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Abstract

Following the strategy in [28], as well as using ideas from [16] and [17], we prove
the low-energy excitation spectrum for Bose gases in the Gross—Pitaevskii regime in
the 3-dimensional box [—1/2,1/2]® with periodic boundary conditions and provide an
expansion of the ground state energy, extending previous results from [2, 17] to repulsive
L' interaction potentials that are not necessarily compactly supported or spherically
symmetric. Our main theorem is valid under the assumptions that there is Bose-Einstein
condensation and that the leading order term of the ground state energy is 4maN, where a
denotes the scattering length of the interaction potential. It only applies if the interaction
potential decays sufficiently fast.
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1 Introduction

The ideal gas has been well understood since the pioneering works of Bose and Einstein
in 1924 [5, 9]. Einstein applied ideas used by Bose for photons to a gas of atoms
and later predicted Bose—Einstein condensation [10]. Roughly speaking, Bose-Einstein
condensation occurs when many bosons occupy the same quantum state at very low
temperatures, which allows for effects like superfluidity.

The rigorous understanding of interacting Bose gases remains an important problem.
In 1947, the theory of interacting Bose gases was first introduced by Bogoliubov [4],
where he proposed an approximation of the low-lying excitation spectrum, which he
used to justify Landau’s criterion for superfluidity [18]. Namely, Bogoliubov discovered
that the excitation spectrum behaves linearly in p for small momenta p, which predicts
superfluidity by Landau’s criterion.

The first experimental observations of Bose-Einstein condensation were made in 1995
[1, 7] and were awarded the Nobel prize in 2001. These experimental breakthroughs
renewed the interest in formulas for the ground state of dilute Bose gases, like the ones
used in the experiments. In 1957, Dyson proved the upper bound for the leading order
term of the ground state energy of a hard-sphere gas [8]. The lower bound was proved
in 1998 by Lieb and Yngvason [25]. The Gross—Pitaevskii equation for the ground state
energy of trapped Bose gases [14, 15, 29] was rigorously justified by Lieb, Seiringer, and
Yngvason in 2000 [24].

For the first time in 2011, the Bogoliubov excitation spectrum was justified by Seiringer
for the homogeneous Bose gas on the torus in the mean-field regime [31]. Boccato,
Brennecke, Cenatiempo, and Schlein extended this result to the Gross—Pitaevskii regime
[2]. This result was further extended to trapped systems in R? independently by Brennecke,
Schlein, and Schraven [6] and Nam and Triay [28]. A shorter proof for the excitation
spectrum of the homogeneous gas on the torus in the Gross—Pitaevskii regime for a more
general class of interaction potentials was provided by Hainzl, Schlein, and Triay [17].
While the interaction range is long in the mean-field regime and the interaction strength
is weak, in the Gross—Pitaevskii regime, the interaction range is short and the interaction
strength is strong. Hence, the Gross—Pitaevskii regime is a model for dilute systems,
such as the gases considered in the experiments [1, 7]. Because of the strong correlation
between the particles at short distances, a subtle correction in Bogoliubov’s theory is
required, which makes the analysis more challenging.

We consider a Bose gas on the torus in the Gross—Pitaevskii regime, i.e., the scaling of
the interaction potential of the Bosons is explicitly given by N2V (N-). Following the
approach in [28] and using ideas from [16] and [17], we extend the results obtained in
[2, 17] to repulsive, not necessarily compactly supported or radial L' potentials. In the
following section, we present the precise setting and the main theorem we intend to prove.



1.1 Bose gases in a box

We consider a Bose gas consisting of N particles in a box A = [~1/2,1/2]3 with periodic
boundary conditions. The Hamilton operator acting on (X)S]/\yfm L?(A), the space of square
integrable permutation symmetric functions of NV variables x; € A, is given by

N
Hy=> —-Ai+ > Vn(zi—x)), (1.1)
i=1

1<i<j<N

where Viy € L'(A) is the periodization of Viy = N2V(N-) for some even function
0< Ve L'(R3), ie., B
Vn(x) = Z Vn(z + 2).
2€Z3
Since Hp is non-negative, it can be defined as self-adjoint using Friedrichs’ method. We
denote the periodization of 1% by V and we assume that V satisfies

IVigorel <CR™ (1.2)

for all R > 0, some v > 1, and some constant C'. This condition is satisfied, for example,
if V decays at least like |z|™>77.
We define the scattering length a > 0 of V' through

8ra — inf{/RS(mw(m)F TV @)L~ p(@)) de - o € H (%)}, (1.3)

where H'(R3) := {p € LL _(R3) : |V¢l/;2 < 0o and limy| 00 ¢o(x) = 0} is the homo-
geneous Sobolev space. Here, limp, o ¢(2) = 0 means that {z € R? : [p(x)| > a}
has finite measure for all a > 0. H'(R?) is a Hilbert space with the inner product
(-, = (V-, V) 2. A proof for the completeness of H'(R?) can be found, for example,
in [13, Lemma 2.84].

It was proved in [25] that, if V is radial and has compact support, the ground state

energy A\ (Hy) of Hy satisfies
M (Hy)

lim

N—oo

= 4ra. (1.4)

That means the leading order of the ground state energy of Hy depends only on the
scattering length of V.

In [22] was proved that, for radial V, the ground state Uy exhibits complete Bose—
Einstein condensation (BEC) in the zero-momentum state ug = 1, i.e.,

lim (Un,a*(ugp)a(ug)¥y)
N—o0 N

=1, (1.5)

where a* and a are the creation and annihilation operators on Fock space defined in
Definition 2.5. This even holds for every normalized sequence V¥ of approximate ground
states in the sense that (Un, HyU ) = A1 (Hy) + o(N).



In the following, we make the assumptions that for the chosen potential V' (1.4) holds
and we have BEC, i.e., for any normalized sequence W, which satisfies (U, Hy¥y) =
A (Hn)+o(N), (1.5) holds. We need these assumptions to prove the optimal convergence
rate for BEC in Chapter 6.

The main result we want to prove provides more information about the low-energy
spectrum of Hy.

Theorem 1.1. Let 0 < k < 1/13 such that (1.2) is satisfied for

1+ &k
1—2k

’}/:

Denote by A1 (Hy) the ground state energy of Hy with Hy defined as in (1.1). We have

1 (87a)?
_ 2 2 K
M(Hy) =4ma(N—1)+epa _’_72 E (\/104 + 16map?—p°—8ma+ 952 )—1—(’)(]\7 ),

pe2rZ3\{0}

eA:4</dp+z€Zg§%{o}/( 1>dp>

Moreover, the spectrum of Hy — A (Hy) below a threshold 1 < © < NEA=0) consists of

eigenvalues of the form
Z np\/pt + 16map? + O(N~*01~7)

pe2nZ3\{0}

where

with ny, € No for all p € 2773\ {0}, where only finitely many n, are non-zero. We can
choose 0 < ¥ < 1 — 12k arbitrarily for v € [6/5,14/11) and

1 -2k
3

¥ =

for v €[1,6/5).

Remark. We want to show the connection of the Gross—Pitaevskii regime to the
thermodynamic limit. In 1957, Lee, Huang, and Yang [19] predicted that the ground
state energy per unit volume of dilute Bose gases with density p > 0 interacting through
a hard-sphere potential with scattering length ag > 0 is of the form

Ey = 4magp? ( 1;2\5}\/;?) (1.6)

and the low-lying eigenvalues are of the form

Eo+ Z npy\/p* + 167agpp?, n, € Ny, (1.7)

p#0



up to errors in the dilute limit paj — 0. These formulas are expected to hold for a large
class of repulsive interaction potentials with scattering length ag > 0. To describe such a
system of n Bosons, a Hamilton operator of the form

H, 1= Z —A; + Z V(z; — xj)
1<i<j<n
is used, which acts on @gyp, L?(Ap), with Ay = [~L/2,L/2]3. One is interested in the
thermodynamic limit n — oo, nL™3 — p of the eigenvalues of such an operator. To
obtain lower bounds on the eigenvalues, A; can be divided into smaller boxes with
sidelength ¢, which is done, for instance, in [12, 25] for the ground state energy and in
[16] for the excitation spectrum. It suffices only to consider A, = [—£/2,¢/2] with N

particles and the Hamilton operator Hy ¢ acting on ®é¥,m L? (A¢). Hn can be rescaled
to obtain an operator on ®é\}7,m L%(A), namely

CTHy T} = Z —Ai+ Y Vi(wi — ),

1<i<j<N

where we used the unitary rescaling transform 7,¥ = ¢3V/2¥(¢.). By choosing the
Gross—Pitaevskii length scale (also called healing length)

1
VP

the scaling of the interaction potential of this operator is the Gross—Pitaevskii scaling.
In fact, we have p = Nﬁa% and hence, fgp = Nayg.

We want to compare our result Theorem 1.1 with the formulas (1.6) and (1.7), see
also [2] for more details. Using that the scattering length of Vi is given by ap = a/N
and the particle density in A is p = IV, we notice that the ground state energy and the
low-lying eigenvectors of Hpy coincide with the Lee-Huang—Yang formulas up to an error
O(1). Replacing the sum over p € 2rZ3 \ {0} in the formla for the ground state energy
in Theorem 1.1 with (27)~2 times an integral over R? yields

1 87a)?
- > <\/p4 + 16map? — p* — 8ma + ( m;) )
2p

2 p€271'Z3\{0}

lgp =

2

(87ra)2> dp

( pt + 16map? — p° — Swa +
2p?

32

128 /B
= dma- 15f

= dmagp® - m\/ pag,

which is the second order term in (1.6). This and the term proportional to ey, which
arises due to the finiteness of A as a correction to the scattering length a, lead to an error
term of order 1. To better control the boundary effects and make the Lee-Huang—Yang
formulas visible, a larger length scale £ > fgp is necessary.




1.2 Proof strategy
We can write every ¥ € ®é\}7,m L?(A) as
U= ufNe+uiN T @G+ ufN P @ b 4+

where ug = 1 is the condensate, &, € ({UO}L)(@Sn forn=1,...,N,and & € C. Asin
[28], we will start by conjugating Hy with the unitary operator U : ®é\£,m 2(A) — ]:fN,
U — (&o,...,&N), where ]-"fN is the truncated Fock space introduced in Section 2.3.
The operator U is used to map the creation and annihilation operators a*(ug) and a(ug)
to /N — N, where N is the number operator introduced in Section 2.2. Due to the
complete BEC, N — A is approximately equal to v/ N. Hence, U is a tool to rigorously
implement the c-number substitution in Bogoliubov’s approximation. Using the Fock
space formalism, which we will recall in Section 2.2, we will obtain

N—1~
UHNU* = 1SNHISN ~ 15V <2V(O) +dT(=A) + Hy + Q2 4+ Q3 + Q4>11§N,

with

Hy = N/2 Vr,n(x —y)aya, dzdy,
A

1

1
Q= 5(¥-=3) [ V@ - yasa, dody + e,

Qs =/(N-N), /A2 VN (x — y)ayaza, dzdy + h.c.,

1 * %
Qi = 3 //\2 VN(x — y)aza,azay dz dy.

Here, ]liN is the projection onto ffN and Vg y is the periodization of N2(1~/]IB(07R))(N-).
The transforms, which we will apply to H next, preserve F, allowing us to estimate all
error terms on JF.

First, we want to conjugate H with a quadratic transform T} as in [28]. To define 77,
we need the solution w to the scattering equation

Aw = %VR(l — W),

where Vi = \7113(0713). We define wy y = x(-/€)w(N-), with x ~ 1) and RN~ <
¢ < 1, and denote the periodization of —Nwy n(z —y) by 51(x,y). Now, we can find a
quadratic transform 77 such that

Tra'(9)Ty = a* (\/1+ 53(9)) +a(s1(3), Vg € LA(A),

where s; = Q¥25; with Q = 1 — |ug){ug|. The projection @) ensures that T} preserves F.
Conjugating with this transform renormalizes Q2 by replacing the short-range potential



VN by a long-range potential €y v = 2A(wy y —w(N-)), and extracts the leading order
term of the ground state energy. We will obtain

1 INé, n(p)|?
TFHT, ~ 4ra(N — 1 ; I'(—A
THT) ~ 4ma( )+ OE /RS 12 dp +dI'(—-A)

+_1q571)+_62grﬂ %—CQgF” %-C?4-+—6é73%
with
H(Tl) dF(NVRN(x— )—i—VR( )—87“13)

Qng) / ZEgN (x —y+ 2z)azgaydedy + h.c.,
2€73

Q" = VN / Vi(@ - y)ajasa, dody + b,
z€Z3

where ag is the scattering length of Vi. The error term SéTl) can only be bounded after
applying the next transform.

With the second transform, we want to renormalize the diagonal quadratic term. We
will use a cubic transform, i.e., a unitary operator of the form e° where S is cubic in
creation and annihilation operators. Similarly to [28] and [16], we choose

S — 0n K" — Ko,
where 0y ~ 1V<M} 1 < M < N, and

K= /A 0 (Qu)a* (kow)a(Qy) do

with k. = N~1/2s,. Again, the projection @ ensures that T, preserves F,. The cut-off
0y allows us to determine the action of T, by simple computations of commutators of
the form [A, S]. S is chosen such that

[AT(—=A) + Q4,5+ Q™ ~ 0
and
Tl / / T.° S|T? dsdt ~ NZEWV P)ayap.
Conjugating with T, yields

TXTYHI T, ~ 4ma(N — 1) + Hpog + Qu,

1 ’Né&]\r p
Hpog = (27)3 /R3 4p? d +I§)P app + — pZ#)WN )(2ayap + apa’, + apa—p).



This essentially puts us in the mean-field regime, so we can diagonalize this operator
with a standard Bogoliubov transform T5. After justifying that we can replace Néy n(p)
with 87a, we will obtain

Ty T Ty HTVT.Ty ~ Ex + dT(Epog),

with
dF(EBog) = Z \/ma;ap,
peA*\{0}
1 8 9
By =dma(N =)+ ead’ + 5 Y (Vo + 16map - —sma+ 00,
peA*\{0} P
1 1 1
en =4 /—dp+ /()dp)
( A D? Zezg,z\{o} A\(p+2)2 22

Finally, the bound
UHNU* > 4raN + C~ N - C

can be shown on ]-"fN , which implies the optimal convergence rate for BEC. This bound
follows from our analysis and the assumptions that the ground state energy of Hy is
given by 4maN + o(N) (1.4) and we have BEC (1.5). We will use this inequality in the
proof of Theorem 1.1 to bound the error terms.

1.2.1 Organization of the proof

We will gather important definitions and lemmas in Chapter 2. More precisely, we will
prove the existence and properties of a minimizer for the variational problem (1.3) in
Section 2.1, we will recall the Fock space formalism in Section 2.2, and we will define
U, recall its properties, and conjugate Hy with it in Section 2.3. In Section 2.4 we
will recall some properties of general quadratic transforms, which will be useful for the
definition of the quadratic transforms 77 and 7. In the remaining chapters, we will prove
Theorem 1.1. The conjugations with 711, 1., and 75 will be carried out in Chapters 3,
4, and b, respectively. Finally, we will provide a proof for the optimal rate of BEC in
Chapter 6, which will be used to conclude the proof of Theorem 1.1 in Chapter 7.

In Chapter A, we will provide proofs for some well-known results recalled in Sections 2.2,
2.3, and 2.4.

1.2.2 Notation

C always denotes a positive constant that only depends on V. We will often omit the
integration variables if there is no ambiguity. For g defined on A2, we will use the
notations g, = g(z,-) and g, = g(-,y). We will use the following convention for the
Fourier transform

a(p) = /9(%)6*”’“ dz, Vge L.






2 Preliminaries

2.1 Truncated scattering solution

It was proven, for example in [23, Appendix C], that (1.3) has a unique real-valued
minimizer 0 < ¢ < 1, which is spherically symmetric if 0 < Vell (R?) is radial and
compactly supported. A similar result for compactly supported 0 < VeL® (Rd) with
d > 3, which is not necessarily radial, was obtained in [27, Theorem 6]. We will adapt
the proof strategy in [27] to prove the following lemma.

Lemma 2.1. Let 0 <V € L' (R?) be even and denote VR = 17113(073) for R>1. The
scattering length ap of Vi defined through

8rap — inf{/R3(2|Vgo(x)|2 T Vr(@)[1 — o(@)?) de : o € H'(®)} (2.1)

satisfies o
87la—ar| <[V = Vgl 1, (2.2)

with a as in (1.3). Moreover, (2.1) has a unique real-valued minimizer w € H'(R?),
which is even, solves the scattering equation

Aw= %VR(l —w) (2.3)

in the sense of distributions, and satisfies the pointwise estimates

for x € R3, and
Veolo)] <

for|z| = 2R, where C is a constant independent of R. Finally, we have
8rap — / Va(l - w). (2.4)
R3

We suppress the R-dependence of w to simplify the notation.

Proof. Consider a minimizing sequence {p, }nen for the functional

£lel = [ CIVe@* + V(@)1 - p(a)) do.



Since &[wy] is bounded, {pn}nen is bounded in H'(R3) and {\/?»R(l — ©n) fnen 1s
bounded in L?(R?). By the Banach-Alaoglu theorem, ¢, — w weakly in H*(R?) and
\/177(1 —n) = \/1773(1 — w) weakly in L2(R3) up to subsequences. This shows that w is
a minimizer, by the weak lower semicontinuity of ||-|| ;1 and [|-]| 2.

Without loss of generality, we can assume that the w is real-valued, since replacing it
by Re(w) does not increase &

8l = ERe()] + [ IV Im(eo(@))* + Vo) lm(w(@)?) do > §[Re(w)].

We can also assume 0 < w < 1, since we can replace w by min(max(w,0),1) without
increasing &.
Consider the functional

Flol = [ @Ve@P + V(@)1 - p@)) da.

Due to the inequality Vg < V, we have &[¢] < .Z|y] for all ¢ € H'(R?). Thus, by
the definitions (1.3) and (2.1) of a and ag, respectively, we have ag < a. Hence, using
8mar = &Jw| and the inequality 8ma < .#[w], we obtain

Srla — an| < Flol - 6wl = [ (7 = Va)(@)|L - w(a)*do < [V = Vil

For the proof of (2.3), note that &[w] < &[w +tp] for t > 0 and p € C(R3). We have

d
0—&(5"[w+tcp]

= 2/ (2Vw - Vi + Ve(w — 1)¢)
t=0 R3

and hence,

1~

in the sense of distributions.

Now we can prove that w is the unique real-valued minimizer of (2.1). Since we have
0<w<1and Vg is non-negative, (2.3) implies Aw < 0, i.e., w is superharmonic. Thus,
by [21, Theorem 9.4], we either have w > 0 or w = 0. Let us first assume w = 0. By
(2.3) this can only be true if Vi = 0. Since every minimizer of (2.1) solves the scattering
equation (2.3), this implies that every minimizer of (2.1) is harmonic. By Harnack’s
inequality [21, Theorem 9.5] and the fact that every minimizer converges to zero and is
bounded, we conclude that w = 0 is the unique minimizer of (2.1). Let us now assume
w > 0. Assume there exists another real-valued minimizer w. We define

h = i\/wQ + &2

V2

10



Observe that h € H'(R3) due to the convexity inequality [21, Theorem 7.8] and the fact
that w, @ € H'(R?). We compute

8rap < &[] = /(2’Vh|2+‘7R’1fh|2)

\

. (IVw]? + [V@|? + Va( 1—\f\/w2+w2+ (W? +3%))

R

1
\ (IVw]? + V@ + Va(l —w — & + 2(w2+&2)))

\

R

(€w] + £[@]) = Brag,

[\D\)—‘

where we used the convexity inequality [21, Theorem 7.8] for the second inequality and

the simple bound
x4y < V24/22 + y?

for any x,y € R, for the third inequality. In particular, equality in the convexity inequality
holds. Due to [21, Theorem 7.8] and the fact that w > 0, this implies @ = ¢ - w for some
constant c¢. Note that both w and @ solve the scattering equation (2.3). If we had ¢ # 1,
this would imply Vr = 0, which is not possible, since in this case w = 0 would be the
unique minimizer of (2.1). Therefore, w is the unique real-valued minimizer of (2.1).

