Q4 − CN

)
1⩽N

+ . (6.4)

Dividing the second bound by N and adding it to the first, we obtain

1⩽N
+ H1⩽N

+ ⩾ 1⩽N
+ (4πaN + C−1N − C)1⩽N

+ .

This finishes the proof.
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7 Proof of Theorem 1.1

We will use the notations U = T1TcT2, H̃N = HN − EN and H̃ = H − EN with EN as in
Lemma 5.1. The main result in this chapter is the following lemma. The proof is similar
to the ones of [28, Lemma 32] and [17, Theorem 1].

Lemma 7.1. Let 0 ⩽ κ < 1/13 such that (1.2) is satisfied for

γ = 1 + κ

1 − 2κ
.

The eigenvalues λ1(H̃N ) ⩽ λ2(H̃N ) ⩽ · · · ⩽ Θ, with 1 ⩽ Θ ⩽ Nκ/(1−ϑ), of H̃N on HN

satisfy
λL(H̃N ) = λL(dΓ(EBog)) + O(N−κΘ1−ϑ),

where 0 ⩽ ϑ < 1 − 12κ is arbitrarily chosen for γ ∈ [6/5, 14/11) and

ϑ = 1 − 2κ

3

for γ ∈ [1, 6/5). Here, dΓ(EBog) is understood as an operator on F+.

Proof. As in Chapter 6, we denote R = Nℓ/5, M0 = δαN , and M = δβN , but with
different parameters δα and δβ. Let 1 ⩽ Θ ⩽ Nκ/(1−ϑ). We differentiate between two
cases.

Case 1: γ ∈ [6/5, 14/11). We choose 0 < η ⩽ (1 − 13κ)/2 and

ϑ = 1 − 12κ

1 − 2η
∈ [1/13, 1 − 12κ).

Case 2: γ ∈ [1, 6/5). We choose

η = 6 − 5γ

2γ
and ϑ = 1 − 12κ

1 − 2η
= 1 − 2κ

3 .

In both cases, let

δα = N (−2−4κ−η)/5Θ−2(1+2ϑ)/5, δβ = N (−2−4κ+4η)/5Θ−2(1+2ϑ)/5,

ℓ = N−2κΘ−2ϑ, ε = N−κΘ−ϑ,

and j ⩾ 1 such that
η ⩾

3κ

j
.
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The proof consists of two parts. In the first, we prove the lower bound on λL(H̃N ) and
in the second, the upper bound on λL(H̃N ).
Proof of the lower bound on λL(H̃N ). We use the same localization technique as in
Chapter 6. With fM0 and gM0 defined as in Chapter 6, we can write

H̃ = fM0H̃fM0 + gM0H̃gM0 + EM0 ,

where EM0 is given in (6.2). We denote by Z ⊂ HN the space generated by the first
L eigenfunctions of H̃N . We define Y := UZ ⊂ F⩽N

+ and let PY be the orthogonal
projection onto Y . Since U is unitary, we have dim(Y ) = dim(Z) = L. With the min-max
principle, we obtain the quadratic form estimate

λL(H̃N ) ⩾ PY UH̃N U∗PY = PY H̃PY = PY (fM0H̃fM0 + gM0H̃gM0 + EM0)PY . (7.1)

We want to bound fM0H̃fM0 , gM0H̃gM0 , and EM0 next.
By Lemma 5.1, we have

U∗H̃N U = dΓ(EBog) + T ∗
2 Q4T2 + E(T2). (7.2)

To bound E(T2) from below, we want to use the bound (5.5), the fact that Ran(fM0) ⊂
F⩽M0

+ , and the bound N ⩽ dΓ(−∆) ⩽ dΓ(EBog) on F+. Since we have N ⩽ CM0 on
U∗F⩽M0

+ by Lemma 2.8 and Lemma 4.2, with the choice of the parameters above, we
find the bound

E(T2) ⩾ −CN−κΘ−ϑ dΓ(EBog) − CN−κΘ1−ϑ −
(1

4 + CN−κΘ−ϑ
)

T ∗
2 Q4T2 (7.3)

on U∗F⩽M0
+ . In both cases, we used R−γ ⩽ N−1 ⩽ δα = δβN−η ⩽ δβ ⩽ ℓ = ε2 and

1 − γ + 2γκ = −κ,

−1 − 2κ + 2η

5 + 2κ = −κ +
(13κ − 1 + 2η

5

)
,

N (13κ−1+2η)/5Θ−(1+2ϑ)/5Θ2ϑ ⩽ Θ(1−13ϑ)/5Θ(8ϑ−1)/5 = Θ−ϑ,

Nκ−jηΘϑ ⩽ N−2κΘϑ ⩽ N−κΘ−ϑ,

where the inequality in the second to last line is due to Θ(1−ϑ)/κ ⩽ N . We also used

2γϑ ⩽
3(1 − 12κ)