Since Vg is even, we observe that @ := w(—-) also minimizes (2.1). Since w is the
unique real-valued minimizer, this implies that w is an even function.

Let
1 1

4 [z —y]

Gy(z) =

be the Green’s function. Since w is a nonnegative superharmonic function, i.e., w > 0
a.e. and Aw = —1Vg(1 —w) < 0 in the sense of distributions, by [21, Theorem 9.6],
i = —Auw is a positive Borel measure on R? and

o@) = [ Gyla)du(y) (2:5)

is finite for a.e. z € R? and satisfies w = @ + C a.e. for a constant C > 0. Both w and @
converge to 0 as |z| — oo and are therefore equal. Since Vg is supported in B(0, R), we
have u(A) = n(AN B(0, R)) for every Borel measurable set A and thus, for |z| > 2R we
obtain

1 1 11 ||
S duly) < = =t 4
(o) = 7 [y gy ) ra:\47r/3<o,3 =T Hw
11
= |z 4m

~ 1 11
Va(l — W) (y)dy < — —||V/ ,
L V(1 =)0y < o Vil < P

where we used Vz(1 — w) < Vg. This implies for z € R3

w(x) <

|z +1°

11



since we have 0 < w < 1. From (2.5), we obtain for |z| > 2R

1 (Ve(1 —w) ()
Vw(x :——/ — > (x —y)dy.
Similarly to before, this implies
C
Vw(z)| < —3
|z

for |x| > 2R.

Let 0 < x < 1 be smooth, radial, x(z) =1 if |z| < 1/2 and x(z) = 0 if |x| > 1. Define
wy = x(-/r)w. It can be shown (see, e.g., [13, proof of Lemma 2.81]) that w, — w in
H'(R?). Since we have w, € H'(R?), we can find sequences {@%r)}neN C C(R3) such
that gog) — w, in H'(R?). Hence, we can rewrite the scattering length

87raR:/3(2|Vw!2+173|1—w|2) = lim [ (2Vw-Vw, + Vz|l —w|?)
R

T—00 RS

= lim (2Vw - Vo) + Vgl —w|?) = lim (20(=Ap!) + Vg[1 — w]?)
rn—0o [p3 rn—oo Jp3

= lim (Va(1 —w)o + Vgl —w]?) = lim [ (Vr(l —w)w, + V|1 —w|?)

TnN—0o0 JRr3 T—00 JR3
:/ (VR(1—w)w+f/R|1—w|2)=/ Va(l —w),
R3 R3

where we used that w minimizes (2.1) in the first equation and (2.3) in the fifth equation.
The second to last equation follows by dominated convergence since w, — w pointwise
and |Vg(1 — w)w,| < Vg € L'(R3). O

Note that by (1.2) and (2.2), we have
la —ar| < CR™. (2.6)

We will denote the periodization of Vi by Vg and the periodization of 1737 N =N 2YN/R(N )
by VrnN.
As in [28, Section 2.2], we want to use a modified version of w with a cut-off. For

ARN™' <t < 1/2,

we define
wen(2) = x(x/0)w(Nx),

where 0 < x < 1 is smooth, radial, x(z) =1 if || < 1/2 and x(z) = 0 if |z| > 1. Using
the notation wy = w(N-) and xy = x(-/¢), we obtain

—QALU(’N = VRJ\](I — wN) — 547]\] (27)
in the sense of distributions, with

e, N = 20(we Ny —wn) = 4Vwn - Ve + 2wy Axy, (2.8)

12



since Awy = 0 outside of B(0, RN~!) c B(0,¢/2). Note that e,y € C(R?), since
e¢,n has support in {£/2 < |z| < £} and wy is harmonic, and hence smooth, outside of
B(0,£/2). Both wy y and e,y are even and satisfy the following properties.

Lemma 2.2 (Properties of ¢/ y and wy n). Let £ > ARN~L. We have for x € R?

Cliei<ey CN1 a0y
0<w r) < ———, |Vw z)| < |Vwn(x)|1 i ——,
o.N () Na|+1 [Vwen (@) < [Von ()| Ljz1<2rN-1} NaP +1
Nlegn(@)] < CO 1 yp0<)01<0}-
Moreover,
lwen |l < CNTH2, lwe 2 < CNTLE2,
Vel < CNYY, IVON L3720, 2rN-1)) < N,
INeen 2 < CEPP2, INAeg Nl < CE2
and
/ N€g7N = 87TCIR.
RS
Proof. We will use
C
O<w(z) < —— and |Vw(z)| < |Vw(z)|l 4+ —
(2) Er [Vw(z)| < [Vw(z)|L{jz<2r) R

for z € R3, from Lemma 2.1. Since |y, < 1yjz<ey and [Vixe| < Cf_lﬂ{g/2<|m|<g}, we have

0< < —
we.n () INz| + 1

for z € R?, and

Cl M M pclei<y | ONaicpy

Vwen(z)] <
< Vpgaicy | ONLpicy  ONLaicn
|Nz|* + N¢ INz[* 4+ 1 INz[* + 1

for |z| > 2RN~!. Using this, the pointwise bound on Vwy y now follows from the fact
that Vwyn = Vwy on {|z] < 2RN~'} C {|z| < £/2}. The pointwise bound on &/ y
follows from (2.8), the bounds |Vy,| < 06*1]1{5/2<|$|<4} and |Axe| < C’E*ZIL{K/KMQ},
and the fact that

C CN
lwny(z)] € —— and |Vwy(z)| <

< —— 2.9
|Nz| |Nz|? (2.9)

on {¢/2 < |z| < t}.
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For the bound on |lwy n|;1, we compute

C 1
[wenll 1 < N {||I|’<Z} de < CN~L2,
R3 x

Similar computations yield the bounds on [jwe,n| ;> and [[Negn| ;.. The bound on
[Vwe N ;1 also follows similarly, in combination with

IVwe Nl L1 Bo2rN-1)) = IVON I L 028N 1)) = IVl L1 (o.2ryN 2

We can bound [|Vwn || 13/2(p(o.2rN-1)) by using

HVUJN||L3/2(B(O,2RN*1)) = HVW||L3/2(B(0,QR))N_1'

For the last two bounds, we used that |Vwl| ;1o 2r)) < 00 and [[Vwl[ps/2(5(02r)) < o,
which follows from Vw € L?(R3). Recall that &4y is smooth. With (2.8) and the fact
that wy is harmonic inside the support of &/, we can compute

Aeg’]v = 8Vuwy - V(AXg) + QWNAQXg =8Vwny - V(AXg) + QLL)NJAQX[.

We have the bounds |V (Axy)| < C’E*?’]l{g/ggx‘g} and |A?y,| < C€*4ﬂ{5/2<|x|<g}. In
combination with the bounds on |lwy x|/, and [[Vwy x||, 1, this implies [|[NAe n|[; 1 <
cr2.

By (2.3), we have the scattering equation

—2AwN = VR,N(l — wn)

in the sense of distributions. Using this, (2.8), the fact that x, € C2°(R3), and (2.4), we
obtain

/ N&‘g’N = N/ (4VwN . VX@ + QWNAXg) = N/ 2wN(—AXg)
R3 R3 R3
:N/ ‘N/R,N(l—wN):/ VR(l—w):SﬂaR,
R3 R3

where we used that VR,N(l — WN)Xe = 1737]\/(1 — wpy) by the choice £ > 4RN L. O

2.2 Fock space formalism

In the following, let ) be a subspace of L2(A).
Definition 2.3. Let n € N. Then we define

n
H =),
sym
the space of permutation symmetric functions ¥ € §%" of n variables z; € A, i.e.,
\I/(:Ul, “eey xn) = \I/([I}U(l), oo ,.%‘o.(n))

for all permutations o € .S,,. For n = 0 we define $" := C.

14



Definition 2.4 (Fock space). We define the bosonic Fock space
F(9H) = @ n".
n=0

For € = (£,)5%, € F(9) we define the norm H'H]—‘(ﬁ) on F(9) by

Hf”;—'(ﬁ) = ZH&TIH?’)"'
n=0

Definition 2.5 (Creation and annihilation operators). Let g € §). We define the creation
operator a*(g) and the annihilation operator a(g) on F($) by

n+1

(@ @) 150 0) = g D W i 1),
(@(g) D) (21, -, 2n1) = \/ﬁ//\m\ﬁ(ml,...,xn) dz,,

for all ¥ € H", n € N. Additionally, we define the operator valued distributions a} and
agz with x € A such that

@'(9) = [ g@aide, al9)= [ g@a,de, Ve s.

These operators satisfy the canonical commutation relations (CCR)

[a(f); alg)] = [a"(f),a"(9)] = 0, [a(f),a(9)] = {f.9), YIg€H,

[az, ay] = [ag,ay] =0, [az,ay] =6(x —y), Vz,y €A

Lemma 2.6 (Second quantization for one- and two-body operators). Let A be a self-
adjoint operator on $ with domain D(A). Then we define its second quantization as the
operator on the bosonic Fock space F($))

dI'(A) = é(

n=0 “i=

n

Ai>:0@A@(A®1+1®A)EB---
1

with domain N
U @ DA+ + Ay,
N=1n=0

where D(Ay + -+ -+ A,) C 9™ is the domain of the operator Ay + -+ + A, on H™. If we
choose an orthonormal basis {unnen of $ such that u, € D(A) for alln € N, we can
also rewrite it as

[e.9]

dr'(A) :/a;Aax dz = Z (U, Aup)ay, an,
A

m,n=1

15



where we used the notation af, = a*(u,) with § € {*,-}. Let W € L'(R3) be an even,
real-valued function. We think of W = W(x — y) as a two-body translation invariant
multiplication operator on ) ® $ with domain D(W). Its second quantization is defined
as the operator on the bosonic Fock space F(5))

o0

@( Z Wij> =000 W @ (Wig + Wiz + Wa3) @

n=0 ‘1<i<j<n

with domain

o N

Udo( ¥ ).

N=1n=0 I<i<j<n
where D(31<i<jcn Wij) C 9™ is the domain of the operator Y- <, j<, Wij on ™. If we
choose an orthonormal basis {unp}nen of H such that u, @ u, € D(W) for all m,n € N,

we can rewrite it as

o0

1 1
5/ / W(z - y)aza,aza, drdy = 3 Z (U, @ U, Wy ® ug)ay,ayapaq.
AJA

m,n,p,q=1

We will provide a proof for Lemma 2.6 in Section A.1; a proof can also be found in [32,
Lemmas 7.8 and 7.12] or [26, Section 5.2].
In particular, this lemma implies that the number operator N := dI'(1) can be rewritten

oo
N = / ayaydr = Za:;an
A n=1

for any orthonormal basis {uy, }nen of $.

as

2.3 The excitation Hamiltonian

We denote $) = L%(A) and F = F (). Let A* = 27Z3. We can choose {up},cp+ with
uy(z) = e explicitly as an orthonormal basis of L?(A) and we define ag = a*(u,) with
# € {x,-}. Using the method of second quantization, we can write the Hamiltonian (1.1)
as

Hy = Z poa ap+ - Z VN ) s Qg pCig s
pEA* 2, quA* (2.10)

/ z)azdx + = / / Vn(z Zaxay dz dy.

The right-hand side of (2.10) is an operator on F, but we will always consider its
restriction to the N-body sector, which is equal to (1.1). We will use the convention that

the indices appearing in creation and annihilation operators are always non-zero. Let
Q =1 — |ug)(ug| and

HL=Q9H, Fi=F®), FV EB.@", 13Y =1,

16



We will use the unitary transform U: $V — FfN introduced in [20]. It can be defined
by
N—k
@ Q@k ( (10 \I’>
V(N —k)!

for every ¥ € $¥. Its adjoint is given by

v (k@o ) = Z m
for all & € .6’_1, k=0,...,N. We have the following identities on ffN
UajaoU* = N — N,
Ud*(flaoU" = a*(f)VN = N,
Uaga(f)U" = VN — Na(f),
Ua™(f)a(g)U" = a*(f)a(g)

for all f,g € $4. A proof for these identities will be provided in Section A.2. Now we
can prove the following lemma.

(2.11)

Lemma 2.7 (Operator bound on Fock space). The following operator identity holds on
F=N

UHNU* = 15NHISY,

where
N —14
H=—5—V(0) +dI(-4) + Hy+ Q2+ Q3+ Qs+ &YV (2.12)
is an operator on the full Fock space F with
Hy; = N/2 Ve N (2 —y)asa, dzdy,
A
1 1
Qo = 3 N —-N — 3 /A2 Vn(z — y)agay dzdy + h.c.,
Qs = /(N —-N)y /A2 Vn(x — y)ayaza, dzdy + h.c.,
1 ko k
=5 /A2 Vn(z — y)amayaxay dx dy,
and EY) satisfies the quadratic form estimate on F
+&W) < CRTN + CAL +eQq + *1(1(/\“L D (2.13)

N3
for all e > 0.

‘H is an operator on the full Fock space F. In the following chapters, we will restrict it
to F4 to simplify the notation.
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Proof. Applying the identities (2.11), we can compute

* N - 1 = N(N - 1) A~
UHNU* = 15N (Zp apap + —5—V(0) = = ——V(0)

(N —-N) ZVN a), »0p

+ 5\/(N —N)(N =N =1)3 Vn(p)aga_p + hec. (2.14)
2
+ VN ZVN aapaqp—i-hc
P,

1 7 * *

+ 3 Z VN(r)aerraqapanrr)]liN.
Psg;r

Using this, we obtain UHNU* = ]lgN’H]lgN with H given by (2.12) and £U) by
cW) — ]liN( N(N N/ Vn(z —y)ayay dedy

+N /A2 (VN = Ven)(x — y)ayay dedy

1 1
+2(\/(N—N)(N—N— 1)y —N+N+ 2) /A2 VN(x—y)axaydxdy—Fh.c.)]liN

—. ]liN(g(U,l) + S(U,Q) + S(U’S))]liN

Because of the projections, we only need to estimate £U1, £W2) and £WU3) on }"fN
We obtain

N’2

N2
(le) < I
+& <C N )

2
+ CN/2 Vn(z —y)ara, dedy < C/X] + C|VN |l N? < C—
A

where we used Cauchy-Schwarz and the fact that Vi (z —y) = Vi (y — x) in the first
inequality and ||[Viv||;1 < CN~! in the last inequality.
Similarly, we have

+EW2 < N|Vy = Ve N[ 2N < CRTN,

where we used (1.2) in the last inequality.
For estimating £(U3) we use the elementary inequality

1 ¢l
‘\/1—t\/(1—t— )+—1—|—t+2N’ C(N+NQ)

for all 0 < ¢t < 1. We obtain for all e > 0

/\/+1 N 1

(N +1)?
N3

2

<eQq+ Ce 1 ——L
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on F£N | where we used Cauchy-Schwarz in the first inequality and |[Vy| . < CN~'in
the second inequality. This completes the proof of the lemma. ]
2.4 General quadratic transforms

It is well-known, see, e.g., [32, Chapter 9], that for every real, symmetric Hilbert—Schmidt
operator s on §), there exists a unitary transformation 7' on the Fock space F such that

T*a*(9)T = a*(c(g)) + a(s(g)), Vg€ H,
where ¢ = V1 + s2.

We will need the following lemma about the conservation of the particle number.

Lemma 2.8. The transformation T satisfies
T* N + 1T < exp(Cillsllgs) WV + 1), Vi>1,
where C; is a constant independent of s.

We will prove this lemma and construct T in Section A.3.
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3 Quadratic renormalization

3.1 Definition of the first quadratic transform

Similarly to [16, Section 3], we define s1, 31: A2 — R by
s1=Q%51, Si(ry)=- )Y Nwyw(z—y+2), (3.1)
z€Z3
with wy n defined as in Section 2.1. We will also denote the operator with integral kernel

s1(z,y) by s1. We want to define the operators (here, 1 denotes the identity and s;
denotes the operator, not its kernel)

c1=4/1+s? and p; = 01—1:\/1—1—3%—1:3%(14—\/1—1—5%)_1.

In the following lemma, we will show some useful properties of s1, ¢1, and p1. In particular,
we will prove that s; is bounded. Since s; is symmetric, it follows that s; is self-adjoint
and bounded. Hence, ¢; and p; are well defined.

Lemma 3.1 (Properties of s1). Assume that 4ARN~' < ¢ < 1/2. Then we have
51(37, y) = 51(.%', y) + NCDK,N(O)
and, in particular,
‘Sl(m’y) - §1(1‘,y)‘ < 062
Moreover, there exist constants C > 0, independent of N and ¢, such that

Isillop < CE lstllze + lIs1ll ez < CEY2, lsi]l e < CN,

IVsill,

<

p S
1P1llop <
<

<

C
Cth, lpillpe + Ipall poere < CE/2,
CO, || Vapillpeors < CE2,
C

where we denoted ||g| o2 = maX(HQHL;”@, HgHLgCLf)-

Proof. By writing @ = 1 — P with P = |ug)(ug|, we obtain s1 =38 — (P®1)$; — (1 ®
P)s1 + (P ® P)3; and hence

sl(yc,y):51(:16,1/)4-/A Z ngyN(:):—y—i-z)dx+/A Z Nwen(z —y+2)dy

2€7Z3 2€73

7/ Z Nwyn(x —y+ z)dedy
AZ€Z3

= 51(x,y) + Ny n(0).
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Here we used that wy y is supported in A. Since we have Ny n(0) = N|lwenl/ ;1 < Cr?
by Lemma 2.2, this implies

|s1(z,y) — 51 (z,y)| < CL2.

For the bound on [[s1]|,,, notice that the kernel of & is a finite sum. In fact, all terms
with max{|z;| : i = 1,2,3} > 2 are zero since wy y is supported in A. Hence, we have

Is1llop < 131llop < CNllwe |l < CF,

where we used Lemma 2.2 for the last inequality. Similarly, for the bound on ||Vsq||
we have

op?
HvslHop = valuop < CN”V(’UZ»NHLl < C&

where we used Lemma 2.2 again.
Since |[s1]|;2 < ||s1l;00 2, We only need to bound ||s1]| ;e 2. We have

51/l oo 2 < CO* + ||31[| oo 2 < CL* + CN|wen |l 2 < CEY2,

where we used Lemma 2.2 and ¢ < 1
Because the kernel of §; is a finite sum, we have

Is1llze < CC + |31l o0 < O + ON|lwen |l o < CN,

where we used that ||wg x|, < C by Lemma 2.2 and £ <1
Next, we want to prove the bounds for

p1= S%(l +1+ s%>_1 = s7A.

Since 0 < A < 1, we have

2
le”op < CH‘SlnopHA”Op < C£47
IVp1llop < ClIVsilopllsillopllAll, < CE.

Again, since ||p1||;2 < |[p1]| o2, We only need to bound ||p1]|;ez2. For all g € L%(A)
and x € A we have

’/pl z,y)g dy‘ ’/ s1(z,y)(s149)(y) dy

< lsa(es )l pzllsillopll Allopllgll 22
< Clistllpoop2llsillopligll e
< CCP|g] .
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This implies ||p1]| 2 < C%/2. The proof of ||Vup1|| w2 < C¢3? is similar. Notice
that [V,s1] = 0. Using this, we obtain for all g € L?(A) and = € A

‘/Avxpl(x,y)g(y) dy‘ = ’/Asl(x,y)(vslAg)(y) dy

< ls1(@s M 2l VstllopllAllopllgll 22
< COllsillpoo 2 IVsillopllgl 22
< C g .