1 − 2κ
− ϑ ⩽ 1 − ϑ,

which follows from the inequalities ϑ ⩽ 1 − 12κ and κ ⩾ 1/17, in case 1 and

2γϑ = 2 + 2κ

3 = 1 − ϑ

in case 2.
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Thus, for large N , using Q4 ⩾ 0, the lower bound on F+

fM0H̃fM0 ⩾ (1 − CN−κΘ−ϑ)fM0U dΓ(EBog)U∗fM0 − CN−κΘ1−ϑ (7.4)

follows from (7.2) and (7.3).
Using Lemma 6.1 and the fact that supp(gM0) ⊂ {N ⩾ M0/2}, we obtain for large N

on Y ⊂ F⩽N
+

gM0H̃gM0 ⩾ gM0(C−1N − C)gM0 ⩾ gM0(C−1M0 − C)gM0 ⩾ 0. (7.5)

From the bounds (6.3) and (6.4), the fact that Y ⊂ F⩽N
+ , the bound H ⩽ λ1(HN ) +

λL(H̃N ) on Y , and the inequality Θ(1−ϑ)/κ ⩽ N , we have on F+

PY EM0PY ⩾ −CM−2
0 PY (Q4 + N)PY ⩾ −CM−2

0 PY (H + N)PY

⩾ −CM−2
0 (λ1(HN ) + λL(H̃N ) + N)

⩾ −CM−2
0 N = −CN (−1+8κ+2η)/5Θ(4+8ϑ)/5 ⩾ −CN−κΘ1−ϑ.

(7.6)

Inserting (7.4), (7.5), and (7.6) into (7.1), we obtain

λL(H̃N ) ⩾ (1 − CN−κΘ−ϑ)PY fM0U dΓ(EBog)U∗fM0PY − CN−κΘ1−ϑ.

Testing against ξ ∈ Y and taking the supremum, we find

λL(H̃N ) ⩾ (1 − CN−κΘ−ϑ) sup
0̸=ξ∈Y

⟨fM0ξ, U dΓ(EBog)U∗fM0ξ⟩
∥ξ∥2 − CN−κΘ1−ϑ.

For 0 ̸= ξ ∈ Y , we have

∥gM0ξ∥2 ⩽ 2⟨ξ, (N /M0)ξ⟩ ⩽ C⟨ξ, (UH̃N U∗ + C)ξ⟩M−1
0

⩽ C∥ξ∥2(λL(H̃N ) + C)M−1
0 ⩽ C∥ξ∥2ΘN (−3+4κ+η)/5Θ2(1+2ϑ)/5

⩽ C∥ξ∥2N−16/65 ⩽ C∥ξ∥2N−κΘ−ϑ,

where we used gM0 ⩽ 1{N⩾M0/2} in the first, Lemma 6.1 in the second, and the bounds
κ < 1

13 , η ⩽ 1
2 , ϑ ⩽ 1

3 , and 1 ⩽ Θ ⩽ Nκ/(1−ϑ) in the fifth and sixth inequality. This
implies

∥fM0ξ∥2

∥ξ∥2 = 1 − ∥gM0ξ∥2

∥ξ∥2 ⩾ 1 − CN−κΘ−ϑ.

Thus, using that U∗ is unitary, we obtain

λL(H̃N ) ⩾ (1 − CN−κΘ−ϑ) sup
0̸=ξ∈Y

⟨fM0ξ, U dΓ(EBog)U∗fM0ξ⟩
∥fM0ξ∥2 − CN−κΘ1−ϑ

= (1 − CN−κΘ−ϑ) sup
0̸=ξ∈U∗fM0 Y

⟨ξ, dΓ(EBog)ξ⟩
∥ξ∥2 − CN−κΘ1−ϑ.

(7.7)
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We want to show that for N large enough, we have dim(U∗fM0Y ) = dim(fM0Y ) = L. It
is enough to show that fM0 is injective on Y . By contradiction, we assume there exists
ξ ∈ Y with ∥ξ∥ = 1 such that fM0ξ = 0. Using ξ = (f2

M0
+ g2

M0
)ξ = g2

M0
ξ, the bounds

g2
M0

⩽ 1{N⩽M0/2} ⩽ 2(N /M0) and UH̃N U∗ ⩽ λL(H̃N ) ⩽ Θ on Y , and Lemma 6.1, we
obtain

M0 ⩽ 2⟨ξ, N ξ⟩ ⩽ C−1⟨ξ, UH̃N U∗ξ⟩ + C ⩽ C−1Θ + C,

which leads to a contradiction, since we have M0 ≫ Θ. Thus, by the min-max principle,
we have

sup
0̸=ξ∈U∗fM0 Y

⟨ξ, dΓ(EBog)ξ⟩
∥ξ∥2 ⩾ λL(dΓ(EBog)).

Inserting this into (7.7), we obtain

λL(H̃N ) ⩾ (1 − CN−κΘ−ϑ)λL(dΓ(EBog)) − CN−κΘ1−ϑ.