This proves ||Vypi || o2 < C3/2.
Finally, since ¢c; = 1 4 p; and ||leOp < Cr* < C, we have HClHop < C. O

We want to use a quadratic transform similar to that in [28, Section 4]. Since s1(z,y)
is in L?(A?), s is a Hilbert Schmidt operator on L?(A). Also, notice that sq(x,y) is
real and symmetric. Hence, as remarked in Section 2.4, we can define the first quadratic
transform 77, that satisfies

Tia™(9)Ty = a*(ci(g)) + a(s1(g)), Vg € 9. (3.2)

This operator is a unitary transform on F, since s; is an operator on 4. With this
transformation, we want to renormalize (2 and extract contributions which allow us to
reconstruct the leading order term of the ground state energy 4maN. In the remainder of
this chapter, we will prove the following lemma.

Lemma 3.2. Assume that ARN~! < ¢ < 1/2. We have

1 |N5e N(p)|2
TYHT, = 4ra(N — 1) + / ’ dp +dI'(—A
! ! ( ) (27‘)3 R3 4p? b ( ) (3.3)

+H§T1) + ngl) + Qng) + Q4 +82(T1) +(C/'(T1)
on Fi, with

H™ = A0 (NVg n(z — y) + Vr(0) — 87ag),

1) _ N
() — E/Az gZ:g eon(z — y + 2)aga, dzdy + hec.,
z

Q™ = VN [ V(e - y)ajesa, dody + he.,
1 kk
Q4= 3 //\2 Vn(z — y)axayaxay dz dy,
N
géTl)

2€73
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and

1)3/2
+£M) C ONR™ 4 Ce* AT (—=A) + COYV2 (N +1) + cpp N+ 177
N1/2 (3 4)
1 - (N +1) '
+eQs+e C(R V+£)(N+1)+T
forall0 <e < 1.
Remark. « The condition 4RN~! < ¢ ensures that we N = wn on the support of

V.- Since £ is bounded from above, ||s1]|;> is bounded by Lemma 3.1, which
ensures that the powers of the particle number are conserved, see Lemma 2.8.

e Although £ (T1) does not leave F4 invariant, we interpret the quadratic form estimate
(3.4) as +(&,EM¢g) < (€, A¢) for all € € Fy, where A is the right-hand side of
(3.4).

From (2.12) we have

N -1+
Tl*rHTl = TV(O) + Tl* dP(—A)T1 + Tl*HQTl

+ TFQoTy + TFQsTy + TiQ4T) + T EWIT,. (3.5)

In the following sections, we will estimate the terms on the right-hand side of (3.5). Then
we will use these estimates to prove Lemma 3.2 in Section 3.7.

3.2 Estimating 77 dI'(—A)T}
Lemma 3.3. Assume that ARN~! < ¢ < 1/2. We have

T dD(—A)Ty = dT(—A) +

1 |Néon(p)|? (1) | (Tl)
(2m)3 / 4p? dp+ @y dr(=4)

2/VRl—w )(z) dz

_ 5 " (VR Nz —vy) ;Z:B(l —wN)(z—y+ z)) (a;al’; + azay) dzdy

on Fi, with

+elll) < Crtdr(—A) + CEAW +1).

L(-4)
Proof. Using TYa} T = a*(c1,.) + a(s1,2), the CCR, and ¢; = 1 + p1, we obtain

T} dD(—A)Ty = / Ve(a*(c12) + a(s1,2))Va(alere) + a”(s1.2))

:/sza (cl,m)an(cLa;)—|—/Avxa*(slvw)vma(slvx)

24



+ /A(an*(cl’x)vxa*(slw) + Vea(e1,z)Vza(siz)) + HvxslH%z

- / Vot Voag + / (=Dgs1) (@ y)(@ia’ + asay) + |[VasiZ2  (3.6)
+/ Veaya(Vapiz) +a* (Vaprz)Vaas)
+/ Vab1,2)a(Vap1z +/ Vesiz)a(Vzsig)

+ / :Epl :E (vzsl,:p) + a(vmpl,x)a(vxsl,x))-

The terms in the last three lines of (3.6) are error terms. First, we want to bound them.
Let £ € F,, then by Cauchy—Schwarz we have

(& [ Vaata(Vapna)6)| < [ IVaas8llla(Vopr)e]
<([ ||vxaxsu2)l/2 (/ Ha(prl,x)qu)l/z

< |AT (=) 2 Vp1 o IV %]

where we used [, a*(Vapiz)a(Vapiz) < ||Vp1||(2)p/\/' and Lemma 3.1. Similarly, we have

(& [ @ (Vapra)a(Vapra)6 )| < 90112, (6N < O NE),

(& [ @ (Vosso)a(Vasi )| < Vsl 6. 6) < N,

\<e, [ @ Tama)a’ (Vos1))| < [ la(Vosi)éllle* (Tamn. e

1V 51 llop A 2E NV aprll oo p2 |V + 1) 2]

<
< CORE (W +1)8),
for all £ € F,. Here we used a(Vep12)a*(Vepiz) < |[VapilFe 2 (N + 1) for the last
bound.

The first term in (3.6) is dI'(—A). For the second term, notice that s; — §; is constant
by Lemma 3.1. Hence, we have —A,s; = —A,§;. Using the definition of §; (3.1) and
the scattering equation (2.7), we obtain

A3 (2, y) = Z NAywN(z—y+2) = g Z (54,]\;—‘N/R,N(l—wN))(x—y—i—z), (3.7)

2€73 2€73

25



so the second term in (3.6) is

N 7 * ok
Qs - 2 a2 ( Y. (Ven(1—wy))(z—y+ Z>> (azay + azay) dz dy
A\ ezs
N
=" -3 . (VR,N(OC —y) D (1 —wen)(@—y+ Z)> (azay + agay) do dy.

2€73

For the third term in (3.6), we use Vzs1 = V31, the definition of §; (3.1), (3.7), and
Ver.nwi,n = Ve ywn on A. Doing an integration by parts, we obtain

Vasallf = [ 51@ ) (A0 (@) dedy

2
= —N7 A(we,Née,N —Van(l—wy)wy)(z)dz
2
__M [ (o) (@) do + ];/A(VRQ — w)w)(z) dz (3.8)

Note that Awpy and wy v — wy have disjoint support and recall the definition (2.8) of
ee,n- We have

/ wNz’:‘&N = 2/ wNA(LUng — wN) = 2/ AwN(LU&N — wN) = 0.
R3 R3 R3

Using this and an integration by parts, we can rewrite the first term in (3.8)

N2 N2
- 7 (wg7N€g7N)($) dey = —— ((wg’N - wN)&‘z,N) (.75) dz
A 2 Jrs
= N2 [ [Viwrx —om)@)fdo = @0 N [ Ip@ny —an) )Py (39)
20~ A 2 A 2

onesne [ PP @ o)) L s / [Néon (p)
= em) N2 [ > ap= (2" [ P ap,

which finishes the proof. O

3.3 Estimating 77 HyT)

Recall
Hy; = N/2 VrN (2 — y)aga, dzdy.
A

Lemma 3.4. Assume that ARN~! < ¢ < 1/2. We have
Ty HyTy = Ho + €4

on Fi, with
+£) < COPN + 1),

1
2
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Notice that Hy = dI['(NVg y(x —y)), where NVg n(x —y) is the kernel of a self-adjoint
integral operator with |[NVg n(z — )|, < ||V : < C. Hence, it suffices to prove the
following lemma.

Lemma 3.5. Assume that ARN~! < ¢ < 1/2. We have
£ (T} dT(A)Ty — dT(A)) < C| Al 2 (N +1)

op

on F for any bounded, self-adjoint operator A on $ with kernel A(x,y).
Proof. Using (3.2), the CCR, and ¢; = p1 + 1, we get

Ty dl(A)Ty = /A2 Az, y)(a*(cre) + als1e))(alcry) +a™(s1))

= /. s1(u, x)A(z,y)s1(y, u) + dl(c1Act + s1Asq)

+ (/ A(z,y)a*(c1,z)a”(s1,y) +h.c.) (3.10)
A2
=dI'(A) + Tr(s14s1) + dT'(p1Apr + p1A + Apy + s14s1)

+( [ s +he).

We want to estimate the error terms on the right-hand side of (3.10) using the bounds in
Lemma 3.1. Since ||s1|lyg = |51 2 < C¢Y/2, we have

[ Te(s1451)] < [|AllgplIs1llizs < CllAll,L-
Using [|s1][,p < C/f? and [p1llop < C¢*, we obtain
+dl'(p1Ap1 + p1A + Apy + s14s1) < Np1Apr +p1A + Apr + s14s1 ],

SN Al op Clp1llop + P22, + ls1lIZ,)
< ON Al 0

By Lemma 3.1, we have [|c1]|,, < C and thus
lerAsillis < lletllop [ Allop ls1lls < CllAllpe 2.
Using this, we obtain

i(/A (e1As1) (@, y)asa’ + h.c.> < flerAsi [V + 1) < O Al L2 +1).

This holds since for a Hilbert-Schmidt operator B with kernel B(x,y) we have

(e [ Beae) < ([1aa?) " ([1e @)

< VY2 IBIZ IV 2€)? + (1Bl €N Y2
< |

1/2

opll
| Bllps (&, (N +1)§)
for all £ € F, where we used Cauchy—Schwarz and || B, < [|Bllys- O
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3.4 Estimating 77Q-T}

Recall
1 1
Q=5 (N-N=3) [ Vale - pasa, dody + e

Lemma 3.6. Assume that ARN~' < ¢ < 1/2. We have

N
T/QiTy = 5 [ Vale = y)(aia + asa,) dady

1
+ (N +5 - N) /A (Vaw)(z) dz + GV
on Fi, with
1 2
+E0Y KRN + N) + CO(N +1) + Qs + s—ch;)

for all 0 < e < 1.

Proof. Using Ty a,T1 = a(c1,,) + a*(s1,,) and the CCR, we obtain

TrazayTi = (a(ere) + a*(s1.0)) (a(cry) +a*(s1,))
= (alera)alery) + (e s14) + @ (s1.0)alery) + a”(s1y)alere) +a*(s10)a (s1,))-
With this, we can write

1 (1 _ TYNT +1/2

17 QT = 3 N > /A2 NVy(z —1y) (a(clw)a(cl,y) + (C12,51,y)
+a*(s1,0)a(cry) +a*(s1y)alciz) + a*(slyx)a*(sl,y)) dzdy +h.c. (3.11)

We will need the following lemma to bound the error terms.

Lemma 3.7. Let g,h € L?(A?), f1,fl2 € {*,-}, and ¢',€ € Fy. Then we have
(¢ [, NVl = p)ai (g)a ()6 )

< CIVIgallglpallnll 2 [NV + DY NN + D)3,
(¢ [, NVi(e = ) @) )| < CIVIL gl =l + DV + DYl (313)

(3.12)

(6 [, Vet~ pasaye)| < N PIVILIE IR Sl (3.14)

S OV pallpall e llsall z2- (3.15)

| NV = ) ras1)
A2
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Proof of Lemma 3.7. We will denote af = (a®)*. Let &, & € Fy. First, we want to prove
(3.12). We have

(¢ [, NVle - g)a (g2)a® ()6 )
< [ NVae =)l (g€l (h,

S /A NVi (2 = 9)llge g2 IV + D2 IRy | 2|V + 1)
< CIVIallgllz2 1l 2 |V + DI + 1%

Similarly, we obtain (3.13). Let n > 0, we have

(¢ [t veag)] < [ Va1l o]
<t [ Ve =€l +n [Vt =) lasa,g)?
< ' NV + CnllQi e

Optimizing in 7 shows (3.14). Using Holder’s inequality and (p1 .z, 51,y) < [|[P12ll 215191l 2
yields (3.15). O

Using ¢; = 1 + p; and Lemma 3.7, we get from (3.11)

* 1 L
TY QT = 3 /A2 NVn(z — y)(aza, + azay)
+ [ NV = )siey) (3.16)
~ (TINT +1/2) [ Vo = )sio,y) + &,
with

(€, £6)| < CUIprl3e + pall > + lIstll e + Ipall g2 llsille + llsil32)
< (IV + DY |V + DY2e) + N Y(TFNT + DE I + 1)
+ ONTV2(TENT + DE1QY ¢l
< COP|(N + DY2E||W + D)Y2e] + CENTLW + DE |V + 1)E]
+ CNTY2|W + D) 1Qy ¢l

for all ¢',& € F. Here we used Lemma 3.1 to bound ||p1]|2,|s1]|;2 and Lemma 2.8 to
bound TYNT) < C(N + 1). This implies

+E S COPN +1)+ COPNTIYN +1)2 +eQq + e 'ONTY N +1)2, Ve >0.
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Now we want to deal with the second term in (3.16). By Lemma 3.1 we have ||s1||;c < CN
and |s1(z,y) — 51(z, y)| < CF2. Therefore, we obtain

[, NV = Vi) = )| € ONVi = Vel < ONR
and, using |[NVgr nl/;1 < C,

/ NVn(z —y)s1(z,y) = —/ Z NQVRjN(a: —Ywen(z —y+z)dedy+ &€
A? A? 2€7Z3

__ / N (Vi ywn) (@) de + € = — / N(Viw)(2) de + €,
A A

with
+E£ < C(NR™ +72).

Similarly for the third term in (3.16), we have
~(TINT+1/2) [ Ve =)o) = ~TNT +1/2) [ Van(e—)si@y)+ €
— (TINT, +1/2) /A (Viw)(z) dz + €,

with
+E K CRTN +1) + CAN YN +1),

where we used Lemma 2.8 to bound Ty N'Ty + 1/2 < C(N + 1). By definition, we have
N =dI'(1), so we can apply Lemma 3.5 to obtain

+(TINT, — N) < CO2(N 4 1).
Hence, using ||Vrwl||;1 < C, we get
~(TINT +1/2) [ Vae =)o) = (W +1/2) [ (Viw)(a)da +€,

with
+E SCRT(N 4 1) 4+ CO2(N +1). O

3.5 Estimating 77Qs7T}

Q3 = \/(]\/—7/\/)+/A2 Vn(x — y)ayaza, dzdy + h.c.

Lemma 3.8. Assume that ARN ' < £ < 1/2. We have

Recall

* _ * (T1) _ (1) (T1)
T QsTh = \/ﬁ/A2 VRN (2 —y)agazaydedy + he. + €57 = Q3 + &)
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on Fi, with

(T1) 061/2 (N+1)3/2

1
nga N1/2

(N;1)2>

b eQut el(J((R7 FOWN +1) +

forall 0 <e < 1.

Proof. We will use the notation Ny, = Ty NTy. Using TTaiTi = a*(c14) + a(s1,z) and
the CCR, we obtain

T7 Q3T = \/(N = N1y)+ /A2 Vn(z —y)(a™(cry) + als1y))(alerz) +a”(s12))

X (a(c1y) +a*(s1,y)) dzdy + h.c.

— IV =N [ Ve = )@ () + alsr) (acradalen) + e 1)
+a*(s10)a(cry) +a*(s1y)alcrz) + a*(sm)a*(sl,y)) dzdy + h.c. (3.17)

We will need the following lemma to bound the error terms.

Lemma 3.9. Let g,h € L?(A?), #1,f2 € {*,-}, and ¢',€ € Fy. Then we have

_ f1
< / V(@ =y)alery)a (g’”)ayg>‘ (3.18)
< CNTNV pallgll oo 2V + DA NV + )P4,

< / V(@ = y)a(ery)aza (hy)§>) (3.19)
SCONTV Il oo 2 |V + DA NN + 1)),

‘< / Ve —y)a(ery)a ﬁl(g‘”)am(hy)g>’ (3.20)
S CONTV I gl oo 2 llRll 2 |V + PN + 1) %],

(€. [, Vwte = vlatsr,)a (et ) 1
SCONTV I llgll g2 |V + 1A [[IIV + 1) 4],

< / (@ =y Sly)aza(hy)€>‘ (3.22)
<CON™ 1HVHL1HhHL2H(N+ DA + 1%,

< / V(@ = yla(ssy) ﬁl(gx)ah(hy)fﬂ (3.23)

<CON™ 1HVHL1HQHL2HhHL2H(N+ DIV + 1),
(€. ] i = n)a* (g)asaé) 5o

< ONTV2V gl =l OV + 1Y€ 1Q3 el
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(€ [ Ve = ) rassia)(@ 1) + a1 )|
SCENTV I IV + D2 ]l
Proof of Lemma 3.9. Let £',¢ € F. First, we want to prove (3.18).

(3.25)

(¢ [ Wt =) @a )| < [ Ve = g)later,)¢ 0" (0:)a,]
< [ Ve~ el allater )€ oy (O + 1))

<t [ Vale = wllalen )+ nlglEere [ Vi = w)lla, (v + 1) /%)

0 NV llenl 5 N Y22 4+ nN T gl e 2 VI IV + DEI

opl

ON VI llgl oo L lIV2E TN + DE],

NN

where we optimized over 7 in the last inequality and used that |[c1]|,, < C by Lemma 3.1.
Changing state & — (N +1)/* and ¢ — (VM +1)"'/* and using (N + 1)a, = a, N proves
(3.18). The bounds (3.19)—(3.23) can be shown similarly, but for (3.21)—(3.23) we use
512 < CLY? < C instead of [|e1|,, < C.

Recall the notation af = (a*)*. For (3.24) we have
(€ [ Wl = e g)asast )|

<t [ Ve =)l @)+ [ Vae = llacag)?

<INV gl [V + 1)Y2€1% + )| Qi %€ ))?
_ 2
< CN 2V 9] e N + DY21Q4 %],

where we optimized over 7 in the last inequality.
For (3.25) we have

(€ [ Vit = ) s1,)a(e1,) + alon))6 )|
< [, V@ = lpnal syl later )€1+ lla(s1,)€ DI
<n [ Vile = u)(laler )¢ + la*(s,)€'1P)

o /A Viv(z = y)Ip1all72lls1,4ll72 1€ ]

CoN VI IV + D22 + 07 NV pallpall e 2 llso 72 1€
CENTHVI IV + 1)V,

NN

where we optimized over 77 and used the bounds ||s;||;2 < C¢/? < C, eillop < € and
P10l foop2lls1]l 2 < C¢3 from Lemma 3.1. O
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Using ¢; = 1 + p; and Lemma 3.9, we obtain from (3.17)

Ty QsTh = (\/(N —Np)+ //\2 Vn(x — y)ayaza, dzdy + h.c.)
(VO =N [ Ve = pisi(e)(@(en) + alsrg) + e ) + €,

where for all £/, ¢ € F, we have

(€, €6)] < COLNTIW + 1) (N = N 1€ IV + 1))

+ COPNTV2 (N + 1)V (N = Ny €111Q1 ¢
< COPNTV2|(W + DML |||V + )%

+ OO (N + 1)V 14 %¢|l.

(3.26)

Here we used the bound (N — N7, )+ < N and

lstll e 2 P2l o g2 131 2 Ipall 2 < CEV/2

from Lemma 3.1.
To extract the main contribution from the first term in (3.26), we write

VN = \J(N — Ny )y = 190N (VR = (N Ny )y ) + 1900V,

By Lemma 2.8, we have

‘<§/’ 1 N7 <N} (\/N— \ (N —NT1)+) /A? Vn(z — y)a,azay, dx dy§>‘
<NV [N (VR IV = ) ) 1N

NT1 g/
N
<eLONTH W + 1) + ey %¢)?