From this and the bound λL(H̃N ) ⩽ Θ, we get λL(dΓ(EBog)) ⩽ CΘ and hence,

λL(H̃N ) ⩾ λL(dΓ(EBog)) + O(N−κΘ1−ϑ).

Proof of the upper bound on λL(H̃N ). For L ⩾ 1, the eigenvalue λL(dΓ(EBog)) is
associated with a normalized eigenfunction of the form

ξL =
k∏

j=1

(a∗
pj

)nj√
nj ! Ω,

for some pj ∈ Λ∗ \ {0} and k, nj ∈ N. Here, Ω = (1, 0, 0, . . . ) ∈ F is the vacuum. Let
Y = span{ξn}1⩽n⩽L be the space generated by the first L eigenfunctions of dΓ(EBog)
and denote by PY the orthogonal projection onto Y . By Lemma 2.8 and Lemma 4.2, we
have

PY U∗N UPY ⩽ CPY (N + 1)PY ⩽ CPY

(
dΓ(EBog) + 1

)
PY

⩽ C
(
λL(dΓ(EBog)) + 1

)
⩽ CΘ ⩽ N,

for N large enough. Here we used λL(dΓ(EBog)) ⩽ CΘ, which follows from the lower
bound on λL(H̃N ). Since U is a unitary operator on F+, this shows that UY ⊂ F⩽N

+ and
we have dim UY = dim Y = L. Thus, by the min-max principle and (7.2), we obtain

λL(H̃N ) ⩽ sup
0̸=ξ∈UY

⟨ξ, UH̃N U∗ξ⟩
∥ξ∥2 = sup

0̸=ξ∈Y

⟨ξ, U∗H̃N Uξ⟩
∥ξ∥2

⩽ sup
0̸=ξ∈Y

⟨ξ, dΓ(EBog)ξ⟩
∥ξ∥2 + sup

0̸=ξ∈Y

⟨ξ, (T ∗
2 Q4T2 + E(T2))ξ⟩

∥ξ∥2

= λL(dΓ(EBog)) + sup
0̸=ξ∈Y

⟨ξ, (T ∗
2 Q4T2 + E(T2))ξ⟩

∥ξ∥2 .

(7.8)
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It remains to bound T ∗
2 Q4T2 and E(T2) on Y .

By the bound (5.11) and using N ⩽ dΓ(EBog) ⩽ CΘ on Y , we have

PY T ∗
2 Q4T2PY ⩽ CPY Q4PY + CN−1ℓ−2 + CN−1Θ2.

From [11, Lemma 5.3], we obtain

VN (x − y) ⩽ CN−1∥V ∥L1(1 − ∆x)(1 − ∆y).

Therefore, we find the bound

Q4 ⩽ CN−1 dΓ(−∆)2.

With dΓ(−∆) ⩽ dΓ(EBog) ⩽ CΘ on Y , we conclude

PY T ∗
2 Q4T2PY ⩽ CN−1(ℓ−2 + Θ2) ⩽ CN4κ−1Θ4ϑ ⩽ CN−κ. (7.9)

Using (5.5), Ran(PY ) ⊂ F⩽CΘ
+ , the bound N ⩽ dΓ(−∆) ⩽ dΓ(EBog) ⩽ CΘ on Y , and

(7.9), we obtain similarly to (7.3)

PY E(T2)PY ⩽ CN−κΘ1−ϑ +
(1

4 + CN−κΘ−ϑ
)

PY T ∗
2 Q4T2PY ⩽ CN−κΘ1−ϑ. (7.10)

In conclusion, inserting (7.9) and (7.10) into (7.8), we find the desired upper bound

λL(H̃N ) ⩽ λL(dΓ(EBog)) + O(N−κΘ1−ϑ).

This finishes the proof of Lemma 7.1.

To conclude the proof of Theorem 1.1, we note that λ1(dΓ(EBog)) = 0. Hence, by
Lemma 7.1, we have λ1(HN ) = EN + λ1(H̃N ) = EN + O(N−κ) for any admissible
0 ⩽ κ < 1/13, which shows the first part of Theorem 1.1. This, in combination with
Lemma 7.1, also implies the second part of the theorem, since the spectrum of H̃N below
a threshold Θ ⩽ Nκ/(1−ϑ) consists of eigenvalues of the form∑

p∈2πZ3\{0}
np

√
p4 + 16πap2 + O(N−κΘ1−ϑ)

with np ∈ N0 for all p ∈ 2πZ3 \ {0}, where only finitely many np are non-zero, and we
have

λL(HN − λ1(HN )) = λL(H̃N ) + O(N−κ)

for the L-th lowest eigenvalue λL(HN − λ1(HN )) of HN − λ1(HN ) below Θ.
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A Appendix

We will prove some well-known results mentioned in Section 2.2, Section 2.3, and
Section 2.4.