2 1/2 412
+ellQ, ¢l

2
+e]Qy ¢l

o

and

’<§/, 1Ny >N}\/N/A2 VN (7 — y)ayazay, dz dy§>

< e YV plIVV2NI >N e 2 g1 Ql g2
<IN+ DEP + ] Q) ¢l

for all ¢',& € F and € > 0. Here we used

PN SVIAINVL SN CON, VN — (N = Npy )4 < C’j\\/fTNl,
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and
]1{NT1>N}N]1{NT1>N} < C]I{NT1>N}(NT1 + 1) < CN_l(NTl + 1)2 < CN_l(N+ 1)2

Finally, using 0 < Vy — Vg y < Vv, we have
‘<£/’ \/]V/A2 (VN = Ve n)(x — y)a;amay dz dy£>‘
eV = Vil N2 1P + ¢ Qi e

<
< e ICRTINYV2E2 + | QY 3¢ 2

for all ¢, € Fy and € > 0.
Now we want to deal with the second term in (3.26). First, using

|s1(x,y) — 81(2,9)| K CL, leallyy S C, stll e < CE2<C

from Lemma 3.1, we obtain

(€O =N [ Ve = 9)(oao9) = 51(. ) @ 1) + als1,)6 )|

< CENTNV | (lerllop + 1]l o) IV + V2 /(N = Ny )1 €€
< CERNY2|(N + DY2|l¢].

Hence, we have

VN =Nz [ Vale = p)si(e)(a*(er,) + alsiy)) +be
= OV =N [ Ve = )5 (@) (@ (e1y) + als1,y) + he.+ €

+& <K CENTV2(N +1)12,

with

Notice that we have

(6.7 (/O = N+ [ Vit = s )(a*(er) + ar,)) dody ) Ti€)
— <§’, (_M/M Vn(z —y)51(z,y)a,, da:dy)§>
— <§’7 (_MNA2 Vi (z) Z weN (T + 2)ay, dxdy>£>

2€73
= (e (- -mN [ v X ennlet) da Jaie ) =0

for all ¢, ¢ € F.. Since T} is a unitary transform on F, this implies

<€’, <\/m/A2 Vn(z —y)d1(xz,y)(a*(c1y) + a(s1y)) dedy + h.c.>§> =0

for all ¢, ¢ € F.. This finishes the proof of Lemma 3.8. O
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3.6 Estimating 7701}
Recall

1 ko k
Q4 = 3 /1\2 Vn(x — y)azayaza, dz dy.

Lemma 3.10. Assume that ARN~! < (¢ < 1/2. We have

TrQ4T) = Q4——/ (VNx— Zwer—y+z)>(a y T azay)dzdy
2€73

Q/VRLU )da + £V

on Fi, with

2
+60Y SCNR™ + COVA N +1) + eQq + 5_1061/2(/\/;1)

forall0 <e < 1.

Proof. Using TYaXT) = a*(c14) + a(s1,,) and the CCR, we obtain

TrQuT) = / V(@ — )(a*(c10) + a(51.0)) (@ (c1y) + a(s1y)
(a(cre) +a (81735))(@(61,31) +a*(s1,)) dz dy
=3 / Vn(z — a “(e12)a” (c1y) + (S1,0:C1y) + a*(c1z)a(s1,y) (3.27)
+a*(c1y)a(siz) + a(sl,x)a(sl,y» (a(cl’m)a(clyy) + (C1e, S1,y)

+a*(s1y)a(cig) + a*(s12)a(cry) + a*(slvx)a*(sLy)) dx dy.

Writing ¢i(z,y) = 6,y + p1(x,y), we can expand the above expression and obtain a sum
of quartic, quadratic, and constant terms. The quartic terms are of the form

1
3 /AZ Vi (z — y)a* (g1,0)a" (92,4)a" (g5,2)a* (ga,y)

with g; € {0, UL?(A?) and §; € {*,-} with the condition that (f1, 2, #3, f4) is in normal
order if at least one of the g; is 0, ,. Among these terms, only the term with g; = 6, , for
all 7 € {1,2,3,4} contributes; all the other terms are errors. In the following lemma, we
will prove the bounds for the error terms.
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Lemma 3.11. Let g; € L?>(A?). Then we have for all e > 0 on Fy

+ (//\2 V(@ — y)at (g1.0)a% (ga.y)a® (g3.2)a™ (ga.) + h.c.)

(3.28)
< CN_1||V||L1H91HL2”92||L00L2||93HL2H94”L00L2(N+ 1)23
_ * o fio s fla
£ ([, Vo = 9)a3a (92,)0% (g2.0)0% (a,) + hc.) 50
< ON YWV pullgall oo 2 Nl gl 2 l9all oo 2 (N + 1)%,
_ * % 3 fa
+ /A , V(= y)aza,a* (g3, )a™ (ga,y) +he.) (3.30)
<eQu+ e 'ONT IV pallgsl|Zellgall Foe 2 (N + 1)%,
_ * o fio s
+ (/A2 Vn(z —y)aza* (g2,4)a* (93.2)ay + h.c.) (3:31)
S ON YV pallgall oo 2198l poe 2 (N + 1),
_ * Ho fa
£ ([, Vvl = 9)aia® (g2,)0% (g1,)as + hic.) .
S CN YV allgall oo 2 lgall oo 2 (N + 1)2,
_ * % H3
+ (//\2 VN(x — y)aza,a®(gsz)ay + h.c.) (3.33)
<eQs+e 'CNTY V| Hg3H%0°L2(N+ 1)%,
o * kg
+ (//\2 VN (x — y)aza,a* (gay)az + h.c.) (3.34)

<eQq+e 'CNTYV | illgalFoo 2N +1)%

Proof of Lemma 3.11. Recall the notation af = (a¥)*. Let ¢, € € F,. First, we want to
prove (3.28). We have

‘<SI’/ N(I y)aﬁl (Ql,x)auQ (927y)aﬁ3 (93,x)au4 (94,y)§>‘
A2
< /2 V}V(ﬂ? Q)HGEQ (92@)@&1 (ng)E/H Haﬁg (93,x)aﬁ4 (.94711)5”

< C/A2 VN (@ = y)llgral2 g2yl NV + DE Mgzl 2 lgayllr2 [NV + D]

< ONTHVI o llgal pellgall oo 2 llgsll 2 Ngall oo 2 IV + DE TN + 18]
The proof for (3.29) is similar. We obtain

(& [, Vil — p)azat (92,0 (g% (90,)¢ )|
A2
< [, Vvt = )l (g2, )as€ 10 (g2.0)0% (92, )¢

< C/AQ Vv (@ = 9)llg2.y 22 |V + D)2 a0€ 193, | 21| 94,0 | 22 | (N + DE]
< ONTHVIpllgall poo 2l gsll 2 9all oo 2 NV + DE NN + 1)E]-
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Let € > 0. We have
‘<€/’ //\2 Viv(z — y)a;a;’;aﬁ?' (937$)aﬁ4 (94,y)§>‘
<e [ W =g+ [ Vvte =l gmalat ()6l

1/2 —

< Cell@V €I+ =7 [ Vila = llgnaltalgna ol N + e
1/2 - —

< C=QY 1P + C= NV sl Fallonl e 2|V + D,

this proves (3.30). Now we prove (3.31),

([, Vil = p)aia (92,0 (gm0 )|
< [, Vala = plla(g2)as [ (ga.c)ag

< C/A2 V(@ = 9l g2l 22 93,2l 2 |V + 1)2asé [N + 1) 2a,]
< ONTHVIIpillgzll e 2 llgsll poe 2 IV + DE TN + 1)E]

The estimate (3.32) can be proven similarly. Let us now prove (3.33). For all € > 0 we
have

(¢ [ e = atagat gan)ag )|
<e [ Ve = p)llasa,d |+ [ Vle =)l (g2.0)a,¢
< Qi1+ Cet [ Vit = y)llgsalFa OV + 1) 20,
< QY% + Ce NV e gl 2 1OV + D
Similarly, we obtain the estimate (3.34). O

The quadratic terms in (3.27) are either of the form

1
3 /A2 V(@ — y)si(,y)a* (g1.0)a™ (g2,)

or of the form .
5 /A2 VN($ - y)<p1,m7 Sl,y>aﬁ1 (gl,m)a’:12 (9272/)

with g; € {0.4} U L?(A?) and #; € {x, -} with the condition that (#1,f2) is in normal
order if at least one of the g; is d,,. The constant terms in (3.27) are of the form

% /A2 Vn(z —y)g1(z,y)g92(x, y)
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with g; € L®°(A?). Only the quadratic terms of the first form with g; = ., for i = 1,2
and the constant term with g; = s for ¢ = 1,2 contribute. Using

51l pe S CN,  |[{Pre:51,9) | oo < ClIp1ll oo 251l poor2 < ce,
Isill 2 < CE2, il < CE2

from Lemma 3.1 and the following lemma, we can bound all the other quadratic and
constant terms.

Lemma 3.12. Let g; € L?(A?), h € L®(A?), 1,82 € {*,-}, and &, & € Fy. Then we

have
<€’, /A2 Viv(z = y)h(z, y)a* (g1,0)a™ (92,y)§>‘ (3.35)
< ONTV o llbll o gl o g2l |V + DM€ NI + 1) 2]
(€. [, Vi = )t n)e (gr0)a6) 536)
<ONTV g llall oo gl 2 |V + 12 IOV +1)12€])
<§', IRCES y)h(x,y>axay5> <SONTVVILE R I N1QY N, (3.37)
[, Vte = (e 90a(e. )] < OVl ool (3.33)

The proof of Lemma 3.12 is similar to that of Lemma 3.7, and we will omit it.
By Lemma 3.1 we have

|s1(z,y) — &1(2,y)| < CF

and therefore

1
3 [, Ve = psi(ap)(aia; + asa) dody
N

=5/, (VN(x —y) gzjg weN (T =y + Z)) (azay + azay) dzdy + €,

with
+E L e CPNT +2Qy

for all € > 0. Here we used (3.37) to get the bound for £. For the constant term, we have

/Az(VN — Van)(z —y)si(z,y)? d:cdy’ < O|N*(Vy — Ven)|lpn < CNR™Y

and

[, Vi@ = )(s1 = 52)(w.0)? dedy| < CIN Vi, < O,
where we used ||s1]| ;. < CN and

’31(1'73/)2 - §1($,y)2‘ < ‘81(x7y) - §1(x,y)](|81(m,y)| + ‘gl(xay)‘) < CEQN
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from Lemma 3.1. Thus, we obtain

1 2 1 ~ 2

5/ Vn(z —y)si(z,y) dedy = */ Ven(z —y)di(z,y) dedy + &
A2 2 Ja2

N2
B 7//\2 Ven(z — ?/)<Z weN(T =y + z)2> dedy+ &
2€7Z3

N2 N
— 2 Ve )(@) de + €= 2 / (Viw?) () da + &,
2 JA 2 JA

with
+& < C(NR™Y +£%).

Finally, using this, Lemma 3.11, and Lemma 3.12 we obtain

* N * ok
TiQuT = Qi - [ (Vle =) 5 wenle -+ ) ) (ala; + asa,) dody
2€73

+];[/A(VRM2)(:U) dz + €,

with
+& SCNR™ + COP(N +1) +eQyq + e 'COPNTYN +1)2

This concludes the proof of Lemma 3.10. O

3.7 Proof of Lemma 3.2
Proof. Inserting Lemmas 3.3, 3.4, 3.6, 3.8, and 3.10 in (3.5), we obtain

N -1~ N -1
TYHTy = == V(0) -~ /A (Vi) () dae +

L el
(2m)3 Jrs 4p? P

+dF(—A)+Q;T1)+H2+N/A(V3w)(g;) a1 QT 4 0,

el 4 g™ | ey

with
g™ N[ (v —v - - - fa
) = N = Ven)(z—y) D (1 —wen)(@ —y +2) ) (aga; + agay) dz dy
2 /a2 2€7Z3 !
and
_ N +1)3/2
+&M) < ONR™ 4+ CedT(=A) + CO2 (N +1) + Cel/Z(Nl/Q)
N +1)2
+eQ4 + 5_1C<(R_7 +ON+1)+ (j\;))
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for all 0 < e < 1. The constant term equals 4ra(N — 1) up to an error. Indeed, using
(1.2), (2.4), and (2.6), we obtain

N -1~ N -1
SO - / (Viw)(z) dz — 4ma(N — 1)‘
A
N -1 N -1 ~
< 9 ||V—VRHL1+‘2/Rg(VR(l—w))(x)dx—47raR(N—1)
—|—47r]aR—a\(N—1)
< ONR.

Moreover, we have
Hy+ N /A (Vaw) () da = Ha + (Va(0) — 8rapg)N = H{,
Lemma 3.10 implies

2
T QT < C<N +Qut VAN + 1) + 51/2W;1)>

by choosing € = 1 and noticing that

N N2
= /1\2 (VN(x —y) > wn(r—y+ z)) (aray + agay) dzdy < - /A Vi (2)da + Qu
2€Z3

< CON + Qq.

With this, Lemma 2.8 and the bound (2.13) for £(U) we have for all € > 0

2

+T7EOT SCRTYN +1) + CW;U
1)2 1)2
+5(N + Qi+ VPN +1) +£1/2(N;)> +5_ICW]\—|;3>.

Replacing € by N~2¢, we obtain the bound

+ 77U < CRY(N +1)

(NNE 1) v

N3

W+ 1)2) +€10(1\/]+V1)2

+E<N1 +N72Q4+£1/2

for all 0 < ¢ < 1. Gathering all the error terms and using N1, ¢, < 1 to simplify them
concludes the proof. O
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4 Cubic renormalization

4.1 Definition of the cubic transform

We follow the strategy used in [16, Section 5] and [28, Section 5]. Recall the definition
(3.1) of 51 and let us define the operator k. = N—1/24,. For M > 50 we define the
function 0y: Ry — R4 by

1 z <&+ 10,
Onr(x) = § 2 (2230 4 1) A 4+10 <z < M -10,
0 x> M — 10.

For j € [0, 10] it satisfies Op7(z £ j) = 1 when < M/2, Op(x £5) = 0 when = > M, and
1031 = Ons (- % 5) | e < CM T (4.1)

We will use the notation 07+ = 0p(- £ j) for j > 0. In the following, we will write
Or = Orr(N) and similarly a7+ = Opr,+5(N).
Recall @ =1 — |ug)(ug| and let Q(z,y) be its integral kernel. We define

K = [ g (oo de,  Ke= [ giatkes)q. dz,
A A

where
%:AQmm%@:M%y

We use g, instead of a, in the definitions of K} and K, to ensure they leave F invariant.
These operators satisfy the following commutation relations with the usual creation and
annihilation operators
Gz, ay] = 62y — 1, Vz,y €A

Since ¢|§) = a;|§) for all £ € F, g, may be replaced by a, in all normal ordered
expressions on F.

Now we want to prove that i0y K} + 1K 0 is self-adjoint. In fact, it is symmetric
and also bounded, since we have

1620 KZ o, < 1031V + 12 lop | (N + 1) 72K Jlop < CMP/||e| 2 < 0,

where we used ||ke| sz < N7V2|[s1]| o2 < CNTY20Y/2 from Lemma 3.1. Therefore,
100 K 4+ K 0) is self-adjoint and hence, we can define the cubic transform

T.=exp <9M/ ¢ya* (keg)qe do — h.c.) =exp(Om K. — K.Or).
A
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This transformation renormalizes Qng) on the sector with N < M. More precisely, it is
chosen such that [d'(—A) + Qu, Oy K — K 0p] + Qng) ~ 0 and it extracts contributions

that allow us to renormalize HQ(TI). Due to the cutoff, it suffices to compute commutators

of the form [A, Oy K} — K 0] to determine the action of the transform.

Lemma 4.1. Assume that 4ARN~! < ¢ < 1/2 and that MN-1 < 0. We have

TITiHTI T, = 4wa(N — 1) + Hpog + Q4 + £ (4.2)

1 ’Né&N p
Hpog = L /R3 12 d +gﬁ:0p a ap+ gé:oewv )(2a), ap—i-a a* +apa_p),

Q4= */ Vn(x — y)azagaza, dz dy,

and

+&T) L CNR™ + CMY2N72(AT(=A) + Q4 + 071N + 1))

(N +1)%/2

+ CRAT(=A) + CHQu+ COP(N + 1) + O]

1 (4.3)
+ ZQ4+€(Q4 +N +1)

+s—10<(R—7+£)(N+1) + W)

M
forallj>1and0<e<1.
For t € R, we define the unitary operator on F:
T! = exp(t(0p K} — K.Onr)).

We will need the following bound on the particle number. The proof can also be found
in [28].

Lemma 4.2. Assume that ARN~' < ¢ <1/2, M < N, and t € [-1,1]. On F we have
TN+ YT CN + 1), Vj>1,
where C; is a constant independent of N.

Proof. We prove the bound for ¢t € [0, 1], the proof for ¢ € [—1,0) is similar. Recall that
Om K7 — KcOy is bounded with [|0a K — KOy, < OM3/2||ke|| oo r2 and note that it
satisfies 1W>M} (9, K* — K0);) = 0. Hence, T! leaves the domain of (A" 4 1)7 invariant
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for all j > 1. In fact, let £ € F with ||(NV + 1)7¢|| < oo, then

HW+Wﬁw=§xMHW<W&&&W>4
m=0 !
= H(J\/+ 1)3']1{/\/'>M}§+ Z<N+ 1)j1{N<M}tm(9MK:ﬂ; KCQM)m§
m=0 :
(O K} — KOv)™

< v+ a4 3 v+ pinwen
m=0

. — el

< + 1€+ (M + 1M Mkellies2 ] < oo

We can improve this bound with a Grénwall argument. By the Duhamel formula, for all
0<t<1landj>1we have

THN + 1T = (VN +1) + /Ot T 5[(N 4 1), 00 K — K.0p|T ds
. t . .
= (N +1) +/0 T;S(GMKZ((J\/Jr 27 — (N +1)7) + h.c.)Tg ds,

where we used NK* = K*(N + 1) and N0y = Oy N. Using |[(N + 1) 732K op <
Ollkel| ooz < CNTV2012 (N 4+2)7 — (N +1)7 < Cj(N +1)7~1, and that 6y = 0 outside
of {N < M}, we obtain

. . t .
ToHN + 1T < (N + 1) + C;N~Y2¢1/2 / T 1 VSMY (N 4 1)7F1/278 g6
0
. t .
<V +1) + ch1/2N*1/2/ TSN+ 1)7T ds.
0

Let & € F such that (&, (N + 1)7¢) < oco. Due to the bound from above, u(s) =
(&, T75(N + 1)IT5¢) is finite and we have

u(t) < (&, (N +1)%€) + O /Ot u(s) ds,

where we used M/2N~1/2 < 1. Applying the Gronwall lemma concludes the proof. [

From (3.3) we obtain

1 INéon(p)|?
T'TYHTZT, = 4 N -1 J d TFdl(—=A)T.
c 1% 1 7Ta( ) + (271')3 /]1@3 4p2 D+ c ( )

+ T HSIT, + 1 QTY + e, + T QU T, + Tr QuT, + TrETIT,. (4.4)

In the following sections, we will estimate the terms on the right-hand side of (4.4). Then
we will use these estimates to prove Lemma 4.1 in Section 4.6.
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4.2 Estimates involving dI'(—A) and @,

In this section, we want to estimate the terms 7,7 dI'(—A)T, and T Q4Te.

Lemma 4.3. Assume that ARN~! < ¢ <1/2, MN~' < ¢, NR™7" < C, and t € [0,1].
We have on F

T7HAT(-A)TE <

<

(dM(-A) + Q4+ 1), (4.5)
tQ4Tt 4

C
C(Qs+ N +1+MN 1T (-A)).

To prove Lemma 4.3, we will need some a priori estimates on the commutators
[dT'(—A), K¥ — K] and [Q4, K — K.], which we will show in the following two lemmas.

Lemma 4.4. Assume that 4ARN~' < ¢ < 1/2. We have on ffM
[dI'(—A), K, f/ < VRJ\[(UJN —1))(z—y+ z))a;a’;ax dz dy + gc(I??)—A)v
2€73

where 6’(§£°()7A) satisfies the bounds

+E{1) a) e < CMYANTV2(AD(=A) + 71N

and

(Tc)

Lemma 4.5. Assume that ARN~! < ¢ < 1/2. We have on ]:_fM

+he < OMYVENTY271240(-A).

[Qu, K] = \F/ ( (Ve,vwn)(z —y + z))a;a;am dedy + Eg;c),
2€73
with
+E07) +he. S CMNTYAD(—A) + Qq + 6Y2) 4+ eQq + e 'CRTIN
forall0 <e < 1.

Proof of Lemma 4.4. First, we note that

ke(z,y) = —VN Y wen(z —y+2) + VNG n(0) = —VN > dyn(p)e? @)
2€73 peA*\{0}
= VN Z (I)&N(p)up(y)u,p(x),
peA*\{0}

due to k, = N~Y2g;, the definition of s; (3.1), Lemma 3.1, and the fact that wy y is
even. Hence, we can write

K :/Aq;a*(kc’z)qx dz=—VN > @un(p)ajasapsg.

p,q€A*\{0}
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We compute

[AD(-A), K] ==VN > aun()(@® +9* — (0 + 0)*)aa}apiq

p,q€A*\{0}
=-2VN > ponp)aiasape —2VN Y iplyn(p)agaia(Vips,)
p,q€A*\{0} p,q€A*\{0}

=2 [ (A @y 2 [ (Voko)(w.5)a;0, Vo0
A2 A2
and, using the definition of ey y (2.8),

—Agke(z,y) = VN Z (Agwn)(x—y+2) + \/QN Z enN(T—y+2).

2€7Z3 2€73

On FfM we can replace ¢, with a, and obtain

dAT(—A), K7] = 2V/N /A Y (Aeen)a — y + Dadaga

2€73
+ \/N/A2 > epn(x—y+ 2)asala, — Z/AQ(mGc)(:c,y)a;aZVmam
2€Z3
= QW/ Z (Azwn)(x =y + 2)azaya; + Gi + Ga.
A2 2€73

Using the scattering equation (2.3) in the first term yields the correct main term in
Lemma 4.4. We conclude the proof by estimating the error terms G; and Gs.
To bound G, we need the estimate

AT (®) < C||®| 152 AT(=A), V& € L32(A)

on Fy. In fact, since we have

(9, ®g)| = ‘/Afb(w)\g(:v)IQdﬂf <@l arzllglie < ClNarz (gl + 1Vgll7e)

for all g € H'(A), by the Holder and Sobolev inequalities, and ' < dT'(=A) on F,, we
obtain

dl(®@) < C|[®]| a2 /Aai(l — Ag)ag dz < Cf|®] s/ AT (=A)

on F4. We want to apply this bound to ®(z) := ey n(x — y + 2) for fixed y and z. By
Lemma 2.2 we have

‘E&N(Z —y+ Z)‘ < CN71£731{|17y+z|§€}7
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which we will use to bound the LP-norms of £, y. Now we can estimate for all &', § € ffM

‘<£/,\/N/A2 Z 547N(a:—y+z)a;a;az£>‘

2€73
<N [ e =g+ 2l I+ VN [ S e @ - g+ 2l st
ZEZs ZGZS

<NOVN e a2 MI[dT (=2) /2| + 7 CV N leg | 1 [N2€)1°

<NON~V2TIM|AD(=A) V2 4 T ONTHZ N 2 2
< OMY2NT2 P ar (- A) € I

where we used Cauchy-Schwarz and the fact that the sum over z € Z3 is finite since only

terms with |z| < 3 contribute. In the last inequality, we optimized over n > 0.
For Gg, we first note that for x,y € A

Vake(z,y)| S VN D |Vawen(z — y + 2)]

2€73
CNTjy_yisjes
S \/N Z ‘VWN(-%' —y+z)|]l{| —yt2|<2RN-1} + | y+Z|2\
2€Z3 R |N($—y+z)| +1
1 C
< Z \/N‘VWN(x_y+Z)|]1{| —yt |<2RN*1}+ .
l21<3 e VN |z —y + 2|

by Lemma 2.2. For all f € H'(A?), z € Z3, and a.e. y € A, we want to use the Hardy
inequality

| (@)
/Awdx < CIC Wl (4.7)

and the inequality
/A‘VWN(J: —y+ Z)‘]l{|a:7y+z|<2RN—1}’f($v y)|2 dx
< Veonllzarzpoorn-m) I C)lzs) < CNTHFC )l .
which follows from the Sobolev embedding H'(A) € LS(A) and Lemma 2.2. These

inequalities imply
Vake(z,y)l S CNTV2(1 - A,).

Now we can estimate on F_fM
+ / (Vake) (&, y)ata} Vaas + hic.
A
<n [ Vakdalaayaa 7" [ Vokee,y) Va0 Voo,

< 770/2 N*1/2a;a2(1 — Ay)ayag +nt /2 N7Y2|V,s1(x, )| Vaa! Vaas
A A
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< nON-V2N AT(=A) + 0 ' OVN|[Vewrn |l / V,a'Vaas
A

nCNTYVINAD(=A) +n tON~Y20dT(-A)

<
< CMYVENTV201 2 qp(—A),

where we chose 1 = ¢1/2M~1/2 and used |Vwe |2 < CN™M from Lemma 2.2. O

. < . .
Proof of Lemma 4.5. Since we have ¢, = a, on f;M in all normal ordered expressions,
we can compute

[Q4, K /VNZL'— (\/NZw&N(:B—y%—z) VNG n (0 ))aaaw

2€73

~ [ VG = pasagelie) + [ V(e = yaagaio, po
A2 A3

+ / Vn(z — y)arana® (kew)agay — / Vn(z — y)a;a;ja*(kc’v)avax
A3 A3

:Z—W/A2VN<$— (Z We,N x—y—i—z)a az—&-ZI

2€73

The first term is the main contribution and can be written as
—VN/AQVN(SC— (ngNa:—y—Fz))amy

s

VR’NwN)(x —y+ z))a;a;jaz + €&,
2€7Z3

with

+&= i\/ﬁ/Az(VR’N —Vn)(z — y)(Z wen (T —y + z))axayaz
2€73
<eQi+e Y INVayn — V)| N <eQu+e 'CRTN

for all 0 < € < 1, where we used |Vg v — Viv| < V. It remains to bound the other terms.
For Iy, recall the bound @y n(0) = |Jwg,n||;1 < CN"1? from Lemma 2.2. With this we
can bound on ]-"_fM

+1I +hee. <N AQu + 07|V || N < CNTH(Qy + AT (—A)),

where we used N' < dI'(—A) and optimized over 7 > 0. For I3, we obtain on ]-"_fM

1+ he. < Qi+ 0 IVl kel 2 A < ONTH2(Qa + dT(-A)),
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where used ||kel|,, = N‘1/2H51H0p < CN~Y2¢2 from Lemma 3.1, N’ < dI'(-A), and
optimized over i > 0. We want to bound I3 next. By Lemma 2.2, we have

k(v y) — VNG n (02 < N Y Jwen (v —y + 2)
2€73

O, 2
< N Z ( [v—y+2z|<L ) < i Z C .
€73 IN(v—y+2)[+1 N|Z|<3 lv—y+ 2|

Using Cauchy—Schwarz, the bound N&y n(0)2 < CN~Y* < C, which follows from
Lemma 2.2, and the Hardy inequality (4.7), we obtain on .FfM

+I3+he ==+ /A V(e = y)azagas (ke(v,y) — VNG n(0) + V Ny n (0)) ayay + hec.
<nC //\3 VN(x — y)aga,a,anayay
e /A V(e = 9)(helv.9) — VG n(0) + Néy x(0))a3abava

—_ — 1 A * *
<NCNQ4+n"'CN 1/ VN(:U—y)(Z 2+ng7N(0)2)axavavaz
A3 <3 v —y + z|

<nCMQy + n—lCN_1|]VNHL1 //\2 aya, (1 — Ay)ayay

<NOMQ4 +n 'CN2N AT (-A) < CMN7'Q, + CMN~1dI'(-A),

where we chose 7 = N~!. The term I can be bounded on ]-"_fM by

+I; +he = :l:/ Vn(z — y)asaya® (kew)agay + h.c.
A3

<llVN o Ikell T 12N + 071 Qa < CMNTHY2(Q4 + AT (- 4)),

where we used ||kl w2 = N7V2|[s1] ;o2 < CN7V20Y2 from Lemma 3.1, N <
dI'(—A), and optimized over n > 0. Similarly, we have on ffM

+Is +hec. =F /3 Vn(z — y)a;a;;a*(kcyv)avax + h.c.
A

1Qa + 10 Vvl llkel| oo 2 (N + 1)°

<
< CMN Q4 +dT(—A) + 1), O

Proof of Lemma 4.3. First, we want to show
T Q4 + dT(—=A)) T < O(Q4 + dT(—A) + 1) (4.8)

for t € [0, 1]. Using the Duhamel formula, Lemma 4.4 and Lemma 4.5, Cauchy—Schwarz
with Ve xy < Viv and |[NVx| ;1 < C, Lemma 4.2, N < dTI'(-A) on Fyy, MN-1 <0< 1,
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Oy <1, R77 < 1, and choosing € = 1, we obtain

T.9(Q4 + AT (AT — (Qq + dT(=A)) = /Ot T.°Qs+dT'(=A), 00 K. — K.0p]T7 ds
__ /Ot T%0) (\/N/AQ Vi (z — y)abajas dody — €7 o — €57 + h.c.>T§ ds
</ T Q4+ O ds + © / T Q4+ dD(—A) + 1) T ds
< C’/Ot T5(Q4 + dT(=A)) TS ds + C.

Applying the Gronwall lemma shows (4.8). This immediately implies the bound (4.5) for

the kinetic operator dI'(—A). Repeating this argument for @4, choosing ¢ = MN~! in
Lemma 4.5, and additionally using 0 < wy < 1, M"'!NR™ < C, and (4.8), we have

t
T QT — Qq = / T*(Qu, 00 K — Ko00]T ds
0
t s (T.) ]
< | T7%(Qa+CN + (&7 +h.c))T; ds
0
t t
< / T5QuT ds + CMN ! / T5(Qq + dD(=A) + £/2)T5 ds + C(N + 1)
0 0
t
< / T.5QuTids + CMN 1 (Qq +dT(=A) + 1) + C(N +1)
0
t
< / T 5QuTEds + C(Qq+ MN AT (—A) + N +1).
0

Applying the Gronwall lemma again, we obtain (4.6). O

" . T
4.3 Estimating T;"Hz( T,
Lemma 4.6. Assume that ARN~' < ¢ <1/2, MN~! < ¢, and t € [0,1]. We have

Tc_tHéTl)Tt — H2(T1) + g

[

on Fi, with
+& S CMYANT202(N 4 1).

Since we have HéTl) =dl'(NVen(z—y) +Vgr(0) —8mag) and [|[NVe n(z—y) +Vr(0)—
8mag|op < C, it suffices to prove the following lemma.

Lemma 4.7. Assume that ARN~! < ¢ < 1/2, MN~' < ¢, and t € [0,1]. Let A be a
bounded, self-adjoint operator on $) with kernel A(z,y). We have

+(T; AL (A)T! — dT(A)) < C|| A, M2NT20 (N 41

on Fi.
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Proof. We use the Duhamel formula
t
T* AT (A)T, — dT(A) = / T5[AT(A), O K — K00 T? ds
0

and calculate ;

[AD(A), 00K} — Kby = 00 > i + hoc.,
=1

where

L :/ Az, v)ke(y, v)azayay = | a*((Ake)y)ayay,
A

I, = /Aa:yk (y,v)apanay = [ a*(Ay)a” (key)ay,
A

Is=— [ A(z,y)ke(z,v)ajayay = —/ aya*(keg)a(Ag),
A3 A

I, = —/A4 A(z,y)ke(v, 2)asasa, = —/ a*(Ay)a*(kep)aw,

I :/A A(z,y)ke(v ay—/ (Ag).

Because of 0, it suffices to bound these terms on F. +M We will use k. = s1 and
the inequalities |51 o ;> < C¢"/? and [s1lop < < Of? from Lemma 3.1. For §’,§ c FM
we have

N-1/2

(€, 16)] < /AHW +1)" Y aya((Ake)y)E [NV + 1) 4a,¢]|

<l (Ake)y 7/ + DI+ OV + 1)
Y

CllAllopMY2N T2 51 oo p2 |V + DYV + 1)1 2¢]|
CHA||OPM1/2N_1/2£1/2||(N+ 1)1/2§,||||(N+ 1)1/2€Ha

NN

‘<€/712§>’ S /A”(N+ 1)71/4a(kc,y)a(‘4y>fluH(N+ 1)1/4ay§”
<nllAl2, SlellA)ch,yHizH(NJr P 4 YWV + 1) g2
Yy

< Ol A MENT2ERIN + 1)V [V + 1)V,

(€' Is8)| < /AH(N+ D)™ a(kes)ast! ||V + 1) a(A0)¢]
< nsglzllkc,x\liz\\(/\f + DY T A IV + 1))

< Cl|A]lp MYENTI2ER W + )2V + 1),
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’<§/7[4§>‘ < /A2H(N+ 1)*1/4a(kc’v)a(Ay)€/HH(N+ 1)1/4av§H

A, 15 IV + 134|124+~ [V + 1) g2

<
< Ol|A]lp MENTI2EI(N + 1)V WV +1)2]

and

€15 < [ IV + D™ alke)ang IV + 1) a(4 )]
< msupllke [Fall OV + D€ 17 4+~ AR IOV + 1)

< CJ|Allp MYENTI2ER W + )2 + 1),

where we optimized over 7 > 0 in each inequality. Using Lemma 4.2 finishes the proof. [

4.4 Estimating 77(QS"" + &"T.

Recall

_ /[\2255N:U—y+z)a ydrdy +h.c.,

2€73

52(T1 — 2 / VN VRN)(Z'— (1— ZWgN LU—y—i-Z))G/ dwdy—l—hc
2€Z3

Lemma 4.8. Assume that ARN~' < ¢ < 1/2 and that MN~1 < {. We have
T (Q + "1, = (™

on F, with

+ &S CMYVPPN"Y2 Y (N +1)+ CNR™ + %QLL
+eN+1+MN1AD(=A)) + e 1CIRT(N + 1)

forall0 < e < 1.

Proof. By the Duhamel formula, we have

QT — Q) = / 7™, 00 K — K0T dt.

By Lemma 4.2, it is enough to show =] ng), O K — K 0p) < CMY2N=120-1 (N +1).
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On F4 we have

N ko k *
[Qng),OMKZ — K 0] = ) /A2 > enl(e—y+2)aha, 0K — Kby + hec.
73
N ko k *
= GME /A2 Z 5€,N($ —y+ Z)[axay’Kc]
2€73
N k%
— 0M7_15 /A2 Z <€€,N(a7 - Y+ Z) [a:vay’ KC} (49)
2€Z3
N k* _k *k
+ (HM,72 - GM)E /A2 Z 5€,N(x -y + Z)amach
2€Z3

N k) k
_ / Z N —y+ z)azach(HM —0Onm,42) ) +hec.
2 Ja2
Z€Z3
Let us bound the first two terms in (4.9). Disregarding 65/, we have on F

N k ok *
5 //\2 Z gsz('x —y+ z)[axay? Kc]
2€7Z3

=N [ eonla—y+ ke vaiagal + N [ 3 cnle -y +helt, vjaiala;

ZEZS Z€Z3
— —N/ Z e nN(T—y+ z)a;';aZa*(kc,w) + 87raR/ arara*(key) = I + I
A2 z€Z3 A2

and

N
_ 7/ E 547N(x—y+z)[a;aZ,Kc]
2 JA2
2€7Z3

= N/A3 Z eoN(x —y+ 2)ke(z,v)ayay,a,
z€Z3

+ N/A3 Z e N (T —y + 2)ke(z, v)a;a;jav - N/A4 Z een(x —y+ 2)ko(t,v)asala,

z€Z3 z€Z3
+ N/ Z eoN(@ —y+ 2)ke(z,y)ay, — N/ Z e N(z —y+ 2)ke(z,v)a,
A2 A3
2€Z3 2€Z3
— 8mag / ko(w, v)atatay + N / S eon(@ —y + 2)atalalkes)
A2 A2 =,
ZEL
- 87TaR/ aya* (key)ay + N/ Z eon(x —y+ 2)ke(x,y)ay, — 87TaR/ a*(kez)
A2 A2 273 A

7
= Z IZ‘,
=3

where we used that g, = a; on F4 in all normal ordered expressions. Thanks to 8y, it
is enough to bound the above terms on ]-"fM .
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By Lemma 2.2, we have [[Negn||;» < C¢=3/2 and by Lemma 3.1, we have ls1]l 2 +
151 foe 2 < co/2, Using this we can bound all I;. We have on ]-"fM
41 +he < ”/A2 axa’ayay + 1 Ol Neg|a kel oo 2 (N + 1)
NCN 40 CN 70 [s1[[F oo 2 (W + 1)
nOMN +n 'CN"YU2(N + 1)
CM1/2N_1/2€_1(N + 1)’

INCININ

where we optimized over n > 0. Similarly, we obtain

+I+h.c. <CMY2N~ 1/261/2(N+ 1),

+1, +h.c. <CM1/2N 1/2¢- W
< CM1/2N71/2£1/2N.

For Ig, we have on F_fM
+15 + hoe. <[ Negn | 22N + 07 kel72 < nCL3N + 0 'ON~H < OMYENY2071,
where we optimized over n > 0. Similarly, we obtain
+1; + h.e. < CMVENTV2012,
Now we want to bound the last two terms in (4.9). We have on F
+ (Opr—2 — Op) = 5 / Z ELN x—y—l—z)a:’;aZK:+h.c.
2€Z3
<n [ Onms = Oan) S an + 07 [Nepnl 1D KK
nC0ar,—2 - 9M|\opﬂ{N<Mw2 +  CUAMIN KN + 1)K
nCM 2LV SMINZ 4= 1CeS M2V + 12 K2 N
nCM N +n71Ct2M2N—IN
CM1/2N_1/2£_1N,

INCINCIN N

where we used the bounds [[(N + 1)32K*|lop < Cllkellpoore < CNTY2||51]| sz <
CN~1/201/2 and (4.1), and optimized over 5 > 0. Similarly, we have on F,.