A.1 Proof of Lemma 2.6

We follow the proof in [26, Section 5.2].
Let A be a self-adjoint operator on H with domain D(A) and choose an orthonormal

basis {un}n∈N of H with un ∈ D(A) for all n ∈ N. We denote a♯
n := a♯(un) for ♯ ∈ {∗, ·}.

For the first part of the lemma, it suffices to prove

N∑
i=1

AiΨN =
∞∑

m,n=1
⟨um, Aun⟩a∗

manΨN =
∫

Λ
a∗

xAaxΨN dx (A.1)

for ΨN ∈ D(A1 + · · · + AN ) ⊂ HN . We start by proving the first equality in (A.1). We
compute

(a∗
manΨN )(x1, . . . , xN ) =

N∑
i=1

um(xi)
∫

Λ
un(x)ΨN (x1, . . . , xi−1, xi+1, . . . , xN , x) dx.

Thus, we have
∞∑

m,n=1
⟨um, Aun⟩(a∗

manΨN )(x1, . . . , xN )

=
∞∑

m,n=1
⟨um, Aun⟩

N∑
i=1

um(xi)
∫

Λ
un(x)ΨN (x1, . . . , xi−1, xi+1, . . . , xN , x) dx

=
N∑

i=1

∞∑
m=1

um(xi)
( ∞∑

n=1
⟨Aum, un⟩⟨un, ΨN (x1, . . . , xi−1, xi+1, . . . , xN , ·)⟩

)

=
N∑

i=1

∞∑
m=1

um(xi)⟨Aum, ΨN (x1, . . . , xi−1, xi+1, . . . , xN , ·)⟩

=
N∑

i=1

∞∑
m=1

um(xi)⟨um, AΨN (x1, . . . , xi−1, xi+1, . . . , xN , ·)⟩

=
N∑

i=1
AiΨN (x1, . . . , xN ).
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The second equality in (A.1) follows from

∞∑
m,n=1

⟨um, Aun⟩a∗
manΨN =

∞∑
m=1

∞∑
n=1

⟨Aum, un⟩
∫

Λ
un(y)a∗

mayΨN dy

=
∞∑

m=1

∫
Λ

Aum(y)a∗
mayΨN dy

=
∫

Λ
a∗

x

∞∑
m=1

(∫
Λ

um(y)AayΨN dy

)
um(x) dx

=
∫

Λ
a∗

xAaxΨN dx.

Let W ∈ L1(R3) be an even, real-valued function. We think of W := W (x − y) as a
two-body translation invariant multiplication operator on H ⊗ H with domain D(W ).
Choose an orthonormal basis {un}n∈N of H with um ⊗ un ∈ D(W ) for all n, m ∈ N. For
the second part of the lemma, it suffices to prove

2
〈

ΦN ,
∑

1⩽i<j⩽N

WijΨN

〉
=
〈

ΦN ,
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩a∗

ma∗
napaqΨN

〉

=
〈

ΦN ,

∫
Λ2

W (x − y)a∗
xa∗

yaxayΨN dx dy

〉 (A.2)

for ΦN , ΨN ∈ D
(∑

1⩽i<j⩽N Wij
)

⊂ HN . To prove the first equality in (A.2), we compute

(apaqΨN )(x1, . . . , xN ) =
√

N(N − 1)
∫

Λ2
up(y)uq(z)ΨN (x1, . . . , xN−2, y, z) dy dz.

Therefore, using that {um ⊗ un}m,n∈N is an orthonormal basis for H ⊗ H, we have

〈
ΦN ,

∞∑
m,n,p,q=1

⟨um ⊗ un, Wup ⊗ uq⟩a∗
ma∗

napaqΨN

〉

=
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩⟨amanΦN , apaqΨN ⟩

= N(N − 1)
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩

×
∫

ΛN−2

(∫
Λ2

um(y)un(z)ΦN (x1, . . . , xN−2, y, z) dy dz

)
×
(∫

Λ2
up(y)uq(z)ΨN (x1, . . . , xN−2, y, z) dy dz

)
dx1 . . . dxN−2

= N(N − 1)
∞∑

p,q=1

∫
ΛN−2

(∫
Λ2

W (y − z)up(y)uq(z)ΦN (x1, . . . , xN−2, y, z) dy dz

)
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×
(∫

Λ2
up(y)uq(z)ΨN (x1, . . . , xN−2, y, z) dy dz

)
dx1 . . . dxN−2

= N(N − 1)
∫

ΛN
ΦN (x1, . . . , xN−2, y, z)W (y − z)ΨN (x1, . . . , xN−2, y, z)

= N(N − 1)⟨ΦN , WN−1,N ΨN ⟩ = 2
〈

ΦN ,
∑

1⩽i<j⩽N

WijΨN

〉
.

For the second equality in (A.2), again using that {um ⊗ un}m,n∈N is an orthonormal
basis for H ⊗ H, we compute〈

ΦN ,
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩a∗

ma∗
napaqΨN

〉

=
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩⟨amanΦN , apaqΨN ⟩

=
∞∑

m,n,p,q=1
⟨um ⊗ un, Wup ⊗ uq⟩

∫
Λ2

um(x)un(y)⟨axayΦN , apaqΨN ⟩ dx dy

=
∞∑

p,q=1

∫
Λ2

W (x − y)up(x)uq(y)⟨axayΦN , apaqΨN ⟩ dx dy

=
∫

Λ2

〈
axayΦN , W (x − y)

∞∑
p,q=1

(∫
Λ2

up(z)uq(v)azavΨN dz dv

)
up(x)uq(y)

〉
dx dy

=
∫

Λ2
⟨axayΦN , W (x − y)axayΨN ⟩ dx dy

=
〈

ΦN ,

∫
Λ2

W (x − y)a∗
xa∗

yaxayΨN dx dy

〉
This finishes the proof of Lemma 2.6.

A.2 Action of the unitary transform U

In this section, we want to prove the identities in (2.11). We start by proving

Ua∗(f)a(g)U∗ = a∗(f)a(g)

for f, g ∈ H+. Let ξ = (ξ0, . . . , ξN ) ∈ F⩽N
+ . Using the CCR, we have

Ua∗(f)a(g)U∗ξ = Ua∗(f)a(g)
N∑

k=0

(a∗
0)N−k√

(N − k)!
ξk

= U
N∑

k=0

(a∗
0)N−k√

(N − k)!
a∗(f)a(g)ξk

=
N⊕

j=0
Q⊗j aN−j

0√
(N − j)!

N∑
k=0

(a∗
0)N−k√

(N − k)!
a∗(f)a(g)ξk
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=
N⊕

k=0
Q⊗k aN−k

0 (a∗
0)N−k

(N − k)! a∗(f)a(g)ξk

=
N⊕

k=0
a∗(f)a(g)ξk = a∗(f)a(g)ξ.

Since N ≡ N on HN , we can deduce

Ua∗
0a0U∗ = N −

∑
p∈Λ∗\{0}

Ua∗
papU∗ = N −

∑
p∈Λ∗\{0}

a∗
pap = N − N

on F⩽N
+ .

A similar computation as before yields

Ua∗(f)a0U∗ξ = Ua∗(f)a0

N∑
k=0

(a∗
0)N−k√

(N − k)!
ξk

= Ua0

N∑
k=0

(a∗
0)N−k√

(N − k)!
a∗(f)ξk

=
N⊕

j=0
Q⊗j aN−j+1

0√
(N − j)!

N∑
k=0

(a∗
0)N−k√

(N − k)!
a∗(f)ξk

=
N⊕

k=0
Q⊗k+1 aN−k

0 (a∗
0)N−k√

(N − k − 1)!(N − k)!
a∗(f)ξk

=
N⊕

k=0
a∗(f)

√
N − kξk

= a∗(f)
√

N − N ξ

for f ∈ H+ and ξ = (ξ0, . . . , ξN ) ∈ F⩽N
+ .

Finally, we have

Ua∗
0a(g)U∗ =

(
Ua∗(g)a0U∗)∗ =

(
a∗(g)

√
N − N

)∗ =
√

N − N a(g)

on F⩽N
+ for g ∈ H+.

A.3 Construction of the quadratic transform

Our construction for the quadratic transform in Section 2.4 is similar to the one in [26,
Section 6.3]. We start by proving the Duhamel formula.

Lemma A.1 (Duhamel formula). Let H be a Hilbert space and A : D(A) → H a densely
defined operator on H , such that iA is self-adjoint. Let B : D(B) → H be another
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densely defined operator on H and let D ⊂ D(A) such that etA(D) ∪ AetA(D) ⊂ D(B)
and BetA(D) ⊂ D(A) for t ∈ [0, 1]. Then, we have for x, y ∈ D

⟨y, (e−ABeA − B)x⟩ =
∫ 1

0
⟨y, e−tA[B, A]etAx⟩ dt.

Proof. We first show etAx ∈ D(A) for all x ∈ D(A) and t ∈ R. Since iA is self-adjoint,
by the spectral theorem, we can find a measure space (Ω, µ), a measurable function
a : Ω → R, and a unitary operator U : H → L2(Ω, µ), such that UiAU∗ = Ma and
UD(A) = D(Ma) = {u ∈ L2 : au ∈ L2}. Since etA is defined by UetAU∗ = Me−ita and
we have