—/ Z en(x—y+ z)a’;aZKC(HM —Opm,42) + hee. < CMYVEN=120-1 ),
2€Z3

(T

We proceed similarly for & v, By the Duhamel formula, we have

1
1™, — g™ — / TEM™) 90 KT — K.0y]TE dt
0
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To bound [SQ(Tl),GMK: — K.0yr), we expand it as in (4.9). Using [|[N(Vy — Ven)| 1 <
CR™ from (1.2) and [|kc|| ;o = N7Y2||51]| e < CN'/? from Lemma 3.1, we obtain

(65" 00K — K] < CM'PN'2R™ 4+ 2Qu+ 7' CLRTI(W + 1)

for all 0 < € < 1. The proof of this bound is similar to the one above, and we skip the
details. Applying (4.6) and Lemma 4.2, we have

+ (T T, — €5y < OMYVANY2R
+ %(@; FN 414+ MN-VAD(—A)) + e LCOR™(N + 1)

for all 0 < ¢ < 1. It remains to bound 52( 1) . Using Vy — Vg v < Vv and

1= > win(z—y+2)| <1,

z€Z3
we obtain ) .
£6") < SQu+ CIN* (Vi = Veow)lls < GQa+ CNR 7.
Gathering all the bounds, we conclude the proof. O

4.5 Estimating TC*QéTl)

Recall
Tl \ﬁ/ Ve N (T — y)ayazay dzdy + h.c.

Using the Duhamel formula, we can expand

T, = //T ) gy K K@M]Tsdsdt+/ TtQ T dt. (4.10)

In the next lemma, we will compute the commutator in the first integral.

Lemma 4.9. Assume that ARN~' < ¢ < 1/2 and that MN~' < . We have

[Q(Tl) O K — KOy = —2N/ ( VR,NwN)(x—y—i—z))(a;‘;ay—i-a;ay)—i—S
z€ 3

Z

on Fi, with

NIHL

+& SCMN7HAT(—=A) + CMYANTV20M2(Qu + N + 1) + C2 v

forallj>1

54



Proof. First, we compute the commutator [QéTl), Oy K} — K.0p], using that ¢, = a, on
F4 in all normal ordered expressions and k. = N -1/ 25,. We obtain

QY 0K — K]
= (9M\/N/A2 Ve N (7 — y)[ayazay, K] — HM’H\/N//\? Ve (2 — y)[ayazay, K]
+VN /A Viw(e — y)azata, K (O 1 — 1 1)
+ \/N/A2 Ve N (® — y)ayazay Ke(On +1 — 0nr) + hec.
= 0n+1 /1\2 Ve (z —y)s1(z,y)(a,ay + azay) + h.c.
+ {eM,H (- /A V(e - y)(a*(s1y) + a*(slw))ay) + h.c.}
+ {HM,H (/A2 Ve N (7 — y)azaya(siz)ay + //\3 Ve n(x — y)a;a;a(slw)av)
+ 0 (/AS Ve n(z — y)a;aZa:jsl(v, y)ay, — /A3 Ver.n(z — y)aiaéa*(sm)av
— //\2 Ver.n(z — y)a;a;a*(slw)ao + h.c.}
+ {QM //\3 Ve (2 — y)(ay + ay)aya”(s10)ay
O /A Vi (e - y)(a) + ad)ajals: v)ay + h.c.}
+ {QM,-H //\3 Ve.N(z —y)ay(aysi(v,r) + azs1(v,y))ayay + h.c.}
4 {\/N /A V(e — y)alata, K Oy o1 — Oyre2) + h.c.}

+ {m /A Vi (e - gy KOy 11— On) + h.c.}

7

=92 //\2 Ve.n(z —y)s1(z, y)(a;jay + ayay) + Z I;,
i=1

where
I = (Bars1 — 1) /A V(e —y)si(r.y)(aga, +aja,) +he.

and the other I; are the terms in curly brackets. By Lemma 3.1 and Lemma 2.2, we have

+ /A2 (VR,N(I' —y)s1(z,y) + Nzgzzg(f/R,NwN)(z —y+ z)> (ayay + azay)

_ /A Vi (e — ) Nog(0) (agay + atay) < ClVanll [ Nwey | N < ONTHEN.
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Hence, it just remains to estimate the error terms I;. For I; we use
0<(1—0p41) <LNV>M/2}H
Applying Cauchy—Schwarz and Lemma 3.1, we obtain
w1 < TVEMEN VR s eV
Vel [ Barn = DaarOun = 1)+ [ 167212 g50, 10030721
< CTWMPY Vg | a1 ]] oo NV

NIt
J
<C2 e

for all 7 > 1. Similarly, using 0 < a7, 0p7,41 < 1V<M} and Lemma 3.1, we can bound
the other error terms. We obtain

+I < C||Van|pllsill 2N < CNTHPN,

T3 < MOQu + 17 C | Vw151 2o 2 TV MW 4 1)2
+pCUTVSMINQy + 'O Va N 1 15117 2N
< CM1/2N71/2€1/2(Q4 +N),

where we optimized over 11,72 > 0, and

1 < nOCUVNSMY VR n || N2+ LODTWVSME VR v [ls1][F2 (N + 1)

<
< CMN7YVAN +1),

where we optimized over > 0. By Lemma 2.2, we have

Isi(v, )P < N? S Jwen (v —y + 2)
z€73

Cljy—yssi<s 2 C
< N2 ( [v—y+2[< ) < .
Z%S IN(v—y+2)|+1 |Z§|<:3\v—y+z]2

Using this, the Hardy inequality (4.7), and N’ < dT'(—A), we obtain

1
+1I5 < C]I{NgM}/ Ve n(x — ( )a*a*a a
5 A3 R,N( y) |Z|Z<3 \v—y+z]2 y Uy oty

+ C]]_{NQM} [\3 VR,N(:’U — y)a;;af,avay

Cl[Va x| VSN AT (- A) + CTWVSMY v || N2

<
< CMNHT(-A).

56



Next, we want to bound Is and I7. Using (4.1) and ||(N + 1) 732K |lop < C|lkell o2 <
CN—1/201/2 we have

+Is <nQa+n 'N|Van| . /A(HM,—H — O, +2) Keayay K (On,+1 — Onr,42)
nQa+ 1 'CWN +1)*(Oar41 — Orsr2) KeWN + 1) 2K (Oar41 — Oare2) (N + 1)°
NQs+n 'CM 2N + 1)K |2 AWM (4 1)1

Qs +n TCMN YN +1)
CMYV2N2012(Q4 + N + 1),

INCINCIN N

where we optimized over n > 0. Similarly, we obtain
+I; SCMYPNT2002(Qq+ N +1).
Gathering all the bounds and using M'/2N~1/2 < 1, we conclude the proof. O

Now, we can compute the first integral in (4.10).

Lemma 4.10. Assume that 4ARN~ < ¢ < 1/2 and that MN-1 < ¢, We have

1 1 T
/ / T[S 00 K — K0T ds dt
0 t

= —dr </A(VRw)(:c) dz+N > (Venwn)(@ —y+ Z)> + 5(1;,)
2€73
on Fi, with
: ) - N+ 1)+
o, < CMNTHAT(=4) + CMVENTVRAR(Qu+ N 4 1) + Cj(Mj)

forall 7 > 1.

Proof. By Lemma 4.9, we have

{Q:())Tl),gMK: — K0y = —2N /A2 < Z (VRyNwN)(x —y+ z)) (a;;ay +ayay) + €,
2€Z3

with
j+1

£E S CMNHAD(=A) + CMYENTV22(Qut N+ 1) + 02

— 2N N <Z§3(‘7}3’Nu}]\[)($ —y+ z)> (a;;ay + aay)

= —-2dI' (/A(VRw)(x) dz + N Z (Vanwn)(z —y + Z))
z€ZL3
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and
< 2||Vewl| 1 < C,

/A (Vaw)(@) dz + N Y (Vanwy)(z -y + 2)

2€73 op

we can apply Lemma 4.7 and we obtain

1 r1 ~
— 2N/ / ¢ / ( Z (Venwn)(z —y + z)) (ayay + azay,)T7 dsdt
0 Jt A2 o

== [ Grvome —u-+2)) oy +atay) +&

with .
+& SCMYVANTV202(N 4 1).

It remains to estimate the error term

1 1
/ / T5ETS ds dt.
0 Jt

Using Lemma 4.3, Lemma 4.2, and MN~! < ¢ < 1, we get

1 1
i/ / T SETSdsdt < CMNYHAT(=A) + Q4 + 1)
0 t

+ OMYANTYV2R2(Qu + N +14+ MN7LAD(-A))

(N + 1)+
+CjT

< CMN UAD(=A) + CM'2N=202(Q + N+ 1)

(N + 1)+
Mi

for all j > 1. O

+Cy

4.6 Proof of Lemma 4.1

Proof. Applying the Duhamel formula to (4.4) and using (4.10) and Lemma 4.10, we
obtain

1 [Néon(p)?
T TYHIT, = 4ma(N — 1 : I'(-A
ST HTY ma( )—i—(27r)3/]Rg 1 dp +dl'(=A) + Q4

+ /01 T ([0 (~A) + Qu, On K — K] + Q5™ )T dt
—dr (/A(VRLU)(.T}) dz + N Z (VR7NwN)(x —y+ z))

z€Z3
+ TP HVT, + T3 QY™ + &) T, + TreMIT, + €5,
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with

(_/\[ + 1)j+1

:Eg(TC) < CMN—I dF(—A) + CM1/2N_1/2€1/2(Q4 + N+ 1) + Cj M

3

for all j > 1. Inserting Lemmas 4.4, 4.5, 4.6, and 4.8, we have

* sk o 1 |Né€,N(p)|2
TITIHIT, = dma(N 1) + 755 /R b o dN(-4) + Qs

_dr ( /A (Vaw)(@) dz + N3 (Ve weon) (& — y + z)>

2€73
—i—dF(NVRN(.%'— )—FVR( )—87TCLR)

/ ZegN:z—y—Fz)a dxdy—i—h.c.
2€73

—l—/ ((I—OM \/>/ Ve (T —y)a,a ayd:cdy—{—hC)Tctdt

where the last two lines are error terms and

+ &) < OMYENTV20- YN 4 1) + CMNHAT(=A)

(_/\/’ + 1)j+1

1/2 ar—1/2 y1/2 ,
+OMYENTEL Q4+ O

1
+CNR™" + ZQ4
+eN +1)+ e 'CURTI(N + 1)
forall j > 1 and 0 < ¢ < 1. We can rewrite

Zpaap

and
N * * N 2 * k
5 //\2 ZS e nN(@—y+ Z)amay drdy + h.c. = 0l Z 5Z7N(p)(apa_p + apa_p).
2EL P

Using (2.4), we obtain

AT (NVi (2 —y) + Vi (0) — 87ag) —dT ( /A (Vaw) (@) dz + N Y (VR,NwN)(x—yH))
2€73

—ar (N S (Ve (1 — )@ —y + z))

2€73

We want to replace this with

dF(N Z 5g’N(x—y+z> stg]\/ -

2€73
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For this purpose we want to bound dI'(®(z — y)), with

() =N > (VRN —wn) —eon)(@ + 2).
2€Z3

Note that we have ®(0) = 0 by using (2.4) and Lemma 2.2, and V®(0) = 0 since
Ve N(1 —wn) and e¢ n are even. Hence, using supp(Vg, n) Usupp(e,n) C {|z| < £}, we
have

1B(p)| = |®(p) — 2(0) — p- VB(0)| < C||- @ 1p* < C||®| 11 £2p* < C3p?.

Using this, we obtain for g € H'(A)

/A2 g(@)®(z —y)g(y) dz dy‘ -

Zﬁ(p)@(p)@(p)H <o

p

zp%(m(p)H < CPg|2.
P

This shows ®(z — y) < C¢?(1 — A) and hence, we have on F
+dD(®(x — y)) < CLRAT(-A).

It remains to bound the error terms. We use 0 < (1—0,7) < 1V>M/2} and VeN < VN
to obtain

(1—0M\F/ Ve N (T —y)a,aza, dz dy

j+1

< Qi+ e 'N|Vy|| AWV MZN < eQq+e71C; TR

for all j > 1 and € > 0. Using Lemma 4.2, Lemma 4.3, the bounds in Lemma 4.4 and
Lemma 4.5, and (3.4), we have

[t (-0 \F/ Vil - 1)z, o ) T

+ / w(EL) o)+ €S +he )Tt + TrEMT,

<CONR™ + CMWN V2(d0(=A) + Qa + YN + 1))
/172 (N +1)32
N1/2
(N +1)2
N

+ COAT(—A) + Q) + CEPN +1) + C

+ O

+e(Qu +N+1>+51C((R’Y+f)(./\/—+1)+ (N+1)j+1>

M

for all j > 1 and 0 < ¢ < 1. We simplified the estimate using MN ! < /£ <
Collecting all the error bounds, we conclude the proof. O
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5 Diagonalization

In this chapter, we will use a transform similar to that in [16, Section 6]. We want to
diagonalize the Bogoliubov Hamiltonian from Lemma 4.1

1 [Néen ()| o N " -
Hpog = 53 /3 e dp + ZPQ%% + 5 Z €o.n(p)(2ayap + apa”, + apa_p).
(2m)* Jr P p#0 p#0

As remarked in Section 2.4, by choosing

S = Z Sinh(Tp) |Up> <up|7

p#0

we can define a quadratic transform on F

1 * 3k
T, = exp<2 Z mp(aya’, — apap)> =: exp(K>),
p#0
that satisfies
T3 a, Ty = cosh(7p)a,, + sinh(7p)a—p, (5.1)
where
1 A
-1
Tp =sinh ™ (1),  vp = —sgn(By) B} <A2iB2 - 1>’
P~ p

A, =p*+ Néon(p), Bp= Nén(p),

for p € A*\ {0}, if we can show that s is a Hilbert-Schmidt operator, which is equivalent
to Zp\up|2 < oo. First, note that v, is well-defined for ¢ small enough. We have
Vérn(0) = 0, since g¢ n is even, and, by Lemma 2.2, Nlg, y(z)| < C’E_?’]l{mg} and
Né; n(0) = 8mag. Hence, we obtain [[NAE&y n| e < H|'|2N€g7NHL1 < O and

INéon(p) — 8map| = |[Néyn(p) — Néen(0) —p- NVE,N(0)]
< Cmin(1, |||-*Negn | 1p?) < Cmin(1, £p%). (5.2)

Thus, A, > |Bp| and v, is well-defined for all p, if £ is small enough. From (5.2), we have
p* +2p?B, > Cp*. Thus, using [v/1+x —1—1z/2| < C2? for —1 < z < 1, we obtain

2 2 —2 _
1p°+ B, —p°y/1+2p 2B Cp—2B2
- PV Pe P coptB2<opt, (53)

X p
2 [pt + 2p?B, /p* + 2p?B, P

2
p|” =
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which shows ZP\VP\Q < oo. Using (5.1), we can compute

1 Né 2
T5 (HBog — 3 / | gg’NQ(p)’ dp) Ty = Z (A, sinh(7,)% 4+ B, cosh(7,) sinh(7;,))
(2m)3 Jrs  4dp owrr

+ Z (cosh(7p) 24 sinh(Tp)2) + 2B, cosh(7,) sinh(Tp))a;’;
p#0

B
S <Ap cosh(ry) sinh(ry) + 7 (cosh(r,)? + Sinh(Tp)2)> (4507, + apay).
p#0

ap

We have

cosh(7,) sinh(7p) = sinh(7,)/sinh(7,)? + 1 = vy, /12

1 A 1 A
= —sgn(B)) 3 <2p - 1) 3 (p + 1)
A2 — B2 A2 — B2

) [ 41 B

2 A2 — B2 2 /A%_Bg’

sinh(7,)? =

With these identities, we obtain

1 Ne
TiHpos T = (5. /RS\ eigf dp+ = Z(\/ 2 Ay) + Y\ /42— Blaja,

p;ﬁO p#0
1 /\Néz,N(p)l

s——dp+ - Z(\/p +2N2 v (p)p? — p* — Néyn(p))

 (2m)? 4p 2
+ Z \/p4 + 2Nég,N(p)p2a;ap
p#0
1 Né
= ( 3 / ki - Al @N > + €eBog + D epapap. (5.4)
(2m) 4p? p#0 p#0

The main result in this chapter is the following lemma.

Lemma 5.1. Assume that ARN—' < ¢ < 1/2, MN~' < ¢, and ¢ is small enough. We
have

Ty TX Ty HT T, Ty = En + AT (Epog) + T3 QT + 1)
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on Fi, with Q4 as in Lemma 4.1,

dl(Epog) = Z /Pt 4 16Tapagay,

peA*\{0}
2
By = dma(N 1) bend+ 5 X (s tomap? = - sma G20,
peA*\{0} P
1
eA:4</dp+ Z /( 2>dp>a
ety NPT 2
and
+E™) L ONR™ + CMYVANTV2(AD(=A) + T3 QuTa + (71N + 1))
. N +1)%/2
+ CPAT(=A) 4+ COTS Q4T + COYV2(N + 1) + 051/2(]\,1/2)
. * (5.5)
N +1)2 N 1)+
+5_IC<(R_7+€)(N+1)+( j—l\—f ) +Cj( LJ) )

forallj>1 and 0 <e <1.

For the proof of Lemma 5.1 we need the following lemma, which essentially shows that
we can replace Néy v (p) with 8wa in (5.4).

Lemma 5.2. Assume that ARN~' < (< 1/2, MN~' < ¢, and ¢ is small enough. We

have the pointwise bound
ep — \/p* + 16map?

< Clp* + CR™. (5.6)

Moreover, we have

1 8ma)?
oy —5 O (\/m—p"‘—mﬂ;?) <CL+CR7,  (57)

peA*\{0}

1 NEé 2 Ng 2
|((2 )3 /3 ’ giNQ(pﬂ dp — Z W) _ eAa2 < C€1/2 + CRffy' (58)
i P pEA\{0} p

We will need the following bounds on the number operator, the kinetic term dI'(—A),
and the term Q4.

Lemma 5.3. Assume that ARN~' < (< 1/2, MN~' < ¢, and ¢ is small enough. We

have
SN+ DITE < (N + 1), (5.9)
T2 AL (—=A)T, < C(dT(=A) + 71, (5.10)
T3Q4Ty < CQs+CN U2 L ONHN + 1), (5.11)

forallj =1 andt € 0,1].
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We begin by proving Lemma 5.2 and Lemma 5.3. At the end of the chapter, we will
prove Lemma 5.1.

Proof of Lemma 5.2. First, we prove (5.6). Using the inequality |v/1+ 2z — /T +y| <
Clz — y| for z,y > —1/2 and the bounds (5.2) and (2.6), we obtain

—\/p* + 16map?

Next, let us prove (5.7). We have

< O|Néyn(p) — 8mag| + Clag — a| < C6*p* + CR™7.

2

v(z)=V1+2x—-1—z+ % =0(z%), V(z)=0(2?),

and |v(z) — v(y)| = [v/(0z + (1 — 0)y)||z — y| for some O = O(x,y) € [0,1]. Applying this
to
x=Nen(p)p~?, y=8rap~?,

and using the bounds (5.2) and (2.6), we obtain

P*|u(Néen (p)p2) = v(Smap™2)| < pA(Cp*|Neg n (p)p2 — Smap™?)
|INéo n(p) — 8mag| + |8mar — 8mal < Cmin(1,€2p2) + R

p* = p*

<C

Hence, we have

1 8ra)?
€Bog ~ 5 Z <\/p4+167rap2—p2—87ra+(27;2)>|

peA*\{0}

in(1. 2p2 —
<oy, m@OPIFRT oo Cios Lo <orior,
pEAT\{0} P o<z P’ psia P
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Finally, we prove (5.8). We compute

1 Né 2 N¢ 2
o / | ZNQ(PN p- 3 \ ZNQ(p)’
p pEAT{0} p

_/ !Néf,N(%P)\Zd 3 INéy n(2m2)|?
= [ A Ve N(em2)1

2 P 2
4(27p) 20} 4(27z)
/ |Népv (2mp) S ( /A INéon(2mp)* [Ny n(2m2)| dp).

4(27p)? scmvoy A+ 4(27p)? 4(272)?

In the first term we can replace Né, ny(27p) with 8mag, up to an error term, by using
the bound ||[Néy ;0 < |[Neenl|l;1 < C and (5.2). We find

|Néon(27p)|? |87TClR\2 \NagN 21p) — 8mag]

A AQ2rp)2 4(21p)?

dp < CP2.

4(27p)?
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For the second term, we separate the sum into terms with 0 < |z| < £71/2 and terms

with |z| > £71/2. The sum over |z| > £~/2 is an error term and can be bounded in the
following way. First, we compute for |z| > £~1/2

/ INégn(2mp)[> [ Négn(2rz)
A+z

4(27p)? 4(272)?
1 / (22(’N§57N(27T(p + 2))]2 — |[Néon(272) %) _ 2p-2|Négn(2m2)?
1672 Ja (p+ 2)%22 (p+ 2)222
B p2|Néng(27rz)|2> dp
(p+ 2)222
1 / ({ 22(Négn(@2n(p+2)) — Néon(2m2) — p- NVEy n(272))
1672 Ja (p+ 2)222

X(Négn@2r(p+2)) + Née,N(QWZ))}

n {p “NVéyn(2mz)(Négn(2m(p + 2)) + Nég n(272)) }

(p+ 2)%22
{2p~z\Nég7N(27rz)\2} {p2|Nég’N(27Tz)]2}>
— — dp
(p+ 2)%22 (p+ 2)%22
1

T2 (G1(2) + Ga(2) + Gs(2) + Ga(2)).

To bound G1(z), we use
|Nég’N(2W(p + Z)) - N§47N(27TZ) —-p- NVEAE’N(QTFZ)HNEAZ,N(%T(]?-}- Z)) + Nég’N(Qﬂ'Z”

CIINAEN | oo |- NEen ll2p? ((p +2) 72 +277)

<
<OP*((p+2) 72 +272),

which follows from a Taylor expansion, the bound |[NAZ, ||« < || -2Negnlp < CE2,
and the bound H"|2N§g7N||Loo < ||[NAegn| 1 < C¢72 from Lemma 2.2. Thus, we have

1G1(2)] < Cz74

Next, we notice that Go(z) = —Ga(—2), since &y is an even function. From this
symmetry, we deduce
> Galz) = > Ga(z) + Ga(—z) =0.
|z|>¢-1/2 2€(NxZ2)U({0} xNxZ)U({0} x {0} xN),
|z|>¢—1/2

For G3(z), we use ||Nég Nz < ||Negn||pr < C and
/ p-zdp=20
A
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to obtain

2p- 2|Né Ny (2m2) 2 2p- z|Népn(272) |2
Ga()] = ’ /. -

24 (p+ 2)222
9p . 2|2 . 2|p2
gc/ p- 2| +|§ 42\p dp < O,
A (p+2)%2
Finally, we use |[Négn|z < [[Negn|lpr < C to bound
1Gu(2)] < Cz74
In conclusion, we have
N 2 A 2
([ WaCmlt NeCrat )| o s 1 opn
|Z|>£71/2 A+Z 4( ﬂ-p) ( WZ) |Z‘>671/2 z
For the sum over 0 < |z| < £71/2) we write
/ INéen(2mp)* [Ny n(2m2)
Az 4(27p)? 4(27z)?
_ { / [Néew @rp)*  |87ag/’ } N {|8mR|2 _ |Néz,N(2m>12}
A+z  4(27p)? 4(27mp)? 4(27z)? 4(2mz)?

8rag|®  |87wag|?
+ {/A—i—z 4(2mp)? B 4(27z)? dp}
= 11(2’) + IQ(Z) =+ 13(2).

Again, by using the bound |[Né; n||; o < [[Negn||;: < C and (5.2), we find

‘11(2)‘ < / |Né€,N(27Tp) - 87TClR|

dp < C¢?
A+z 4(27‘(}?)2 b

and similarly,
| (z)| < CP2

This shows the bound

S L) +LE)< Y. cr <ot

0<|z|<L—1/2 0<|z|<b~1/2
Similarly to G3(z) and G4(z), we can bound
1I3(2)| < Cz74

This implies
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Summing up all the terms, we obtain

1 Né 2 Né 2
/ INéen (D) p- 3 |Néon(p)|

3 2 2
(271') 4p peA=\{0} 4p

:4a§%</ dp+ > /(p+z )dp)—i—é’:e[\a?%—i-g,

z€Z2\{0}
with
E| < C/2,
By (2.6) we have |a? — a%| < Cla — ag| < CR™7, which finishes the proof.

Proof of Lemma 5.3. The first bound (5.9) follows from Lemma 2.8.
For the proof of (5.10), we compute

T*dl(—A)T = T*(Zp a ap>

P70
=> p? (cosh(7p)ay, + sinh(7,)a—p) (cosh(7p)ay, + sinh(7,)a” )
p#0
= Z p* (cosh(Tp)2a;ap + cosh(p) sinh(7,) (apa”, + a_pay)
p#0

+ sinh(7,)%a* L p—p + sinh(7,)?)

< sz(l +2 81nh(7p)2)a;ap + Zp2 (cosh(Tp)Qa;ap + sinh(Tp) a_pa’ p)

p#0 p#0
+ Z p? sinh(rp)2
p#0
=92 Zp2(1 + 2V£)a;§ap + 2 Zp2y2
p#0 p#0

Using (5.3) and B, = Né; n(p), we obtain

Né 2
T*dT(~A)T < CdT(—A) +C Y. M.
p#0 p
To estimate the last term, we use that by (5.8), we have

1 ’N&gN |N€gN
(2m)3 / B v

4p? p#0

<C.

By using (3.9) and Lemma 2.2, we can bound the integral. We obtain

L NP, N Lt
’ dp = ——- dz < CY dx
(2m)3 / 4p? D) A(WK,NW,N)(J/’) < C BT

<ot
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This finishes the proof of (5.10).
Finally, we prove (5.11). Using the Duhamel formula, we have

1
T*Q4T =Q4+ / e K2 [Q4, Kg]etKQ dt.
0

Computing the commutator yields

[Q47 K2 Z VN p q Tqa a + Z VN p+r aq_Hn =+ h.C.
pq p,q,r

Rewriting this in position space, we find the bound
[Qa, Ko] = / Vn(z —y —|—/ Vn(z — y)7(z — v)aya,aya, + h.c.
<Qut [ Vil —ylFa =yl + [ Ve - paiajaiV + 1) gy
+ /A V(- y)[F(z — ) 2a5 (N + 1)ay
< CQu+ IVNIlpall7l} + VNl I3 + 1)%.

Using |7,| < |vp], (5.3), and Lemma 2.2, we obtain

|N€gN
Irlly < llwlly < D2 —5— 2 <C)

min(1,p ZHNAWN”LI)

p#0 p#0 p?
(1,p=272 1 2
coy Ly ooy Lioy Do
p£0 P o<lpl<e—1 P pi>e-1 P

and

I3 < llvllz < Z oS

p#0 P
Hence, applying (5.9), we have

T*QiT = Q4+ C /01 e 2(Qu4+ N2+ NTHN +1)%)eR2 dt
<Q+CNYU24L+CN YN +1)24C /0 1 e 2 etf2 4t
The bound (5.11) now follows from the Gronwall lemma. O
Proof of Lemma 5.1. Applying Lemma 5.2 to (5.4), we obtain from Lemma 4.1
TyT Ty HTT.Ty = Ex + dT(Epeg) + T3 QuTs + T3ETITy + €,

with
+€ < COV? 4 CP AT (-=A) + CR™Y(N + 1).
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Using (4.3) and Lemma 5.3, we have
THETITy S ONR™Y + CMYVANTY2(AT(—A) 4+ T3 QuTo + 1N + 1))

+CLAD(=A) + CHTIQUTy + COPW +1) + O 2y

1
+ ZT;Q4TQ + €(T2*Q4T2 + N+ 1)

(N +1)2
N

+ 0y

+ e—lc<(R—7 +OW +1) + W DM)

M

forall 7 > 1 and 0 < ¢ < 1. We simplified the bound using MN-1 <<,

(N +1)3/2
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6 Optimal BEC

In this chapter, we will prove the following lemma. The proof is similar to that of [28,
Lemma 31| and [17, Proposition 20] and uses a localization technique from [20].

Lemma 6.1. On the truncated Fock space ffN, we have
UHNU* = 15NHISY > draN + C7IN - C,
for some constant C' > 0 independent of N.

Proof. We introduce the notation Ny = N — afag. Recall that for any normalized
sequence YV of approximate ground states such that

Uy, HyW
hm<N7NN>

= 4ma
N—oo N ’

we made the assumption that (1.5) holds, which is equivalent to

lim (UN, N TN)

= 0. 1

Let f,g: R — [0,1] be smooth such that f(z)? + g(x)? = 1 for all z € R, f(z) = 1
for < 1/2, and f(z) = 0 for x > 1. For My > 1 we define fy, = f(N/My) and
gm, = g(N'/Mp). We have

H= fMOHfMo + gmoHan, + 5M0>

where

Enty = 5t st M)+ gt 9, 1) (62

From (2.14), we easily obtain on .FEN with h = f, g

[hMO’ [hMm%H

= %(h((NJr 2)/Mo) — h(N/Mo))z\/<N —N)(N-N —-1) //\2 Vi (z — y)aza, + h.c.

+ (RN +1)/Mo) = N /M) VN =N [ Vila = y)ajasa, + e

which implies
+E0, < OMy%(Qq + N). (6.3)
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We can assume that v = 1 and we choose R = N{/5, My = 6,N, and M = 6gN for
da, 03 > 0 fixed and to be chosen later. Denoting U = T1T.T5, we obtain from Lemma 5.1
on F

UHU = Ex + dT(Epog) + T3 QuTa + ET) > dnaN — C + dT(—A) + T3 QuTs + ™),
where
+£) < 07 4 06 (AT (~A) + T3 QuTz + ¢ 1N + 1))

7172 (N +1)32

+ CPAD(=A) 4+ COTEQuTy + COYA2N +1) + C ~T

+ %TQ*Q4T2 b ATy QT + N+ 1)
_ 1 N +1)? (N 1)
+e 1C((N 1y 1+£)(N+1)+(N)+Cj559(Nj)>

for all j > 1and 0 < e < 1. By choosing j =1, =1/4, 63 = ¢*, and /¢ sufficiently small
and fixed and using NV < dI'(—A) on F,, for N large enough, we can absorb all terms
proportional to A" and dI'(—A) into d['(—A) and all terms proportional to T5Q4T% into
T5Q4T5. Hence, we have on F

3/2
M_i_g

* 1 * —1 1/2 —4 (N+ 1)2
UHU > dmaN + S (dD(=A) + T3 QuTy) - (j(g yorEy -

We denote Ny = U*NU. From the bounds in Lemma 2.8 and Lemma 4.2 follows
(N +1) < Cj(Ny + 1) <CjN + 1)
for all j > 1. With this and the bounds dT'(—A) > AN and Q4 > 0 on F,, we obtain
U fary(H — 4maN) frd = f(Ny/Mo)U* (H — 4maN)U f(Ny /M)
> £(Nu/Mo) (1AL (-8) + T5QiT)

_ N+1)3%2 (N +1)2
—c<e Ly e N1/2) ot v ) >)f(Nu/Mo)

SN /Mo)N f (N /Mo)

=

e

Ny + 1)3/2

— Cf(Nu/Mo)? <£—1 2l +0

N1/2 N
FNU/Mo)2(Ny — €7 — (02D N2 4 0= MoN 1) A)
FNy /M) (1 — Y2612 — 1746 )Ny — 7).

4 Ny + 1)2>

Choosing d,, sufficiently small and fixed and conjugating back by U, we have

fMo(% - 47TaN)fMo = f]%/[o(cilN - C)
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By an argument from [3, Proposition 6.1], we obtain
15N gny (H — AmaN)gag, 15V > C15V g3, N > C15N g3, N

Since, by (1.4), we have

1 AM(H
N]liNgMO(’H—ZITraN)gMO]liN > f_Ng%/lo( I(NN) —47ra> N

we would otherwise find a normalized sequence {&x} C supp(gar, 1Y) C {N} = My /2}
such that (up to a subsequence)

En, (H — dmaN)éy) = 0.

1
lim —
M !

This would contradict (6.1).
In conclusion, we have

ISVHISY > 15V (AraN + C7INV = C = C52N2Qq) 15",
From (2.12), we can derive the straightforward bound
15V SN > 15y (;Q4 - CN)]liN. (6.4)
Dividing the second bound by N and adding it to the first, we obtain
1SVHISY > 15V (4raN + 07NV — O)15Y.

This finishes the proof. O

73






7 Proof of Theorem 1.1

We will use the notations U = T1T.T5, fIN = Hy — En and H="H-— En with En as in
Lemma 5.1. The main result in this chapter is the following lemma. The proof is similar
to the ones of [28, Lemma 32] and [17, Theorem 1].

Lemma 7.1. Let 0 < k < 1/13 such that (1.2) is satisfied for

1+ k&
1—2k

The eigenvalues Al(ﬁN) < AQ(ﬁN) << O, withl <O < N/ of Hy on $N
satisfy _

)\L(HN) = )\L(dF(EBog)) + O<N_N@1_19)7
where 0 < ¥ < 1 — 12k is arbitrarily chosen for v € [6/5,14/11) and

_172/6

0
3

for v €[1,6/5). Here, dI'(ERog) is understood as an operator on Fiy.

Proof. As in Chapter 6, we denote R = N{/5, My = 6,N, and M = 63N, but with
different parameters d, and dg. Let 1 <© < N #/(1=9)  We differentiate between two
cases.

Case 1: v € [6/5,14/11). We choose 0 < n < (1 — 13k)/2 and
12k

I=1- € [1/13,1 — 12x).

Case 2: v € [1,6/5). We choose

6—5 12 1-2
n= 7 and 9=1- "= a
2y 1—-2n 3

In both cases, let
5& _ ]\[(7274/{777)/5(_.)72(14r219)/57 55 — ]\]-(7274l€+477)/5(_372(1+219)/57
t=N"*0"%  c=N"O",

and j > 1 such that
. 3K
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The proof consists of two parts. In the first, we prove the lower bound on A L(f[ ~) and
in the second, the upper bound on Ap(Hy).

Proof of the lower bound on A (Hy). We use the same localization technique as in
Chapter 6. With fys, and gy, defined as in Chapter 6, we can write

ﬁ = fMoﬁfMo + gMoﬁgMo + 5M07

where £y, is given in (6.2). We denote by Z C $” the space generated by the first
L eigenfunctions of Hy. We define Y = UZ C ffN and let Py be the orthogonal
projection onto Y. Since U is unitary, we have dim(Y') = dim(Z) = L. With the min-max
principle, we obtain the quadratic form estimate

)\L(ﬁN) > PyUfNINU*PY = Py’)f[Py = Py(fMoﬁfMo + gMOﬁgMO + EMO)Py. (7.1)

We want to bound fanH far,, 9as,Hos,, and Epg, next.
By Lemma 5.1, we have

UHNU = AT (Epeg) + T5 QuTs + ET2). (7.2)

To bound £("2) from below, we want to use the bound (5.5), the fact that Ran(fa,) C
FfMO, and the bound V' < dI'(—A) < dI'(Epog) on Fy. Since we have N < CM on

U *ffMO by Lemma 2.8 and Lemma 4.2, with the choice of the parameters above, we
find the bound

ET) > _CONTFO VAT (Epyy) — CN Q17 — (i + CN"‘””@_ﬁ) TyQ4Ty  (7.3)

on L{*]-"fMO. In both cases, we used R™Y < N~! < §, = 0gN™1 < g <l = £2 and

1—7v+2vk = —k,
—1—-2k+2n 13&—1—1—277)
5 5 ’
N(13H—1+2n)/5@—(1+219)/5@219 < @(1—1319)/5@(819—1)/5 _ @—19

—%—2/@2—/@—%(

Y

Nﬁ—jn@ﬂ < N—Qn@ﬂ < N_H@_ﬁ,
where the inequality in the second to last line is due to @1=9/% < N. We also used

3(1 — 12k)

-9 <19,
1-2k

279 <

which follows from the inequalities ¥ < 1 — 12k and x > 1/17, in case 1 and

242K
3

=1-9

279 =

in case 2.
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Thus, for large N, using ()4 > 0, the lower bound on F
FaHvg = (1= CNTRO™) far U AT (Eog U™ far, — CN O (7.4)

follows from (7.2) and (7.3).
Using Lemma 6.1 and the fact that supp(ga,) C {N > My/2}, we obtain for large N
onY C ]:fN
g Hant, = 9a1(CT'N = C)gagy = gaao (C7 Mo — C)gar, > 0. (7.5)
From the bounds (6.3) and (6.4), the fact that Y C ffN, the bound H < A\ (Hy) +
A (Hy) on Y, and the inequality ©1~")/% < N, we have on F,

PyEngPy = —CMy?Py(Qq+ N)Py = —CMy?Py(H + N)Py

Z
> —CMy (M (Hy) + AL(Hy) + N) (7.6)
> _CMO—QN _ _CN(71+SK+277)/56(4+819)/5 > _Can(alfﬂ.