∣∣e−itau
∣∣ = |u| for u ∈ D(Ma), we can conclude that e−itau ∈ D(Ma) for all

u ∈ D(Ma) and hence, etAx ∈ D(A) for all x ∈ D(A).
We define f(t) = ⟨etAy, BetAx⟩ for x, y ∈ D. Since D ⊂ D(A), we have by Stone’s

theorem
d
dt

etAx = lim
s→0

e(t+s)Ax − etAx

s
= AetAx,

where we mean strong convergence. We compute

f ′(t) = ⟨ d
dt

etAy, BetAx⟩ + lim
s→0

⟨etAy,
Be(t+s)Ax − BetAx

s
⟩

= ⟨AetAy, BetAx⟩ + lim
s→0

⟨B∗etAy,
e(t+s)Ax − etAx

s
⟩

= ⟨AetAy, BetAx⟩ + ⟨B∗etAy,
d
dt

etAx⟩

= ⟨AetAy, BetAx⟩ + ⟨B∗etAy, AetAx⟩
= ⟨y, e−tA[B, A]etAx⟩,

where we used A∗ = −A. Applying the fundamental theorem of calculus, we conclude

⟨y, (e−ABeA − B)x⟩ = f(1) − f(0) =
∫ 1

0
f ′(t) dt =

∫ 1

0
⟨y, e−tA[B, A]etAx⟩ dt.

Remark. Let H = F(H) for a closed subspace H ⊂ L2(Λ) and consider a relatively
N -bounded operator A on H , i.e., we have D(N ) ⊂ D(A) and constants C1, C2 > 0
exist, such that for all ξ ∈ D(N )

∥Aξ∥ ⩽ C1∥N ξ∥ + C2∥ξ∥.

Let B be an operator with F⩽N (H) ⊂ D(B) for all N ∈ N, where we used the definition
F⩽N (H) = ⊕N

n=0 H
n for N ∈ N. Additionally, assume there exists M ∈ N such that

A
(
F⩽N (H)

)
∪ B

(
F⩽N (H)

)
⊂ F⩽N+M (H)

for every N ∈ N. In this case, we can choose

D =
∞⋃

N=1
F⩽N (H). (A.3)

We will verify this for the operators considered in the following.
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Let s be a real, symmetric Hilbert–Schmidt operator on the Hilbert space H = L2(Λ).
We want to find a unitary transform T on the Fock space F(H) such that

T ∗a∗(g)T = a∗(c(g)) + a(s(g)), ∀g ∈ H, (A.4)

where c =
√

1 + s2. For that purpose, we define the symmetric operator

iK = i

2

∫
Λ2

k(x, y)(a∗
xa∗

y − axay) dx dy =: iK∗ − iK◦,

where k = sinh−1(s), on the domain D(N ). To justify that iK is well-defined on D(N ),
let ξ′ ∈ F(H) and ξ ∈ D(N ) and note that, using Cauchy–Schwarz, we have∣∣⟨ξ′, iK◦ξ⟩

∣∣ ⩽ 1
2

∫
Λ2

∣∣⟨k(x, y)ξ′, axayξ⟩
∣∣

⩽ C

∫
Λ2

∥∥k(x, y)ξ′∥∥∥axayξ∥

⩽ ηC∥k∥2
HS∥ξ′∥2 + η−1C∥N ξ∥2

⩽ C∥k∥HS∥ξ′∥∥N ξ∥,

where we optimized over η > 0. This implies the bound ∥iK◦ξ∥ ⩽ C∥k∥HS∥N ξ∥.
Similarly, we can show ∥iK∗ξ∥ ⩽ C∥k∥HS∥(N + 1)ξ∥. Hence, iK is well-defined on D(N )
and we have

∥iKξ∥ ⩽ C∥k∥HS∥(N + 1)ξ∥. (A.5)
We want to use [30, Theorem X.36] to show that iK is essentially self-adjoint. Note
that N + 1 is a self-adjoint operator with N + 1 ⩾ 1. We have to verify that for all
ξ′, ξ ∈ D((N + 1)1/2) we have

|⟨ξ′, ξ⟩Q(iK)| ⩽ C∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥ (A.6)

and for all ξ′, ξ ∈ D((N + 1)3/2) we have

|⟨(N + 1)ξ′, ξ⟩Q(iK) − ⟨ξ′, (N + 1)ξ⟩Q(iK)| ⩽ C∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥, (A.7)

where ⟨·, ·⟩Q(iK) denotes the quadratic form associated with iK. Let ξ′, ξ ∈ D(N ). We
compute, using Cauchy–Schwarz,∣∣⟨ξ′, iK◦ξ⟩

∣∣ =
∣∣∣∣⟨(N + 1)1/2ξ′,

i

2

∫
Λ2

k(x, y)(N + 1)−1/2axayξ⟩
∣∣∣∣

⩽ C

∫
Λ2

∥k(x, y)(N + 1)1/2ξ′∥∥(N + 1)−1/2axayξ∥

⩽ ηC∥k∥2
HS∥(N + 1)1/2ξ′∥2 + η−1C∥(N + 1)1/2ξ∥2

⩽ C∥k∥HS∥(N + 1)1/2ξ′∥∥(N + 1)1/2ξ∥,

where we optimized over η > 0. This implies (A.6). Using

[(N + 1), iK] = 2(iK∗ + iK◦),
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this also immediately implies (A.7). Thus, by [30, Theorem X.36], iK is essentially
self-adjoint on D(N ) and therefore, we can define the unitary transform T = exp(K) =
exp(−i(iK)) by the functional calculus. In the following, we will write K instead of K
to simplify notation.

Let N ∈ N and ξ ∈ F⩽N (H). From (A.5), we see that K is bounded on F⩽M (H) for
every M ∈ N. Hence, we can write for j ⩾ 0 and t > 0 small enough

∥N jetKξ∥ =
∥∥∥∥∥

∞∑
m=0

N j tmKm

m! ξ

∥∥∥∥∥
=
∥∥∥∥∥

∞∑
m=0

N j1{N⩽N+2m} tmKm

m! 1{N⩽N}ξ

∥∥∥∥∥
⩽

∞∑
m=0

∥∥∥N j1{N⩽N+2m}
∥∥∥

op

∥∥∥∥ tmKm

m! 1{N⩽N}
∥∥∥∥

op
∥ξ∥

⩽
∞∑

m=0
(N + 2m)j(tC∥k∥HS)m

m∏
n=1

N + 2n

n
∥ξ∥

⩽
∞∑

m=0
(N + 2m)j(tC∥k∥HS)m(N + 2)N

max(N,m)∏
n=N

N + 2n

n
∥ξ∥

⩽
∞∑

m=0
(N + 2m)j(tC∥k∥HS)m(N + 2)N ∥ξ∥ < ∞.

(A.8)

The expression on the right-hand side is finite if |t| < (C∥k∥HS)−1. This shows etK(D) ⊂
D(N j) for |t| < (C∥k∥HS)−1 and all j ⩾ 0, with D as in (A.3). The following lemma
implies that we even have etK(D) ⊂ D for |t| < (C∥k∥HS)−1.
Lemma A.2. Let 0 ⩽ t < (C∥k∥HS)−1. On D, we have the bound

e−tK(N + 1)jetK ⩽ exp(Cj∥k∥HS)(N + 1)j , ∀j ⩾ 1,

where Cj is a constant independent of s.
Proof. To simplify notation, we will write A ⩽ B for ⟨ξ, Aξ⟩ ⩽ ⟨ξ, Bξ⟩ for ξ ∈ D
and A = B for ⟨ξ′, Aξ⟩ = ⟨ξ′, Bξ⟩ for ξ′, ξ ∈ D and operators A and B, that are
well-defined on D, in the following. Let j ⩾ 1. Since we have erK(D) ⊂ D(N j+1),
K(D(N j+1)) ⊂ D(N j), and (N + 1)j(D(N j+1)) ⊂ D(N ) for r ∈ [0, t], Lemma A.1 can
be applied. We obtain

e−tK(N + 1)jetK = (N + 1)j +
∫ t

0
e−rK [(N + 1)j , K∗ − K◦]erK dr

= (N + 1)j +
∫ t

0
e−rK

(
K∗((N + 3)j − (N + 1)j)+ h.c.

)
erK dr,

where we used N K∗ = K∗(N + 2). From (A.5) we have
∥∥K(N + 1)−1∥∥

op ⩽ C∥k∥HS.
Using this and the bound (N + 3)j − (N + 1)j ⩽ Cj(N + 1)j−1, we obtain

e−tK(N + 1)jetK ⩽ (N + 1)j + Cj∥k∥HS

∫ t

0
e−rK(N + 1)jerK dr.
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Defining u(r) = ⟨ξ, e−rK(N + 1)jerKξ⟩ for ξ ∈ D, we have

u(t) ⩽ ⟨ξ, (N + 1)jξ⟩ + Cj∥k∥HS

∫ t

0
u(r) dr.

Since u(r) is finite for all r ∈ [0, t] by (A.8), we can apply the Grönwall lemma and obtain

⟨ξ, e−tK(N + 1)jetKξ⟩ ⩽ exp(Cj∥k∥HS)⟨ξ, (N + 1)jξ⟩.

Since this lemma implies etK(D) ⊂ D for 0 ⩽ t < (C∥k∥HS)−1, we obtain the bound

e−ntK(N + 1)jentK ⩽ exp(nCj∥k∥HS)(N + 1)j (A.9)

on D by iteration, for all j ⩾ 1 and n ∈ N. Thus, we have etK(D) ⊂ D for all 0 ⩽ t < ∞.
In particular, this allows us to repeat the proof of Lemma A.2 for t = 1, which, using
∥k∥HS ⩽ ∥s∥HS, shows Lemma 2.8.