Inserting (7.4), (7.5), and (7.6) into (7.1), we obtain
AL(Hy) = (1= CN~"0~) Py far,U AT (Epog)U* frr, Py — CN 017,
Testing against ¢ € Y and taking the supremum, we find

AL(FIN) > (1- C'Nf’i@*ﬁ) sup (f31&, U AT (EBog)U™ f11,€)

> —~CN"e.
0#EEY €1l

For 0 # € €Y, we have

2(€, (N/Mp)€) < C{€, (UHNU* + C)&) My
IEIPAL(Hy) + C) Myt < C||¢|PON=3Hantn/5g2(1+20)/5
€PN/ < Cllg|PN e,

lgrell* <

<C

<C

where we used gy, < 1V=Mo/2} i the first, Lemma 6.1 in the second, and the bounds

K < %3, n < %, ¥ < %, and 1 < © < N*/(=9) in the fifth and sixth inequality. This
implies

2 2

If€ll” o llgnsél

2 = 2
€] €]

Thus, using that U* is unitary, we obtain

(316, U AL (Eog U™ f11,€)

>1-CNre 7,

A(Hy) > (1—CN7*07Y) sup : —CN—re! Y
0A£ECY | faro€ |l (77)
I(E :
= (1-CNre™?) sup (&, AU (Eog)¢) gaog)Q — CN~Fe'Y.
0£EEU* fary Y €]l
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We want to show that for N large enough, we have dim(U* far,Y) = dim(far,Y) = L. It
is enough to show that fy, is injective on Y. By contradiction, we assume there exists
¢ €Y with [|€|| = 1 such that fy,& = 0. Using & = (ffjo + g]2\/10)§ = 912\/1057 the bounds
912\40 < 1INVsMo/2} ¢ 2(N/Myp) and UHNU* < AL(ﬁN) <O onY, and Lemma 6.1, we
obtain

My < 2(6,N€) < CHE, UHNUE) + C < CT'O + C,

which leads to a contradiction, since we have My > ©. Thus, by the min-max principle,

<£7 dF(EBog)€>
ozeelt fyy  |IEJI°

we have

2 AL(dT(Epog))-
Inserting this into (7.7), we obtain
AL(Hy) = (1 = CN"*O™")AL(dD(ERog)) — CN RO,
From this and the bound A (Hy) < ©, we get AL(dl'(EBog)) < C'O and hence,
AL(Hy) = A (dD(Egog)) + O(N~F 1Y),

Proof of the upper bound on A\ (Hy). For L > 1, the eigenvalue AL(dI'(EBog)) is
associated with a normalized eigenfunction of the form

for some p; € A*\ {0} and k,n; € N. Here, Q = (1,0,0,...) € F is the vacuum. Let
Y = span{{, }1<n<r be the space generated by the first L eigenfunctions of dI'(Egyg)
and denote by Py the orthogonal projection onto Y. By Lemma 2.8 and Lemma 4.2, we
have

PyUNUPy < pr(N+ 1)Py < CPy(dF(EBOg) + 1)Py
< C(AL(dT'(Epog)) +1) < CO KN,

for N large enough. Here we used Az (dI'(Epog)) < CO, which follows from the lower
bound on Ar(Hy). Since U is a unitary operator on F,, this shows that UY C ]-"fN and
we have dimUY = dimY = L. Thus, by the min-max principle and (7.2), we obtain

AL(ﬁN) g sup <€’ UﬁNU*é-) — su <£7U*/7L~[Nu€>
0LECUY €[> 0£LEY €]
* (T2)
< su <€adF(E]230g)£> + sup <€7 (TQ Q4T2 ;‘5 T )€> (78)
0E€Y €]l 0AEEY €]l
(& (T3QuTy + E0)¢)

= AL(dF(EBog)) + sup 5
0EEY €]l
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It remains to bound T5@Q47% and £ (T2) on Y.
By the bound (5.11) and using N < dI'(ERog) < CO on Y, we have

PyT;QuThPy < CPyQuPy + CN~ Y2+ CN~102%
From [11, Lemma 5.3], we obtain
V(@ —y) SCN V(1= Ag)(1 = Ay).
Therefore, we find the bound
Qs < CNHdT(-A)%
With dI'(=A) < dI'(Epeg) < CO on Y, we conclude
PyT5QuToPy < CN7Y (072 4+ 02) < ON*le¥ < ON~*. (7.9)

Using (5.5), Ran(Py) C ]:fC@, the bound N < dI'(—A) < dI'(Epog) < CO on Y, and
(7.9), we obtain similarly to (7.3)

PP, < ONFOY | (111 4 CNﬁeﬂ) PyT;QiToPy < CN0'"7.  (7.10)

In conclusion, inserting (7.9) and (7.10) into (7.8), we find the desired upper bound
AzL(Hy) < AL(dT(Bpog)) + O(N~ 017,
This finishes the proof of Lemma 7.1. O

To conclude the proof of Theorem 1.1, we note that A(dI'(Egog)) = 0. Hence, by
Lemma 7.1, we have \;(Hy) = Ex 4+ M (Hy) = Ex + O(N~%) for any admissible
0 < kK < 1/13, which shows the first part of Theorem 1.1. This, in combination with
Lemma 7.1, also implies the second part of the theorem, since the spectrum of H ~ below
a threshold © < N*/(1=9) consists of eigenvalues of the form

Z np\/p* + 16wap? + O(N~*0177)

pe2nZ3\{0}

with n, € Ny for all p € 2773\ {0}, where only finitely many n, are non-zero, and we
have N
)\L(HN — )\1(HN)) = )\L(HN) + O(N_K)

for the L-th lowest eigenvalue A, (Hy — A\ (Hpy)) of Hy — A (Hy) below ©.
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A Appendix

We will prove some well-known results mentioned in Section 2.2, Section 2.3, and
Section 2.4.

A.1 Proof of Lemma 2.6

We follow the proof in [26, Section 5.2].

Let A be a self-adjoint operator on $) with domain D(A) and choose an orthonormal
basis {t, }nen of $ with u, € D(A) for all n € N. We denote af, := a*(u,) for § € {*,-}.
For the first part of the lemma, it suffices to prove

N o]
ZAZ-\I/N = Z (U, Aup)ar an Uy = / ayAa, ¥y dz (A.1)
i=1 m,n=1 A

for Uy € D(A; +---+ Ax) C HV. We start by proving the first equality in (A.1). We
compute

N
(aran¥N)(T1,...,2N) = Z%n(%) /Aun(:c)\IJN(xl, ey L1, Tit1, - -, TN, x) d.
i=1

Thus, we have

o0}

Z (U, Aup)(a; an Y N) (21, ..., ZN)

m,n=1

N
(U, Aty Zum(azl) / Un ()Y N (21, . oy i1, Tt 1, -« -, TN, @) dT
A

I
NE

m,n=1 =1
N oo 00

= Z Z U (T4) (Z(Aum, Un ) (Uny YN (T1, -« oy Tim1, Tty -« -, TN, )>)
i=1m=1 n=1
N oo

= Z Z Um(xz)<Auma \I/N(.’L'l, cee 3y Li—1,Ti415---, TN, )>
i=1m=1
N oo

=3 (i) (U, AUN (21, - @1, Tig1, - - -, TN )
=1 m=1
N

= ZA’L\I/N(];D 7.TN)
=1
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The second equality in (A.1) follows from

Z (U, Aup)ay, an ¥y = Z Z(Aum,un>/ un(y)ar, a, VN dy
m,n=1 m=1n=1 A

Z/Aum an,a,V N dy
:/ Z(/ Aay\IlNdy>um( )dz

= / a,Aay ¥y dz.
A

Let W € L'(R3) be an even, real-valued function. We think of W := W (x —y) as a
two-body translation invariant multiplication operator on ) ® $) with domain D(W).
Choose an orthonormal basis {uy, }nen of 9 with u,, ® u, € D(W) for all n,m € N. For
the second part of the lemma, it suffices to prove

o

2<¢N, > Wij\IfN> = <<I>N, > (i ® un, Wy, ®uq>a;aflapaq\lfjv>
1<i<j<N m,n,p,q=1 (A.2)

= <(I)N7/ W(z — y)aza,aza,Vy dz dy>
A2

for &, Un € D(X1<icjen Wis) C $HN. To prove the first equality in (A.2), we compute

(apagUn)(z1,...,2N) =/ N(N —1) /A2 up(Y)ug(2)¥Un(x1,...,oNn—2,y,2)dydz.

Therefore, using that {u,, ® up}mnen is an orthonormal basis for $ ® $), we have

(o]
* *
<<I>N, Z (U, @ Up, Wu, ® uq>amanapaq\IJN>
m,n,p,q=1
o0

= Z (U, @ Up, Wup @ ug)(aman®n, apagV )
m,n,p,q=1
o

=N(N-1) Z (Um @ Up, Wy ® ug)

m,n,p,q=1

X /AN—2 (/A? U (Y)un (2) PN (21, ..., TN_2,Y, 2) dydz)

X (/A up(y)ug(2)Un(z1,...,cN-2,Y,2) dydz) dzy...dzy_o

= —1) Z / ( — 2)up(yY)ug(2)®n (21, ..., 2N_2,y,2)dy dz)

p,q=1
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= N(N - 1)<CI)Na WN—l,N\I/N> = 2<(I)N, Z Wz‘j\I/N>.
1<i<j<N

For the second equality in (A.2), again using that {u, ® Uy }mnen is an orthonormal
basis for ) ® £, we compute

(e}

<<I>N, Z (U, @ Up, Wu, ® uq>a;a2apaq\IlN>
m7n’p7q:1
o
= Z (U @ Up, Wiy @ ug)(aman®n, apagV n)
m,n,p,q=1
o
= > (U ®@up, Wup @ ug) /2 U (2) U (y) (agay P, apag V) da dy
m,n,p,q=1 A

= Z W (x — y)up(x)ug(y){(azay PN, apaq¥y) do dy

p,q=1
= /2<axay<I>N, W(x —y) p?l </A2 Wazavllf]\z dz dv> up(a:)uq(y)> dx dy

—/ (agay®n, W(x — y)aza,Vy) dedy

<<I>N,/ W(x Jara axay\I/N dxdy>

This finishes the proof of Lemma 2.6. 0

A.2 Action of the unitary transform U

In this section, we want to prove the identities in (2.11). We start by proving

Ua™(f)a(g)U" = a*(f)alg)
for f,g € 94. Let &€ = (&o,...,&N) € ]-"<N. Using the CCR, we have

5)N =k
\N—k
UZ f\[ - a*(f)a(g)éx

N—j k

a )N -
—@Q@\/ u Z\/N Bl a*(f)a(g)&x
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N ka(as)N—k

= @ Q®kao(N =5 a*(f)alg)&s

k=0

N
= P a*(Halg)ér = a*(falg)t.
k=0

Since N = N on HV , we can deduce

UagapU* = N — Z Ua;;apU* =N — Z a;ap =N-N
peA=\{0} peA\{0}

on ]:fN .
A similar computation as before yields

k=0
N ak N
= Uaoz(](if)—kj)!a (f)fk

N (*N—k

Ua*(f)aoU*é‘ — Ua*(f)ao Z \/%fk
k

for f € 91 and € = (&,...,En) € FEN.
Finally, we have

Uaga(g)U* = (Ua*(g)aoU*)" = (a*(9)VN — N)* = VN — Na(g)

on FfN for g € $H4.

A.3 Construction of the quadratic transform

Our construction for the quadratic transform in Section 2.4 is similar to the one in [26,
Section 6.3]. We start by proving the Duhamel formula.

Lemma A.1 (Duhamel formula). Let 5 be a Hilbert space and A: D(A) —  a densely
defined operator on J, such that 1A is self-adjoint. Let B: D(B) — J be another
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densely defined operator on A and let D C D(A) such that !4(D) U AetA(D) c D(B)
and BetA(D) c D(A) fort € [0,1]. Then, we have for x,y € D

-Ap A _ ! —tA tA
(y, (e~ BeA — B)z) = / . e~ A[B, Al dt.
0

Proof. We first show e!42 € D(A) for all z € D(A) and t € R. Since A4 is self-adjoint,
by the spectral theorem, we can find a measure space ({2, 1), a measurable function
a: Q — R, and a unitary operator U: # — L?(Q, i), such that UiAU* = M, and
UD(A) = D(M,) = {u € L? : au € L?}. Since e is defined by Ue!AU* = M,-ita and
we have |e"u| = |u| for u € D(M,), we can conclude that e~y € D(M,) for all
u € D(M,) and hence, ez € D(A) for all z € D(A).

We define f(t) = (etdy, Betdz) for 2,y € D. Since D C D(A), we have by Stone’s
theorem

d A e(tJrs)Ax . ez‘,A.r

—e 'z = lim = Az,
dt 5—0 s

where we mean strong convergence. We compute

d Bet+s)A, _ BetA
F(6) = (e, Be' ) + lim (e!y, ———————=)
S— S
(t+s)A,. _ tA
e xr e
= (Ae*ly, Be'a) + lim (B¢ y, ; )

d
= (Ae'ty, Be!Az) + (B*e!y, aem@
= (Aey, Betz) 4 (B* ey, AetAx)

= (y,e"[B, Ale"z),

where we used A* = —A. Applying the fundamental theorem of calculus, we conclude

1 1
(e Bet = B)a) = f) = 10) = [ F@dt= [ e B AR d O

Remark. Let 27 = F(§)) for a closed subspace $ C L*(A) and consider a relatively
N-bounded operator A on 7, i.e., we have D(N) C D(A) and constants Cy,Cy > 0
exist, such that for all £ € D(N)

IA] < CLIINVE + Cal]l-

Let B be an operator with F<V(§) C D(B) for all N € N, where we used the definition
FN(H) = @Y, 9™ for N € N. Additionally, assume there exists M € N such that

A(FN () U B(FN(9)) € FNTM(9)

for every N € N. In this case, we can choose

D= G FN(9). (A.3)

N=1

We will verify this for the operators considered in the following.
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Let s be a real, symmetric Hilbert-Schmidt operator on the Hilbert space $5 = L?(A).
We want to find a unitary transform 7" on the Fock space F($)) such that

T°a*(9)T = a*(c(g)) + a(s(@)), Vg € 9. (A4)

where ¢ = /1 + s2. For that purpose, we define the symmetric operator
iK = E/ k(z,y)(apa, — agay) dedy = iK* —iK°,
2 Jaz2 Y

where k = sinh™!(s), on the domain D(N). To justify that ik is well-defined on D(N),
let & € F(H) and £ € D(N) and note that, using Cauchy—Schwarz, we have

(i) < 5 [ Itk )€ asa,6)

<C [ Ik, p)¢ llosay]

<nC|IkIEslIE 1 + 0~ CINVE?
< CllkluslETINE,

where we optimized over n > 0. This implies the bound [[iK°¢|] < C|k||ysllNVE]|-
Similarly, we can show [[iK*¢|| < C|| k| ygl| (N + 1)&]|. Hence, iK is well-defined on D(N)
and we have

[iEE] < Cllk]lgs [N+ 1)E]- (A.5)

We want to use [30, Theorem X.36] to show that iK is essentially self-adjoint. Note
that N+ 1 is a self-adjoint operator with A/ + 1 > 1. We have to verify that for all
¢',¢ € D((N +1)Y/2) we have

(€', )| < CIIN + D)2 IIINV + 1)M%¢] (A.6)
and for all &,¢ € D((N + 1)3/2) we have
(N + 1€, Equr) — (€ (N + Dquro| < CIIN + DIV + 1)), (A7)

where (-,-)o(;x) denotes the quadratic form associated with iK. Let £',§ € D(N). We
compute, using Cauchy—Schwarz,

|<§,aiKo§>| = ’((N+ 1)1/26,,;//&2 k($ay)(N+ 1)_1/2away§>

<C [ k@)W + DN + D s8]

nCElls |V + )27 + 0~ CIW + 1) 212
Cllkllus (N + DYV + 1)1%¢],

/

<
<

where we optimized over > 0. This implies (A.6). Using

(N +1),iK] =2(iK* +iK°),
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this also immediately implies (A.7). Thus, by [30, Theorem X.36], iK is essentially
self-adjoint on D(N') and therefore, we can define the unitary transform 7' = exp(K) =
exp(—i(iK)) by the functional calculus. In the following, we will write K instead of K
to simplify notation.

Let N € N and £ € FSV($). From (A.5), we see that K is bounded on F<M () for
every M € N. Hence, we can write for j > 0 and ¢ > 0 small enough

. thm
HNjetKgu ZN]
ZN]]]_{N<N+2m}t K™ ]l{N<N}§H
m=0 m!
. m tmK™
< zH/wn{N@W Nol—— €]
0 op m! op (A 8)
) N + 2n '
< SN+ 2P (g™ [T €]
m=0 n=1
o max(N,m)
N + 2n
Z (N +2m)? (tC||k[lys)™ (N +2)Y ][ 1€l
— n=N

Z (N + 2m)? (4O [kl o)™ (N + 2)V|I€]] < 0.

The expression on the right-hand side is finite if |t| < (C||k||g) "} This shows e'X (D) C
D(N7) for |t|] < (C||k|lug) " and all j > 0, with D as in (A.3). The following lemma
implies that we even have e!(D) C D for [t| < (C||k|lgg) "

Lemma A.2. Let 0 < t < (C|lk|ys)~t. On D, we have the bound
e N + 1) e < exp(CKllys) WV + 1), Vi =1,
where C; is a constant independent of s.

Proof. To simplify notation, we will write A < B for (£, A) < (&, B¢) for £ € D
and A = B for (¢, A¢) = (¢, BE) for ¢, € D and operators A and B, that are
well-defined on D, in the following. Let j > 1. Since we have "X (D) Cc D(NJ*1),
K(D(N7T1)) ¢ D(NY), and (N + 1)7(D(N?F1)) € D(N) for r € [0,1], Lemma A.1 can
be applied. We obtain

TN + 1)t = (N +1) + /t e BN 4+ 1), K* — K°le™8 dr
0
. t . .
N+ 1Y+ /O (K (W +3) — (W + 1)) + hue.) e dr,

where we used NK* = K*(N + 2). From (A.5) we have ||[K(N + 1)_1||Op < COllk|lgs-
Using this and the bound (N + 3)7 — (M +1)J < Cj(N + 1)L, we obtain

t
e KN + 17K < (W +1) +CHkHHs/ KN + 1)K ar,
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Defining u(r) = (£, e KN + 1)7em¢) for € € D, we have

) < (6 N +1)°8) + s [ u(r) .
Since u(r) is finite for all r € [0,¢] by (A.8), we can apply the Gronwall lemma and obtain
(€ e TN + 1Y) < exp(CylIk s ) (€, (N +1)7€). O
Since this lemma implies (D) C D for 0 < t < (C||k|lzg) ™!, we obtain the bound
e MW 4+ 1) e L exp(nC[kl|yg) (N + 1) (A.9)
on D by iteration, for all j > 1 and n € N. Thus, we have (D) C D for all 0 < t < oo.
In particular, this allows us to repeat the proof of Lemma A.2 for t = 1, which, using

1Ellgs < |18llgg, shows Lemma 2.8.
We can now prove (A.4). Let g € $. First, let us compute

@'(9). K] = a"(g). K" — K] = ~[a"(9). K*) = = [ Ka)la"(9), 0,0

=5 | kea@ + 5 [ Kegia = [ e pswe. = k),

where we used the fact that k is real and symmetric. Similarly, we obtain

la(9), K] = a*(k(9))-

We want to justify (A.4) by repeatedly using the Duhamel formula from Lemma A.1.
Let &,& € D. Note that creation and annihilation operators satisfy the properties of
B in Lemma A.1 and K satisfies the requirements for A, since iK is self-adjoint and
K(D)U e (D) C D holds for t € [0,1]. Hence, by Lemma A.1, we have

(€T (g)T¢) = O+ [ (€0 la (o), Klee) a
— (€ a*(9)E) + (€' alk(@))E) + / [t et (2 g)) ) e

By iterating, we obtain for every m € N

PR s m  (2n) . mop@ntl) N
(€. T (9)TE) = (€0 ((Z (QH)!)@)@ (e ,a<(gw)<g>)f>

n=0

1 rto tom
+ / / . / <§/7 e tam+1 K o (k(2m+2) (g))€t2m+1K§> dtop+1 - .. dty dip. (AlO)
0 JO 0
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We need the following inequalities to show that the right-hand side converges as m — oco.
Let £ € D(N'Y2) and write & = (&, &1, ...), with &, € H™. We have

o) 00 2
Jo(@)elf = S lal0)enlos = 3 VA [ o) e a2

[eS) )
2
< D lgll3vVngallge < llgll dINY26,013x
n=1

n=1

0o
= llgll3 S IN2el3n = IgliB IV,
n=0

Similarly, using
a(g9)a*(9) = llgl5 + a*(9)alg),

we obtain

la* ()€l < Nlgllgll(A + 1)

In particular, these inequalities imply that g — a®(g)¢ is continuous for € € D(N 1/ 2) and
t € {-,*}. Using the Taylor series for cosh and sinh, shows that the first two terms on
the right-hand side of (A.10) converge. It remains to prove that the last term in (A.10)
vanishes as m — co. We compute

1 to tom
/// (¢, e K g (KEmI2) (g))el2m it K e) Aty 4y .. dty dt
0 JO 0
1 to tom
</ / / [etzm+1 B el ||l a* (K2mF2) (g))et2m 1K g|| dbgp iy . . . dty dtg
0 JO 0

1 to tom
<[ [T IR |+ 1) e e dtaes . g

(L
0,

9l om + 21

< Gy

where Cgre > 0 is a constant depending on ¢ and £ Here we used that ||(N +
1)1/2et2mt1K €| can be bounded uniformly in to,,1 € [0,1] by (A.9), since we chose
¢ € D. In conclusion, letting m — oo in (A.10), we obtain

(€, T"a"(9)T€) = (¢, (a" (cosh(k)(g)) + a(sinh(k)(9)))&) = (£, (a"(c(9)) + a(s(9)))€)
for all g € $ and &',€ € D.
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