We can now prove (A.4). Let g ∈ H. First, let us compute

[a∗(g), K] = [a∗(g), K∗ − K◦] = −[a∗(g), K◦] = −1
2

∫
Λ2

k(x, y)[a∗(g), axay]

= 1
2

∫
Λ2

k(x, y)g(x)ay + 1
2

∫
Λ2

k(x, y)g(y)ax =
∫

Λ2
k(x, y)g(y)ax = a(k(g)),

where we used the fact that k is real and symmetric. Similarly, we obtain

[a(g), K] = a∗(k(g)).

We want to justify (A.4) by repeatedly using the Duhamel formula from Lemma A.1.
Let ξ′, ξ ∈ D. Note that creation and annihilation operators satisfy the properties of
B in Lemma A.1 and K satisfies the requirements for A, since iK is self-adjoint and
K(D) ∪ etK(D) ⊂ D holds for t ∈ [0, 1]. Hence, by Lemma A.1, we have

⟨ξ′, T ∗a∗(g)Tξ⟩ = ⟨ξ′, a∗(g)ξ⟩ +
∫ 1

0
⟨ξ′, e−tK [a∗(g), K]etKξ⟩ dt

= ⟨ξ′, a∗(g)ξ⟩ + ⟨ξ′, a(k(g))ξ⟩ +
∫ 1

0

∫ t0

0
⟨ξ′, e−t1Ka∗(k(2)(g)

)
et1Kξ⟩ dt1 dt0.

By iterating, we obtain for every m ∈ N

⟨ξ′, T ∗a∗(g)Tξ⟩ = ⟨ξ′, a∗
(( m∑

n=0

k(2n)

(2n)!

)
(g)
)

ξ⟩ + ⟨ξ′, a

(( m∑
n=0

k(2n+1)

(2n + 1)!

)
(g)
)

ξ⟩

+
∫ 1

0

∫ t0

0
· · ·
∫ t2m

0
⟨ξ′, e−t2m+1Ka∗(k(2m+2)(g)

)
et2m+1Kξ⟩ dt2m+1 . . . dt1 dt0. (A.10)
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We need the following inequalities to show that the right-hand side converges as m → ∞.
Let ξ ∈ D(N 1/2) and write ξ = (ξ0, ξ1, . . . ), with ξn ∈ Hn. We have

∥a(g)ξ∥2 =
∞∑

n=1
∥a(g)ξn∥2

Hn−1 =
∞∑

n=1

∫
Λn−1

∣∣∣∣√n

∫
Λ

g(xn)ξn(x, xn) dxn

∣∣∣∣2 dx

⩽
∞∑

n=1
∥g∥2

H

∥∥√nξn

∥∥2
Hn ⩽ ∥g∥2

H

∞∑
n=1

∥N 1/2ξn∥2
Hn

= ∥g∥2
H

∞∑
n=0

∥N 1/2ξn∥2
Hn = ∥g∥2

H∥N 1/2ξ∥2.

Similarly, using
a(g)a∗(g) = ∥g∥2

H + a∗(g)a(g),

we obtain
∥a∗(g)ξ∥ ⩽ ∥g∥H∥(N + 1)1/2ξ∥.

In particular, these inequalities imply that g 7→ a♯(g)ξ is continuous for ξ ∈ D(N 1/2) and
♯ ∈ {·, ∗}. Using the Taylor series for cosh and sinh, shows that the first two terms on
the right-hand side of (A.10) converge. It remains to prove that the last term in (A.10)
vanishes as m → ∞. We compute∣∣∣∣∫ 1

0

∫ t0

0
· · ·
∫ t2m

0
⟨ξ′, e−t2m+1Ka∗(k(2m+2)(g)

)
et2m+1Kξ⟩ dt2m+1 . . . dt1 dt0

∣∣∣∣
⩽
∫ 1

0

∫ t0

0
· · ·
∫ t2m

0
∥et2m+1Kξ′∥∥a∗(k(2m+2)(g)

)
et2m+1Kξ∥ dt2m+1 . . . dt1 dt0

⩽
∫ 1

0

∫ t0

0
· · ·
∫ t2m

0
∥ξ′∥∥k(2m+2)(g)∥H∥(N + 1)1/2et2m+1Kξ∥ dt2m+1 . . . dt1 dt0

⩽ Cξ′,ξ∥g∥H
∥k∥2m+2

op
(2m + 2)!

m→∞−−−−→ 0,

where Cξ′,ξ > 0 is a constant depending on ξ′ and ξ. Here we used that ∥(N +
1)1/2et2m+1Kξ∥ can be bounded uniformly in t2m+1 ∈ [0, 1] by (A.9), since we chose
ξ ∈ D. In conclusion, letting m → ∞ in (A.10), we obtain

⟨ξ′, T ∗a∗(g)Tξ⟩ = ⟨ξ′,
(
a∗(cosh(k)(g)) + a(sinh(k)(g))

)
ξ⟩ = ⟨ξ′,

(
a∗(c(g)) + a(s(g))

)
ξ⟩

for all g ∈ H and ξ′, ξ ∈ D.
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